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ABSTRACT

Explicit structure of Galois group of Q(\/ar,/az, ..., /a,) over Q was calculated by Karthick
Babu and Anirban Mukhopadhyay. Expanding this knowledge, the problem of finding an ex-
plicit Galois group of the field extension Q(\/ar,/az, ..., /an, §z) over Q in terms of its action
on {; and v/a; for 1 <i < n has been studied.

Let p be an odd prime. If we have an integer g which generates a subgroup of index ¢ in
(Z/pZ)*, then we call g to be a f-near primitive root modulo p. Pieter Moree and Min Sha
showed that each coprime residue class contains a positive density of primes p not having g as
a f-near primitive root. In this note, for a subset {a,as,...,a,} of Z\ {0}, we shall prove that
each such coprime residue class contains a positive density of primes p such that g; is not a

t-near primitive root. Additionally, a;’s satisfy certain residue pattern modulo p, for 1 <i <n.

Keywords: Galois Group, Multi-Quadratic Extension, Cyclotomic Extension, Residue Pattern,

Natural Density
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Chapter 1

INTRODUCTION

Chaos is the fundamental nature of existence. The distribution of primes is as such
chaotic. Chaos Theory talks about a dynamic system where the slightest of change in
the initial conditions in any non-linear system leads to unpredictable changes in the
further stages. The current active research in this theory is about finding patterns in the
variations of the system with respect to changes made in the initial conditions. Though
the distribution of primes is not about dynamics, mathematicians tend to find patterns

in this chaotic distribution to unravel the mystery of primes.

The notion of primes itself is naturally appealing. Evidently, primes are the build-
ing blocks of the entire number system. Starting from Gauss to the present generation
number theorists, the distribution of primes has intrigued them. The beauty of seeing
patterns in nature, especially symmetries, is another deep area of observation and re-
search called Group Theory. Evariste Galois had observed a crucial interplay between

the Groups and Fields.

One of the main applications of Number Theory in today’s world is Cryptography.
To have a direct application based research in this area, there are predominantly four
tasks postulated by Zassenhaus (1987), a pioneer of computer algebra. These include
computation of the ring of integers, the unit group, the Galois group and the ideal class
group of a number field. There have been approaches in analytical, algebraic, algorith-

mic, elementary and several other ways to tackle these problems.
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1.1 Number Fields

Any field which is a finite degree field extension of the field of rationals, Q, is called
a number field. Hence number fields are always algebraic extensions. Here degree
means the dimension of the given field as a vector space over Q. Evidently, number
fields are of characteristic 0. This thesis deals with quadratic fields and their cyclotomic

extensions.
1.2 Primes in Arithmetic Progression

The Dirichlet prime number theorem states that for any n € N and integer a such that
gcd(a,n) = 1, there exist infinitely many primes p such that p = a (mod n). For the

case n = 1, the proof is attributed to Euclid.

Let p be an odd prime. If we have an integer g which generates an index ¢ subgroup of
(Z/pZ)*, then we call g to be a t-near primitive root modulo p. Using the notations of

Moree and Sha (2019), for any integer t > 1 and coprime integers f,d > 1, we write
Py(t)={p:p=1(mod1), ptg, ordy(g) = (p—1)/t},
Py(t,d.f)={p:p=f(modd), p Z,(1)}.
Further, Moree and Sha (2019) defined
2y(t,d, f) ={p:p=f(modd), ordy(g) # (p—1)/t},
Ro(t,d,f)={p:ptg.p=f (modd), p=1(mod1)and ordy(g) | (p—1)/1}.
In this thesis, we consider the generalization of the above sets as we replace the

element g with a set S.

1.3 Galois Group

For a field extension E over F, the set of all automorphisms of E that fix ' forms a
group G. If this extension is Galois, this group is called the Galois group of E over F.
Mathematically,

G= Gal (E/F)=Aut(E/F)={oc € Aut(E) | o(x) =x, Vx € F}.

One can identify the algebraic structure of the field extension by studying this Galois
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group. The Galois correspondence which establishes a correspondence between sub-
fields of a Galois extension E over F and subgroups of Gal(E/F) is a powerful tool

which can be applied to diverse areas of Mathematics.

1.4 Frobenius element

Ferdinand Georg Frobenius, a German mathematician, found a way to look at the
primes, p, in Galois groups over QQ in the form of conjugacy classes. A is a Dedekind
domain with fraction field K, and L/K is a finite separable extension of its fraction field
(and B is the integral closure of A in L, also a Dedekind domain). We now consider the
case where L/K is also normal, hence Galois, and let G := Gal(L/K).

Let E/Q be a finite Galois extension. When  is a prime lying over an unramified

prime p, then there is a unique element o € Gal (E/Q) with the property

o.x=x" (mod @),V x € O,
which is called the Frobenius element where Op is the ring of integers of E. Varying £
over p changes o to its conjugate. This collection of conjugates is called the Frobenius
conjugacy class. The cardinality of this class is used to find the density of unramified
primes satisfying the Frobenius condition as given above. This concept is encoded in

the Chebotarev Density Theorem.

Moree and Sha (2019) showed that for any integer ¢ > 2 such that (¢,2dt) = 1, the

set Z,(t,d, f) contains infinitely many primes p with natural density (over the set of
. 1

Primes) (o, L, a7

that for any integer ¢ > 2 such that (g,2gdt) = 1, the set %,(t,d, f) contains infinitely

. Further, if the set %,(t,d, f) is nonempty, then they showed

many primes p for which g ceases to be a f-near primitive root modulo p with natural

density 0 This thesis discusses generalizing their results to the set S =

1

(8aGar,g/):Q)"
{ai,...,a,} CZ\{-1,0,1}.

There has been progress in developing multi-quadratic and cyclotomic extensions

as separate field extensions over Q. This thesis details the progress towards calculating

the explicit structure of the Galois group of Q(\/a1,+/az,...,+/an,{s) over Q. This is

3



obtained in terms of its action on the cyclotomic part, {, and the quadratic part, \/a;,
for1 <i<n.

In the other portions, we find the density of primes in arithmetic progression in-
volving certain conditions. The original idea proposed by Moree and Sha (2019) have
shown the some application to Genocchi numbers, G, = 2(1 —2")B,,, where B, is the
nth Bernoulli number. If a prime p > 3 divides at least one of the Genocchi numbers
G2,Gy,...,Gp_3, it is said to be G-irregular and G-regular otherwise. The G-regularity

of primes can be linked to the divisibility of certain class numbers of cyclotomic fields.



Chapter 2

A counting problem with respect to primes in

Arithmetic Progression

Prime numbers, though, have chaotic distribution; when we see the infinitude of
primes under a particular sieve, there is more to explore. We can find the corresponding
Dedekind zeta function and its analytical properties for the number fields we are dealing

with. Though not discussed in this thesis, these are active areas of research.

2.1 Notations and Definitions

Some notations used majorly in chapters 2 and 3 are mentioned here. The definitions

will be recalled at the required places as and when needed.

We shall use the letter p for an odd prime number. Also, (E) represents the Jacobi

symbol.

1. Let f be a real/complex valued function and g be a real valued function for com-
parision. If f is defined on some unbounded subset of positive reals, and g be
strictly positive for large enough values of reals, then f = O(g) implies the claim

that the inequality | f| < cg holds for some constant ¢ > 0.
2. The Euler phi function is denoted by ¢(n).
3. A function 6 : S — {—1,1} denotes a choice of signs for S.

4. A = A (S)={T C S:Ilsers = 0O}, where O denotes any perfect square.

5



5. If (%) = 0(s), Vs € S, then we say that S has residue pattern 6 modulo p, where
<5> is the Jacobi symbol mod p.

6. Squarefree part for any n € Z\{0}, n = ;"lef" is given by sqf(n) = [T, pi'.
where r; € {0, 1} such that k; = r; (mod 2).

7. For T C S, we have 0(T) :=[L,er 0(s).

8. S(n,0)={p€P: n<p<2nsuch that S satisfies the residue pattern 6 (mod p)}.

Here P denotes the set of all primes.
9. |A| denotes the cardinality of the set A.
10. (p,B)=1forasetB = (p,b)=1VbeB.

11. The symmetric difference between sets A and B is represented by the symbol

AAB and A\ B denotes the set difference between A and B.

12. Given a set of primes S, if the limit
<x:p€es

e |{p <x}|
exists, then §(S) is called the natural density of S.

Let S ={aj,ay,...,a,} be a finite subset of non-zero integers. Fried (1968) showed
the existence of infinitely many primes p for which every element of the set S will be
a quadratic residue. Additionally, he provided a criterion for ag;’s to be quadratic non-
residues modulo p. The precise density of primes in Fried’s result was computed by

Balasubramanian et al. (2010) (Theorem 2.3).

Generalising the uniformity of either residues or non-residues among the elements

of S, we deal with the function 6, called the choice of signs for S.

Recently, Babu and Mukhopadhyay (2022) calculated the exact density of the col-
lection of primes for which S has residue pattern & modulo p. Additionally, a criterion
for a choice of signs 0 for S to be a residue pattern modulo p was also obtained for the

positive density of primes.



To denote the squarefree part of n, we use the symbol sqf (n) for any non-zero integer
n. For any finite subset 7 C Z\ {0}, by sqf (T) we mean sqf ([I;c7s). Clearly, this
function is completely multiplicative.

We shall find the density of primes in S(n, 6), the set of primes, p, such that n <
p < 2n and S satisfying the residue pattern & (mod p). The closest approach would be
to find the asymptotic growth of such primes. Thus, the first result of this thesis is the

following:

Theorem 2.1.1. Let S be a finite subset of non-zero integers having 0 as a choice of

signs for S. For any coprime integers f and d such that 1 < f < d < (logn)* and a
sufficiently large integer n > 3 with A > 0, we have

Y logp=—- C“ﬁ¢”+0<__ﬁggL_)
p=£ (mod d) o(d) 2B exp(Civ/logn )’
peS(n,0)

where C; = C|(A,S). Here,

( Y o(T) ( Sqff(T)) , when 41d,
TCS
sqf (T)=1 (mod 4)
| saf (T)| |d -
sqf (T
C(5,6.d) = X 6(T) <—f ) when 4|d & 81d, oL
sqf (T)=1,3 (mod 4)
| saf (T)| |d -
0(T) (L)) yhen 8]d.
TES ( )( 7 ) when 8|
L | saf (T)| |d

Let S = {—10}, 6(—10)=—1, f=3, d =8, n=10. Clearly 8|d.

-10
S(n,0)=25(10%6)={p:10° < p<2-10° and (7) = 6(—10)}

106 C({-10},6,8) 10%1og(10)
L logp= =y =)
p=3 (mod 8) ¢ eXp(Cl log(lo )
peS(10°,0)

C({-10},6,8) = 0.

Hence,
10°-6 6- 109
Y logp=0(———=)~0(—mp)
p=3 (mod 8) exp(C1V6 11.58%
peS(100,0)

Outline of this chapter:

We will discuss the proof of the above Theorem in section 2.2. Analysis of C(S,0,d)
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will solve a counting problem. In section 2.3, we prove several combinatorial Lemmas,
and as an application of those Lemmas, we discuss the positivity of C(S, 0,d) in Lemma
2.3.5.
Further, we discuss some Corollaries of the above Theorem in section 2.3. Especially in
the Corollary 4.1.8, in order for S to be a residue pattern modulo p for an infinite number
of primes p of the type p = f (mod d), we shall present a necessary and sufficient
condition for a choice of signs 6.

In section 2.4, we will calculate the number of choice of signs for S that allow §
to have a residue pattern of 8 modulo p for infinitely many primes p in an arithmetic

progression.

2.2 Proof of Theorem 2.1.1

2.2.1 Arithmetic Lemmas

Recalling some basic results on Dirichlet characters which will be used for quadratic

characters.

Lemma 2.2.1. Let x| and ), be Dirichlet characters modulo coprime integers d and
dy respectively. We define X = x1 X2 as a character modulo d, where d = dd>. Then
is principal modulo d if and only if X1, X2 are principal modulo dy,d, respectively.

Proof: If x1 and Y, are principal characters as given, then it is easy to see that y is
principal modulo d.

Conversely, let ¥ = x1.x be the principal character modulo d. Then y»(n) = x1(n)
holds by definition, if (n,d;d,) = 1. Suppose r, # 1 is a reduced residue class modulo d,
such that (r2,d,) = 1. Since d; and d, are coprime, there exists a positive m satisfying
r+mdy =1 (mod d,). Therefore, for any r, < dp and (rp,d>) = 1, we have

1=%1(1) = 22(r2 + mdz) = x2(r2)

Thus Y is principal modulo d5.
In a similar way, we can show that y; is the principal character modulo d. U

Remark 2.2.2. If (d|,dy) > 2, The above Lemma need not hold. For example, con-
sider the non-principal Dirichlet characters )¢ and X9 of modulus 6 and modulus 9
respectively, with the character tables as below:



n 101112 [314[3516[7]8
X)) [0 [T -T[0[ 11011
n Q[ 11213143
Xe() [0 T[010[0]-1

The character Y = Xe)Xo is principal modulo 18. We can see that both of these
characters )¢ and Y9 are induced by some non-principal character modulo (dy,d,) = 3.

Further, if di and d, are not coprime and Y1) is principal modulo [d,d), then
x1andyp both are induced by some character modulo t, where t|(dy,d). To prove this,
it is enough to show that

x2(k) =1, forany k=1 (mod (dy,d»)), and (k,dp) = 1.

Since k =1 (mod (dy,d>)) we have k = 1 +1(dy,d,) for some positive integer .
Also, by the linearity of gcd, there exists m € 2 which satisfies 1+ 1(dy,d>) +mdy =
1 (mod dy). This implies

x2(k) = x2(1+1(d1,da)) = 22(1+ U(dy,d2) +mdp) = Z1(1) = 1.

In a similar way, X1 is also induced by a character modulo t such that t|(dy,d,).
Since there are no non-principal characters modulo 2, Lemma 2.2.1 holds if we were to
assume (dy,dp) = 2.

Corollary of Lemma 2.2.1:

Corollary 2.2.3. Let x| and X» be two characters modulo d and d, respectively such
that d\ < dy and d\ 1 dy. If either )1 or X is primitive, then X )> cannot be principal
character modulo [dy,d).

Remark 2.2.4 (Ch.5, Davenport (2000)). The Kronecker symbol X, = (m) for every
fundamental discriminant m, is a primitive quadratic character with conductor |m|.

Conversely, if x is a primitive quadratic character, a unique fundamental discrimi-
nant s exists so that ¥ = Xs. Also, if s is not a fundamental discriminant, it is possible
that X be primitive (e.g., X2), nonprimitive (e.g., X4) or not even a character (e.g., X3).

Therefore, we shall make use of the law of reciprocity and convert Kronecker symbol
(m) into Jacobi symbol (ﬁ) in the following lemma. This Jacobi symbol is a Dirichlet
character modulo m.

Lemma 2.2.5. Let A and B be positive real numbers, and n > 3 be a positive integer.
Let s be a squarefree integer s < logBn such that s td. Then for any positive coprime
integers, f, d satisfying 1 < f < d < log"n, there exists C = C(A,B) > 0 such that

Z (E) < n-exp(—C+/logn)
n<p<2n p
p=f (mod d)

holds.



Proof: Let s be odd. Then we can analyse the following two cases.

Case I: When s = 1 (mod 4). Applying the quadratic reciprocity law, we have

N p 1 _ p
5= =o L W0 L (5w
P=f (Zmiozd d) (P) P=f %ozd d) (S> (P(d) 174 (n%d d) n<£2n ( S)
n<p<2n n<p<2n

where the first summation runs across the set of all Dirichlet characters taken mod-
ulo d. Also, since s is an odd positive squarefree integer, the Jacobi symbol (E) is
primitive, taken modulo s. By Corollary 2.2.3, as st d, (;) Y 1s a non-principal char-
acter modulo [d, s]. Applying Siegel’s Theorem [Ch. 22, Davenport (2000)] we obtain

the required result.
Case II : When s =3 (mod 4).

If 4 | d, all the primes are of the form p = f (mod d) are of the form 1 or 3 (mod 4).

Therefore, similar to the above case, we get

)3 (5) = )y (?) ' < n-exp(—Ci/logn).
p=f (mod d) \P p=f (mod d)

n<p<2n n<p<2n

If 4 t d, then by applying the reciprocity law, we have

TG 6 x ()

p=f (mod d p=f (mod d) p=f (mod d)
n<p<2n n<p<2n n<p<2n
p=1 (mod 4) p=3 (mod 4)
1 ( — - 4
o Z w0( T oz X (Y)wir)
2(p(d) v (mod d) x (mod 4) n<p<2n ( 5 )
= p
- T 20 X (D)venn))
x (mod 4) n<p<2n

By Corollary 2.2.3, as 4s { d, ( ) Y - x is a non-principal character modulo [d,4s].

N
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Thus applying Siegel’s Theorem [Ch. 22, Davenport (2000)] we obtain the required

result.

Now, when s is even, we can write s = 2k for a squarefree and odd integer k. Then, we

have

s k k
SYZ LA ). 2.2.1)
n<pZ’§2n (p> n<pZ’§2n (p) n<p2§2n (p)

p=f (mod d) p=f (mod d) p=f (mod d)
p=%£1 (mod 8) p=+3 (mod 8)
We use similar arguments as discussed for odd case to estimate the two sums in
(2.2.1), from which we obtain the required result in the even case of s.
]
The following Lemma treats the same character sum when s divides d; as expected,
we get the main term.

Lemma 2.2.6. Let n > 3 be an integer and A be a positive real number. Then for a
squarefree integer s such that s | d, there exists a positive real constant C = C(A) such

that for positive coprime integers f,d satisfying 1 < f <d < logA n, we have

(

(i) szf mod d) 1 lf s=1 (mod 4),
n<p<2n
(S) (%)prmodd)l if s=3(mod4)and4|d,
Z ]_) = n<p<2n
= d d . .
i nf<57n%02n ) (%) p n];pn;ozdnd) 1 lf s=2 (mOd 4) and 8 | d,
LO(n-exp(—C+y/logn), otherwise.

Proof: When s =1 (mod 4). Since s | d and p = f (mod d) implies p = f (mod s).

Applying the law of quadratic reciprocity, we have

f s
r (- -9 x =3 x
p=f (mod d) p p:f(modd)<s> § p=f (mod d) f p=f (mod d)

n<p<2n n<p<2n n<p<2n n<p<2n

Now, when s = 3 (mod 4). Suppose 4 | d then all primes p = f (mod d) are of the form
1 or 3 (mod 4). Since s | d and p = f (mod d) implies p = f (mod s), applying the law

of quadratic reciprocity, we have

11



s p=l /D f =1 s
), B O, T () 8,
p=f (meod d) (p) p=f (gltod d) <s ) S/ p=¢ (god d) S p=f (§1’Od d)

n<p<2n n<p<2n n<p<2n n<p<2n

If 4 1 d, we use similar arguments as in Lemma 2.2.5 to obtain the required result.
The proof again makes use the Reciprocity law and Siegel’s Theorem as in the above

case when s =2 (mod 4). Thus, we omit the proof.

The Proof of Theorem 2.1.1:

Since S(n, 0) is the set of primes, p, such that n < p <2n and S satisfies the residue

pattern 6 (mod p), by the definition of the Legendre symbol, we can write

y logp:% Y long(l-l-G(s)(%)).

pES(n,0) n<p<2n seS
p=f (mod d) (p,$)=1
p=f (mod d)
For sufficiently large values of n, the condition (p,S) = 1 can be skipped as we can

consider (logn)8 > [T,y s for some B > 0.

We write

H<1+0(s) (;)>:1+ Y [I66) (E)ZH Y o)+ ¥ e(T)H(i),

5€S AT CSsET p Ten* TCS seT \P
(2.2.2)

where .77 is the set of subsets T of S such that product of elements of T is a perfect

square. Also, denoting 77 = .7\ {¢}.
By convention, the empty product is 1, hence, we rewrite (2.2.2) as
I1 (1 +0(s) (f)> =Y o] (15)) + ) o(T).

s€S p TCS seT TeA
T¢H

12



Therefore, by substituting,

N

O#£TCS n<p<2n seT n<p<2n
T¢ p=f (mod d) p=f (mod d)
1 s
tom Z long(l-l—G(s) (—))
2 n<p<2n seS p
p=f (mod d)

As both d and [[,cgs are both bounded by certain powers of logn, we have the

following cases:

Case I: When 4 1 d, then by using Lemma 2.2.5 along with Lemma 2.2.6 and ap-

plying partial summation formula, we obtain

I £(T
Y logp=rm X (Sqf( >>9(T) ), logp

peS(n,0) T¢n n<p<2n
p=f (mod d) | sqf (T)| |d p=f (mod d)
sqf (T)=1 (mod 4)
1 nlogn
+— Y o(T) logp+O (—) (2.2.3)
215 TEZ% n<£2n exp(C1/logn
p=f (mod d)

Also, if we write the squarefree part of a perfect square to be 1 by convention, then

equation (2.2.3) can be rewritten as

Y logpzz% y (Sqff(T))e(T) y 10gp+0((mg)—glm).

n<p<2n
| |d p=f (mod d)

Case II: When 4 | d and 8 1 d, then by using Lemma 2.2.5 along with Lemma 2.2.6

and applying partial summation formula, we obtain

y logpzz% y (Sqff(T))e(T) Y 1ogp+0(wg’—g’;m).

peS(n,0) n<p<2n
25 (o d) saf (1) p=1 (mod d)

13



Case III: When 8 | d, similar to the above cases, by using Lemma 2.2.5 along with

Lemma 2.2.6 and applying partial summation formula, we obtain

y logpzz% y (Sqff(T))e(T) y 1ogp+0<m?;j’—g’;m).

pES(n,0) TCS n<p<2n
p=f (mod d) | sqf (T)| |d p=f (mod d)

Also, since d < (logn)A for A > 0, we make use of Siegel-Walfisz Theorem to

obtain,

Z log C(S,6,d) n +0( nlogn >
p= : _ o mosn )
pES(n,0) 2181 o(d) exp(Cy+/logn

p=f (mod d)

where C(S,0,d) is defined as in (2.1.1). This completes the proof of Theorem
2.1.1. -

2.3 Some Combinatorial Lemmas and Corollaries of Theorem 2.1.1

Let S € Z{0}, and P(S) be the power set of S. We know that (P(S), A\, N) is a commuta-
tive ring (in fact a Boolean ring). Also, (P(S), /) is an Abelian group with ¢, the empty

set, being the identity element. (P(S),A) is isomorphic to Fp x - -+ x [F5 (|S] times).

Let 7 = J(S), as earlier, be the function that captures perfect square kind of
behaviour in the set S, namely

A =A(8)={TCS:[]s=0}. (2.3.1)

seT

Also, we can see that ¢ € 77(S) by the convention that the empty product equals 1.
Here henceforth, L] would be used to denote non-specific perfect squares. The subset

A (S) of P(S) is closed under the symmetric difference. Indeed if Sy, S, € 7(S), then

(-0 () o) (n T

Since S is a finite set, we have (77(S),A) < (P(S),A).

14



In the following Lemmas, we will discuss some properties of the subgroup 77(S)
and cosets of 77 (S) in P(S) will be discussed in the following lemmas. For any A C S,

we use A to denote the coset A - 77(S).

Lemma 2.3.1. Let S be a finite set of non-zero integers. For any S| € P(S)\ 5 (S), the
left coset Sy - H(S) is of the form

S ={T €P(S): saf (T) = sqf (1)}

In other words, there are precisely |7 (S)| elements of P(S) such that the squarefree
component of the product of all the elements of those subsets is the same.

Proof: Let S’ be a nonempty subset of S such that §' ¢ J7(S). Consider
S A(S)={S'AT:T € #(S) }.

Since (S) is closed under symmetric difference, we observe that
sqf( H s)zsqf (Hs),
SESIAT SES|

for all T € 7(S). Thus, Sy - 52(S) C S} holds.

Suppose S, € S with Sy # S1. We would want to show that there exists 7 € 5#(S) such
that S{AT = S,. Consider

(HSESl ASy S) (HSESHTSZ S) ? (HSGSI S) (HSES2 S)

SESIAS, (HsGSl NS, S) ? (HSGSI ANY) S) ’

This implies S; AS, € 7(S). By choosing T = §1AS, we have S|AT =S| A(S1AS,) =
S». Hence, the converse holds: S| C Sy - 77(S). O

For every U C S, we define odd and even set partition of set 7#(S):
Oy(S)={T € #(S) : |TNU|is odd}

Ey(S)={T € 7(S) : [TNU|is even}.

Here we use the convention that zero is even. Hence we assume ¢ € &4 (S).

15



Lemma 2.3.2. &(S) is a subgroup of 7€ (S). Further, if O4(S) # @, then &4(S) is an
index 2 subgroup of F(S), or equivalently |O4(S)|=|84(S)|

Proof: For any A C S, define a map
04 : H(S) = (Za,®2) by 94(T) = |T NA| (mod 2).
For any 71,75 € J7(S), we have
0A(T\AT) =|(T1 AT>) NA| (mod 2) = (|77 NA| + |Ta NA| —2|Ty N T2 NA]) (mod 2)
=|T1 NA| (mod 2) @ [T, NA| (mod 2) = ¢a(T1) B2 ¢a(T3).

Therefore, ¢4 is a homomorphism whose kernel is &4(S). Suppose 04 (S) is a non-
empty, then ¢4 is surjective. Thus, &4(S) is an index 2 subgroup of 7#(S) (equivalently,
|O4(S)| = |E4(S)D- O

Consider the quotient group P(S) = P(S)/.#(S) with a binary operation S| - S, =
S1AS, for S1,8, € P(S). It follows from Lemma 2.3.1 that any two subsets of S have

the same squarefree part if and only if they lie in the same coset of the subgroup 77(S).

Thus, sqf (T) is well defined and equal to sqf (T) for every T € P(S).

Conventionally, we write the squarefree part of a perfect square is 1. Hence we

assume sqf (¢) = 1.

For any given positive integer d, we define the followings subsets of P(S).

To={T P(S):|saf (T)| | d}
E:{Temzysqf@ | d and sqf(T)Elor3(m0d4)}
D = {T e P(S): | sqf (T)| |d and sqf (T) =1 (mod 4)}. (2.3.2)

Note that 2, C 9, C %. In the following Lemma, we prove that %,?1 and 9,

are subgroups of P(S).

Lemma 2.3.3. %y, 2| and 9, are subgroups of P(S). Moreover, if there exists T €P(S)
such that sqf (Ty) =2 (mod 4) then 2, is an index 2 subgroup of %y. Also, if there

exists Ty € P(S) such that sqf (T;) = 3 (mod 4) then 9, is an index 2 subgroup of 9.

16



Proof: For any S1,S, € P(S), we observe that

sqf (S1A82) = sqf (sqf (S1) - sqf (S2)). (2.3.3)

Let S,5, € D. Equivalently,

sqf (S1)| |d and | sqf (S2)| | d. Then by (2.3.3) it
follows that | sqf (S ASy)| | d. Thus % is a subgroup of P(S).

Now we define a map 71 : Zp — {1,—1} by
_ 1 if sqf (T)is odd
(T) = B
—1 if sqf (T) is even.

For any T1,T> € %, using (2.3.3) we obtain 7; (T} ATy) = 1 if either both sqf (7})
and sqf (7») are even or both are odd and ;(T{AT>) = —1 if one of sqf (7;) and
sqf (T») is even and other one is odd. Thus 7;(TiAT>) = 71(T;) - 71(T3) for every
T1,T> € 9. Therefore, 1) is a homomorphism with the kernel 9.

Suppose there exists T; € P(S) such that sqf (7;) =2 (mod 4), then 7) is a surjective

homomorphism. Thus 2 is an index 2 subgroup of %.

Define amap 7 : 21 — (Z},®4) by 7(T) = sqf (T) (mod 4). For any 7,73 € 4, by
(2.3.3) we have,

2
o(TiAT3) = saf (saf (T5) - saf (7)) (mod 4) = sqf (75 saf @( I p) (mod 4)
)

=sqf (T7) (mod 4) ®4 sqf (T3) (mod 4) = 17(T) ©4 72 (T3).

Therefore, 7, is ahomomorphism with the kernel Z,. Suppose there exists 71 € P(S)
such that sqf (77) =3 (mod 4), then 1, is a surjective homomorphism. Thus %, is an

index 2 subgroup of 2. [

Given 0 : S — {—1,1}, we also define
No=No(S)={s€5:6(s) = —1}. (2.3.4)

17



Lemma 2.3.4. Let S be a finite set of non-zero integers with a choice of signs 0 for S.
For a squarefree positive integer f such that (f, sqf (T)) =1 for every T € P(S), define
sqf (T))

uy P(S) = {1,—1} by u(T) = 6(T)- (T

Then ,u]? is a homomorphism.

Suppose On,(S) = ¢, then the map

uf - P(S) - {1,~1} defined by u%(T) = 6(T) - ( Sqff(T))

is well-defined and a homomorphism.

Proof: For any T1, T, € P(S), we observe that

-1
onam) = ] e<s>=<ne<s>) (He<s>>< 11 <e<s>>2> = 0(11)0(T3).
(2.3.5)

SETIAT, seTy s€Th seTiNT,

Also, by the completely multiplicative property of the Jacobi symbol, we have

( sqff(Tl)> , ( sqffsz)) _ ( sqf (Tl)fsqf (Tz)) _ ( sqf ( sqf (?) sqf (Tz))) _ ( sqf (Y;ATz)) '

Thus, ,u?(TlﬁTz) = ,uf(Tl) -/,L]?(Tg) holds for every Tj, T, € P(S). Hence ,LL]? is a

homomorphism.

Suppose O, (S) = ¢, then 6(T) =1 for every T € J(S). Also, by definition
of J2(S) it follows that <%(T)) = (l> =1 for every T € 5 (S). Thus we obtain

f
H(S) C ker(u}?). Therefore, the map LL;? :P(S) — {1,—1} defined by “j? (T)=6(T)-
<—Sqff(T)> is well-defined and a homomorphism. O

As C(S,0,d) contributes to counting, it is natural to think about its non-negativity.
In the following Lemma, we show that C(S,0,d) > 0 and discuss criteria for its strict

positivity.

Lemma 2.3.5. Let S, 0, f and d be stated as in Theorem 2.1.1. Let Dy, 21 and P> be

subsets of quotient group P(S) as defined in 2.3.2.
Then the constant C(S,0,d) in the main term of Theorem 2.1.1 is always greater or
equal to 0. Also,

(i) If41d, then C(S,0,d) > 0 holds iff 0(T) = (%@) and O, (S) = ¢ for every
T € D,
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(ii) If4 | d and 81d, then C(S,0,d) > 0 holds iff 0(T) = ( Sqffm) and Oy, (S) = ¢

for every T € 9.

(iii) If8 | d, then C(S.,0,d) > 0 holds iff 0(T) = (ﬂ) and Oy, (S) = ¢ for every
T € 9.

Proof: It follows from Lemma 2.3.1 that any two subsets of § have the same squarefree
part if and only if they lie in the same coset of the subgroup 7 (S). Then by using
(2.3.2), we rewrite (2.1.1) as

Y (“{@) Y O(TAU) if4fd,
Tc?, ven
cs.0.0)={ ¥ (*50) ¥ erav) if4|dsid, (2.3.6)
Te, Uesxt
r (D) ¥ e(rav) ifs|d
TeD, Uesxt

For any ' C S, we observe that

|(S"AU)NNa(S)| = [(S'NNo ()| + (U NNy (5))| —2[(S'NU) NNg (S)| for U € H(S)

Thus, depending on whether |’ NNy (S)| is odd or even, |[Ng(S) N (S'AU)| and |Ng(S) N
U| have opposite or same parity, respectively, for all U € J#(S). Therefore, if O, (S) #

¢, then by Lemma 2.3.2 we obtain Y, 6(S’AU) =0 for any S’ C S.
Uest

Thus it follows from (2.3.6) that if Oy, (S) # ¢, then C(S,0,d) = 0. Thus for

C(S,0,d) to be positve, it is necessary to have O, (S) = ¢.

Hence, now we assume Oy, (S) to be empty (equivalently, 6(U) = 1 for every U €
S (S)). Then by using (2.3.5), we rewrite (2.3.6) as

ol L (T)em) irera

cso.0={ 17O £ (4D0)em) iralasta, @37

ol L (40)em) irs|a
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By Lemma 2.3.3, we know that %), %; and %, are subgroups of P(S). Since
On,(S) = ¢, by Lemma 2.3.4, we have u_fp) :P(S) — {1,—1} is a homomorphism and
hence the restriction of ,LL_J? to the subgroups Zy, 7 and 2, is also a homomorphism.

Thus, C(S, 6,d) > 0 always holds.

In each case, the corresponding sum in (2.3.7) is positive if and only if 6(T) =
(@) for every T in the respective subgroup. Thus, in each case C(S,0,d) > 0
holds if and only if Oy, (S) = ¢ and 6(T) = (%ﬁ)) for every T in the respective

subgroup. This completes the proof. ]

2.3.1 Some Corollaries of Theorem 2.1.1

From (Theorem 1, Babu and Mukhopadhyay (2022)), it follows that there exist infinitely
many primes p such that S has residue pattern 6 modulo p iff 77(S) does not contain a
subset 7 satisfying 6(T) = —1.

Remark 2.3.6. Given S C Z\ {0} with a choice of signs 0 for S and positive integers
fodwith1 < f <dand (f,d) = 1. Suppose 41d and there is a subset T C S such that
0(T) # (%(H), sqf (T)| | d and sqf (T) =1 (mod 4), then there is no prime p of
the form p = f (mod d) such that S has residue pattern @ modulo p.

If such a prime p = f (mod d) exists, then from the proof of Lemma 2.2.6, we can
see that

e () s (47)- () )

() (s (%m)zz L

For the other two cases, one can similarly show that there exists a prime p of the
form p = f (mod d) such that S has residue pattern 0 modulo p only if the sufficient
condition stated in Lemma 2.3.5 holds.

which is absurd.

Thus, we have the following Corollary by using Theorem 2.1.1 and Lemma 2.3.5.

Corollary 2.3.7. Let S be a finite set of non-zero integers with a choice of signs 6 for
S. Let f,d be positive coprime integers with f < d.

Casel 41d
There exist infinitely many primes p of the form p = f (mod d) such that S has
residue pattern © modulo p if and only if Oy, (S) = ¢ and 6(T) = (%) for

every T € 9. In this case, the asymptotic density
1 Do| - | (S
1S(n,0)| — |22 |2 S)] as n— oo,
(d)2

n
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Case2 4 |dand8+td
There exist infinitely many primes p of the form p = f (mod d) such that S has

residue pattern © modulo p if and only if O, (S) = ¢ and 6(T) = (@) for

every T € 9. In this case, the asymptotic density
1 Di|-|#(S
—1S(n,0)| — A1) as n—» oo,
n ¢(d)2S

Case3 8|d
There exist infinitely many primes p of the form p = f (mod d) such that S has

residue pattern 0 modulo p if and only if Oy, (S) = ¢ and 6(T) = (@),for

every T € 9. In this case, the asymptotic density
1 Dol -|#(S
—1S(n,0)| — [l | A#(S)] as n—» oo,
n ¢(d)2

When does a set S support all residue patterns with the mentioned conditions? The

following Corollary gives a necessary and sufficient condition for it.
Corollary 2.3.8. Let f,d be positive integers with 1 < f <d and (f,d) = 1.

Casel 41d
A nonempty finite set S C 7.\ {0} supports all residue patterns for infinitely many

primes p of the form p = f (mod d) if and only if #(S) = {¢} and D, = {¢}.

Case2 4 |dand81d
A nonempty finite set S C 7.\ {0} supports all residue patterns for infinitely many

primes p of the form p = f (mod d) if and only if #(S) = {¢} and 7, = {¢}.

Case3 8 |d
A nonempty finite set S C 7.\ {0} supports all residue patterns for infinitely many

primes p of the form p = f (mod d) if and only if #(S) = {@} and Dy = {¢}.

In each case, for every choice of signs 0 : S — {—1,1} the density of the set S(n,0) is
1

o(d)2T

For example, let S be a nonempty finite set of primes that does not divide d, then it
is easy to see that J#(S) = {¢} and %y = {¢}. Therefore, every nonempty finite set of
primes that does not divide d supports all residue patterns for infinitely many primes p
of the form p = f (mod d). Here, we mention that the Corollary 2.3.8 is an analogue of
primes in the arithmetic progression of (Theorem 2, M. Filaseta (1989)) and (Theorem

4.3 of Wright (2007)).

Specifically looking at the cases when the set § satisfies being quadratic residues

and non-residues, respectively, we have the following Corollaries.
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Corollary 2.3.9. Let f.d be coprime positive integers with 1 < f < d. Necessary and
sufficient condition for a nonempty finite set S C 7.\ {0} to be a set of quadratic residue
for infinitely many primes of the form p = f (mod d) is given below for each case.

Casel 41d B
0(T) = (%(T)),for everyT € Ds.

Case2 4 |dand81d
0(T)= (%(T)),for every T € 9.

Case3 8 |d B
0(T)= ( saf (T)),for every T € D,

f

The asymptotic density of primes of the form p = f (mod d) for which all the ele-
ments of S are quadratic residues modulo p is

EAREAV]
¢(d)25

EAREAV]
¢(d)28

EAREAD]

ratd 02"

ifd|d, 84d and if8|d. (2.3.8)

Proof: Since we expect every element of S to be quadratic residue, the choice of signs

is 6 = 1. Therefore, the proof of Corollary 2.3.9 follows from Theorem 2.1.1, with
No(S) = ¢. u

Corollary 2.3.10. Let f,d be positive integers with 1 < f <d and (f,d) = 1. Necessary
and sufficient condition for a nonempty finite set S C 7.\ {0} to be a set of quadratic
non-residue for infinitely many primes of the form p = f (mod d) is given below for
each case.

Casel 41d B
J(S) does not contain a subset of odd cardinality and 6(T) = ( sqff(T)), for

every T ¢ %

Case2 4 |dand81d

J(S) does not contain a subset of odd cardinality and 6(T) = ( Sqffﬁ)) for
every T € 9.

Case3 8 |d B
S (S) does not contain a subset of odd cardinality and 0(T) = < sqff(T)>, for
every T € 9.

In each case, the asymptotic density of primes for which all the elements of S are
quadratic nonresidues modulo p is stated as in (2.3.8).
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Proof: Since we expect every element of S to be quadratic nonresidue, the choice of
signs is 8 = —1. Therefore, the proof of Corollary 2.3.10 follows from Theorem 2.1.1,
with Ng(S) = S.

2.4 A counting problem arising from Theorem 2.1.1

We gather the inputs necessarily required for cyclotomic and multi-quadratic field ex-
tensions. For multi-quadratic part, let F(S) denote the set of all choice of signs 6 on S,

which is an Abelian group under pointwise multiplication for any 6y, 8, € F(S)

01 - 62(s) = 01(s) - 02(s), foreveryseS.
Let
C(S)={6 €F(S): On,(S)=¢}. (24.1)
It follows from (Theorem 2, Babu and Mukhopadhyay (2022)) and (Lemma 2, Babu

and Mukhopadhyay (2022)) that C(S) is a subgroup of F(S) of order | }f‘sﬂ.

For cyclotomic part, for a positive integer d,
Zi={1<f<d:(f,d)=1}
is a group of units of the ring Z, of order ¢(d).
We expect the multi-quadratic and their cyclotomic extensions to interact as direct
products. Also, it follows from Lemma 2.3.4 that /.L_]? is a well-defined map for all

0 € C(S), hence we define the following subsets

i(5) = { 7,0) € 2 x c(5): k() = o(7)

of the direct product Z x C(S) of the groups Z} and C(S), where for i =0, 1 and 2, %;
is defined as in (2.3.3).

It turns out that the subsets D;(S) are actually subgroups of Z; x C(S) fori =0,1,2.

Lemma 2.4.1. D;(S) is a subgroup of Z}; x C(S), fori =0,1,2.
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Proof: Here, we prove that Dy (S) is a subgroup of Z}; x C(S). The proof for D1(S) and
D, (S) being the subgroups follows similarly.

Suppose (f1,61), (f2,62) € Dy(S), then 7(7) 1 and E(T) = 1 holds, for all
T c Y. Let f=fifo (mod d). Since sqf (T) |d for every T € %y, we have f =
fif> (mod sqf (T)) for every T € 9.

Therefore,
—  — (sqf (T — ( sqf (T — ( sqf (T
1) = on(yon() (L) — ) (L) gy (2L
f Al 2
Thus, we obtain ,LL;)I % ¢ Dy (S). This completes the proof of Lemma 2.4.1. O

D;(S) contribute to finding the structure of the field extension and correspondingly the
cardinality of the Galois group of multi-quadratic fields and their cyclotomic extensions

over Q. The cardinality of the same allows us to know the degree of this field extension.

Theorem 2.4.2.
2lp(d)

PSN= 16 s)

, fori=0,1,2.

We require the following notations from (section 2, Babu and Mukhopadhyay (2022))
for the proof of the Theorem 2.4.2.

2.4.1 Notations

We define a map, x : (P(S),A) — (F5,+), by
x(T) = (xr(ar),- .-, xr(an)),

where for every subset T C S, yr : S — {0, 1} denotes the characteristic function of T,

ie.,ifa; € T, then 7 (a;) = 1, otherwise xr(a;) = 0.

It is easy to see that ) is an isomorphism. Also, observe that [F; is a vector space over

the field IF5.

For any u = (uy,up,...,uy),v= (vi,v2,...,v,) € F3,

(u,v) = (uyvy + - -+ uyvy) (mod 2),
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oY, (Ang(@r),. .., Xng(an))

v
T — (X?”(al)a"':x?'(aﬂ))
0 —— Ny w—— (W)
F(S) — P(S) —— F} —
Vg . X £ ¥
= - — A
cs) (s (H < = B<A
P(S)/H(S) F3/H JIES (v) = ker(¢y)
N 2 (E() =Ex(S)
e ¥ Fg Xr — characteristic function of T

Dh< D <Y< P(S)
T—— (xr(a1),-..,xr(an))+H

Figure 2.1 Various functions and maps involved in this chapter
defines a symmetric bilinear form on 5. Thus for any v € [F7, the map ¢, : 5 — [,
defined by ¢, (w) = (v,w) is a linear functional with the kernel

E(v)(=ker(¢,)) ={weF;: (v,w) =0}. (2.4.3)

Clearly, E(v) is a proper maximal subspace of I for any nonzero v € 7.
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‘We observe that

2 Y(E(v)) = Eao(S) = {T € P(S) : [TNA| is even}, where y(4) = v. (2.4.4)

Also, we see that

H=x(A(S) ={x(T):T € H(S)}

is a subgroup and hence a subspace of 5. Thus, we consider the quotient space @ =

2 /H which is isomorphic to P(S) by
Z(T) = (xr(ar)s...,xr(an)) + H.

Then D; = 7(Z;) are subspaces of F for i =0, 1,2.

On the other hand, for any 1 < f < d with (f,d) = 1, we consider a map ny : § —
{=1,1} by ns(ai) = (%), fori=1,2,...,n. By the completely multiplicative property
of Legendre symbol, 7 can be defined on P(S) as follows

wn-03)-(4) ()

For every T € J#(S), it is easy to see that N¢(7T) = 1. Equivalently, we have
ﬁan (S) = ¢ which implies 1y € C(S).

Proof of Theorem 2.4.2:
Observe that F(S) is isomorphic to P(S) through the map 6 — Ny, and by the relation
No,.9, = No ANp,.

Therefore, define a map y : F(S) — [ by

v(0) = (xng (@), -, xng (an)).-

Clearly, y is an isomorphism since it is a composition of two isomorphisms. Recall
from the definition of C(S) that a choice of signs 6 € C(S) if and only if |7 N Ng| is
even for all T € J7(S).

26



Thus, it follows from (2.4.4) that for a vector v € [, the kernel of corresponding linear

functional ¢, € (F})* defined as in (2.4.3) contains H if and only if v € y(C(S)).

Thus, the map ¢, induces a linear functional
¢y 1 5 — T2 by ¢y(W) = ¢y (w)
if and only if v € y(C(S)).

Also, it follows from (Theorem 2, Babu and Mukhopadhyay (2022)) that

n

W (C(S))| = @—,

Denote y(1) = x. Since Ny € C(S), the map ¢, induces a linear functional on F5. Our

aim is to prove
28l (d
Dy(s)| = — 29
7 (S)]|Zi]
fori=0,1,2.

It is enough to prove that, for every 1 < f < d with (f,d) =1,

Ef| = |{v e w(C(S)): ¢,(7) = ¢:(7),VI €D} = % fori=0,1,2.
Equivalently,
Ef| =|{v e w(C(S)): dppsx(f) =0,V €D} = % fori=0,1,2. (2.4.5)

Now, following the same arguments as discussed in (Theorem 2, Babu and Mukhopad-

hyay (2022)), we obtain
C(S
41~ HCO
i
for i =0, 1,2. Thus, we conclude (2.4.5) holds for every 1 < f < d with (f,d) = 1.

This completes the proof of Theorem 2.4.2. O]
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Chapter 3

Explicit Galois group of Q(\/aj,...,\/a,, {)
over Q

We know that the degree of the multi-quadratic field Q(,/a1, /a2, . ..,+/ax) over Q
is bound to be 2’ for some non-negative integer t < n, where ¢ depends on the algebraic
cancellations among the /a;’s. The arithmetic of multi-quadratic number fields plays
a crucial role in the theory of elliptic curves (see Abel-Hollinger and Zimmer (1995),
Laska and Lorenz (1985)). Balasubramanian et al. (2010) obtained an exact formula
for the degree of the multi-quadratic field extensions Q(y/a1,/az,...,+/a,) over Q.
Recently Babu and Mukhopadhyay (2022) calculated the explicit structure of the Galois

group of these multi-quadratic fields.

For a positive integer d > 3, {; denotes a primitive d-th root of unity. In this chapter,
we calculate the explicit structure of the Galois group of Q(y/ar, /a2, - - -, +/an, &4) over

Q in terms of its action on {; and \/a; for 1 <i <n.

The explicit structure of the Galois group of Q(y/ai,...,/an,Ca,;--.,8q,) over Q
will be discussed in Corollary 3.2.2. Here {;, denotes the primitive d;-th roots of unity,

for1 <i<k.

3.1 The degree of Q(/ar,\/az,...,\/an,Cq) over Q

In this section, we give an exact formula for the degree of Q(,/ar,/az, ..., /an,&4)
over Q. Recalling Chebotarev’s Density Theorem, as we use it to find the density of

primes satisfying certain conditions which will be discussed in this section.
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Chebotarev’s Density Theorem
Let K/Q be a Galois extension with Galois group Gal (K/Q). Let o, be its conjugacy

classin Gal (K/Q). For any rational unramified prime p, let 6, be a Frobenius element
IC|

[K:QJ*

We will need the behaviour of unramified primes using the following well-known

in Gal (K/Q). Then the relative density of the primes {p : 6, =C} is

Lemma.

Lemma 3.1.1. Let m be a square-free integer let K = Q(\/m) be a quadratic extension
over Q. Let Ok denote the ring of integers of K. Then for any odd prime p > 3, we have

(i) p ramifies in Ok if and only if p | m.

(ii) p splits completely in Ok iff m is a square modulo p, or (%) =1.

(iii) p is inert in Ok iff m is not a square modulo p, i.e, <;> =—1.
The number fields here are contained in a cyclotomic extensions, hence the Galois
groups are abelian. Hence now we have a degree theorem for the multi-quadratic fields

with cyclotomic extensions:

Theorem 3.1.2. Let S = {aj,as,...,a,} be a finite subset of non-zero integers. Let
K = Q(y/ar,/az,...,/an, 8a) be a multi-quadratic field compositum with cyclotomic
extension, where C; denotes the primitive d-th root of unity for d > 3. Then, we have
2"p(d
|2 (S)| 20l

Note that, in the statement of Theorem 3.1.2, we assume 8 | d. The proof of the

other two cases follows similarly.

Proof. Since K is a 2-elementary Abelian extension compositum with cyclotomic ex-
tension of Q, we have Gal (K/Q) ~ T x Z} for some 1 <t <n.

In fact, if
flx)= (x2 —al)()c2 —a)... (x2 —an)(xd —1) € Z[x],

then K/Q is the splitting field of f(x). Let

aj

P, ::{p>2:p51(modd),<
p

):1,v1§ign}.
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Since (@) =1, forall T € P(S), from Corollary 2.3.9, it follows that the density

of Py is %. Now, we will use Chebotarev’s Density Theorem to calculate the

relative density of Py.

To proceed as such, for p € Py, we want to calculate the Frobenius element 6, €
Gal (K/Q). It is enough to find the action of 6, on {; and /a; for each i.

Since p =1 (mod d), o), restricted to Q({) is the identity. Also, since p € Py, it
follows from Lemma 4.1.7 that p splits completely in @(\/E,-), for 1 <i < n. Therefore,
the Frobenius element 0, € Gal (K/Q) satisfies

0p(Ca) = Ga and 0 (v/ai) = /ai,

for 1 <i <n. Thus, 6, is defined uniquely in Gal (K/Q). By the Chebotarev Density
Theorem, the relative density of P; is

L | 2O)[ %
K:Q]  2"¢(d)
This completes the proof of Theorem 3.1.2. [

3.2 The explicit Galois group of Q(\/ar,\/az,...,/an,Cs) over Q

Now we discuss the explicit structure of the Galois group of Q(y/a1,+/az,...,~/an,Cq)
over Q. Precisely, we prove the following Theorem.

Theorem 3.2.1. Let S = {aj,as,...,a,} be a finite set of non-zero integers. Let K =
Q(v/ai,+/az,...,\/an,Cq) denotes a multi-quadratic field compositum with cyclotomic
extension, where {; denotes the primitive d-th root of unity for d > 3. Let (Dgo(S),*)
be defined as in (2.4.2). Then there exists an explicit isomorphism between Dy (S) and

Gal (K/Q).

Note that in the statement of Theorem 3.2.1, we assume 8 | d. Recall that
Du(s) = { (1:6) € 2; x C(5) s gf(T) = o(T) (4T ) = 1,¥T € T .
where ) = {T eP(S):|sqf (T)| | d } The proof for the other two cases follows sim-

ilarly.

Proof. Since K is a 2-elementary abelian extension compositum with cyclotomic ex-
tension of Q, we have Gal (K/Q) ~ T x Z} for some 1 <t <n.

On the other hand, since F(S) ~ I}, by using Lemma 2.4.1, we obtain that Do(S) ~
I, x Z for some 1 <t <n.

Also, it follows from Theorem 2.4.2 and Theorem 3.1.2 that

~ __2old)
[Do(S)| = | Gal (K/Q)| = EZGIZN
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Hence, we have ( Gal (K/Q),0) =~ (Do(S), ).

In the rest of the proof, we show that there exists an explicit injective homomor-
phism between Gal (K/Q) and Dy(S).

Let
P(f,0):={p>2:p=f(modd), (";) — 0(a;), ¥ 1<i<n).

By using Corollary 4.1.8, it follows that P(f,0) contains infinitely many primes, for
every 6 € Dy(S). In fact, the relative density of P(f,0) over the set of all primes P is
EAOIEN

2'o(d) -

For any p € P(f,6), we want to calculate the Frobenius element 6, € Gal (K/Q).
It is enough to find the action of 6, on {; and |/a; for each i.

By using the definition of P(f,6) and Lemma 4.1.7, we obtain that p either splits
completely or is inert in Q(/a;) respectively if a; € S\ Ny or a; € Ng.

Since p = f (mod d), the Frobenius element 6,({;) = € C{ . Therefore, for any p €
P(f,0) the Frobenius element 6, € G satisfies

ai, if a; € S\ N,
op(Vai) = 0(ai)\/ai = {\_/\_/1571 if a;eNe\;, ’

for 1 <i<nando,({y) = CC{ Hence o), is defined uniquely in Gal (K/Q).
Now, we define a map A : Dy — Gal (K/Q) by
A((f,0)) = o), for some p € P(f,0).

Clearly, A is a well-defined and injective map. We claim that A is a homomorphism.

Suppose A((f1,61)) = op, and A((f2,6,)) = 0p,, With p; € P(f1,0;) and p; €
P(fz, 92), then

A((f1,61)) o A((f2, 92))(\/‘2') = Op, (sz(\/‘Ti)) = {\—/il_/i,cTi g Zz: g }S\vf(-\)l(ivg}éfjvez)

for1 <i<mand
A((f1,61)) 0 A((f2.62))(La) = Oy (0 (8a)) = 0y (EF7) = G2 M0 D = ¢,

where f = f1f» (mod d).

On the other hand, let A((f,0; - 6»)) = 6,,, where p € P(f,0,-6,) and f = f; > (mod d).
Then by the definition of ¢, and the relation Ng,.g, = Ng, ANp,, we obtain

N \/a_l ifa,'GS\(NQANg)
Gp(\/CTl)_{—\/cTi, if a; € Ng AN,

for 1 <i<nando,({y) = CC{
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Thus we have,

A((f1,61)) o A((f2,62)) = A((f1,61) - (f2,62))
This completes the proof of Theorem 3.2.1. [l

In the case of multi-quadratic and multi-cyclotomic extensions, the Galois group
of such fields can be brought down to our problem of multi-quadratic and cyclotomic

extensions. The following Corollary deals with it.

Corollary 3.2.2. Let S = {aj,a,...,a, } be a finite set of non-zero integers and let 3 <
di <--- <dybeintegers withd = lcm(d, ... ,dy). LetL=Q(\/ar,...,\/an,Ca,,-..,C4,)
be a multi-quadratic field compositum with several cyclotomic extensions, where {;.
denotes the primitive di-th root of unity, for i = 1,... k. Let (D;(S),*) is defined as
in 2.4.2), ford = lem(d,,...,dy), i =0,1,2. Then, there is an explicit isomorphism
between Dy(S) and Gal (L/Q).

Here, we assume 8 | d. The proof for the other two cases follows similarly.

The Proof of Corollary 3.2.2 follows similar to Theorem 3.2.1.
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Chapter 4

Non-primitive roots with prescribed residue

pattern

Given a set of primes S, the limit
p <x: p < S

e |{p <x}
if it exists, is called the natural density of S. An integer g with |g| > 1 is a primitive root

modulo p if p { g and the multiplicative order of g modulo p (ord,(g)) equals p — 1.

Let &, be the set of primes p such that g is a primitive root modulo p. In 1927, E.
Artin conjectured that there exist infinitely many primes p for which g is primitive root
modulo p if g is not a square. Moreover, he also gave a conjectural formula for natural
density 6(%%). In 1967, Hooley (1967a) proved Artin’s conjecture under the Gener-
alized Riemann Hypothesis (GRH) and determined 6(%%). In 1976, Matthews (1976)
generalized Hooley’s result under the assumption of GRH. Precisely, he proved that
given nonzero integers ay, ..., a,, there exists a non-negative constant C = C(ay,...,a,)

such that

(loglogx)?'~! )

. X

logx

Under GRH, the distribution of primes in a prescribed arithmetic progression for
which g is primitive root modulo p is also studied in the literature; (see, Lenstra et al.
(2014); Moree (1999, 2008)). We generalize the prescribed pattern by P. Moree, con-

sidering the set S, as mentioned earlier, instead of an element g.

35



On the other hand, for a prime p, if an integer g generates a subgroup of index ¢ in
(Z/pZ)*, then we say that g is a r-near primitive root modulo p. As mentioned in 1,

Using the notations of Moree and Sha (2019), we have
Py(t)={p:ptg,p=1(modi), ordy(g) = p—1/1},
Po(t,d.f)={p:p=f(modd), pe Z1)}.
Assuming GRH, Moree (2013) determined 6(Z(t)) when g > 1 is squarefree.

Also as mentioned in 1, fort > 1, g ¢ {—1,0,1} and positive coprime integers f,d,

we make use of the following sets defined by Moree and Sha (2019):

D(t,d,f) ={p:p=f(modd), ord,(g) # (p—1)/t},

F1,d.f) = {p: ptbg.p = f (modd), p=1 (modr) and ord,(g) | (p—1)/1}.

They showed that for any integer ¢ > 2 and coprime to 2dt, the set Z,(t,d, f)

contains a subset of primes p having natural density m.
194 .

Further, suppose the set Z,(t,d, f) is nonempty, then they showed that for any in-

teger g > 2 and coprime to 2gdt, the set Z,(t,d, f) contains a subset of primes p for

1
[Q(Cdagqlvgl/ql):(@] ’

Before describing our results, we define the quadratic residue pattern and discuss a

which g is a non #-near primitive root modulo p having natural density

few results.

Let S = {aj,ay,...,a,} be a set of nonzero integers. In 1968, Fried (1968) showed
that there are infinitely many primes p for which all the elements of S are quadratic
residues. He also provided a necessary and sufficient condition for g;’s to be quadratic
nonresidues modulo p. In 2010, Balasubramanian et al. (2010) calculated the exact
density of such primes in Fried’s result. Earlier Wright (2007, 2008) had considered the

above result qualitatively.

Recently Babu and Mukhopadhyay (2022), calculated the exact density of the set of
primes for which S has residue pattern & modulo p. In chapter 2, we obtained the exact

density of the set of primes p of the form p = f (mod d) for which S has residue pattern
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6 modulo p. Also, a necessary and sufficient condition for a choice of signs 0 for S to
be a residue pattern modulo p for infinitely many primes of the form p = f (mod d)

was obtained.

Suppose S = {ay,az,...,a,} be a set of nonzero integers such that for any nonempty
subset T of S, the product of all the elements in 7 is not a perfect square. For such a
set,Dey and Kumar (2016), gave a lower bound for the density of the set of primes p

for which the a;’s are quadratic nonresidues but not primitive roots modulo p.

Let S = {aj,ay,...a,} be a subset of Z\ {0} with a choice of signs 8 for S. In
this paper, we give a lower bound for the density of primes in arithmetic progression
for which the elements of S are not 7-near primitive roots and satisfy a residue pattern

0 (mod p).

For a positive integer ¢ and positive coprime integers f,d, we define:

s(t,d, f,0) = {p:p € 2,(t,d,f), and (ﬁ) = 0(q;), fori= 1,2,...,n},
p

Ks(t,d, f,0) = {p:p € Hq;(t,d, f) and (ﬂ) =0(q;), fori=1,2,....n }
p

In Theorem 4.2.1, we give a lower bound for the density of Zs(z,d, f,0). Pre-
cisely, we show that the set Zg(z,d, f,0) contains a positive density subset of primes
under a specific condition on 6. In Theorem 4.3.1, we give a lower bound for the
density of Zs(t,d, f,0). Precisely, for an odd positive integer ¢, we show that the set
Ks(t,d, f,0)Ns(t,d, f,0) contains a positive density subset of primes under a spe-

cific condition on 6.
4.1 Preliminary lemmas

We require the following lemmas for the proof of the theorems.

Lemma 4.1.1. (Dey and Kumar (2016), Lemma 2)

1. Let L and M be finite extensions over Q with LNM = Q. If one is a normal
extension over Q, then L and M are linearly disjoint over Q.

2. Let L and M be finite extensions over Q and let LM be their compositum over Q.
Then [LM : Q] = [L: Q|[M : Q] if and only if L and M are linearly disjoint over
Q.
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3. Let {L; :i € I} be a linearly disjoint family of Galois extensions over Q and let
[1L;i be the compositum of L;’s over Q. Then

| Gal ([]2:/Q) = ] Gal (L/Q).

iel il

Lemma 4.1.2. (Pg. 592, Dummit and Foote (2004)) Suppose L be a Galois extension
over Q and M be any finite extension over Q. Then

[L:QIM: Q)

LM Q) = [LAM:Q]

Further, if L and M both are Galois extensions over Q, then

1. the intersection LN M is Galois over Q,

2. the composite LM is Galois over Q and the Galois group is isomorphic to the
subgroup

H={(0,7):0|rnm=T|Lrm}

of the direct product Gal (L/Q) x Gal (M/Q).

Lemma 4.1.3. (Weintraub (2009), Corollary 4.5.5) Let m be a nonzero square-free
integer. Let
m/_{\m] ifm=1 (mod 4),
~ \4|m| otherwise.

Then Q(v/m) C Q(&,) if and only if n is multiple of m'.

Lemma 4.1.4. (Weintraub (2009), Corollary 4.2.8) Let m and n be positive integers and
Ez‘g ): ged(m,n) and l = lem(m,n). Then Q(&,)Q(&,) = Q(&) and Q(&,) NQ(E,) =
d).

In particular, if m and n are relatively prime, then Q(,)Q(&,) = Q(&un) and

Lemma 4.1.5. Let ay,as,...,a, be distinct nonzero integers and let p be an odd prime
and k be a positive odd integer. Then p =1 (mod k) and agpfl)/k =1 (mod p), for all
i=1,2,....nif and only if p splits completely in @(Ck,a}/k,aé/k, ... ,a,ll/k), where ;, is

a primitive k-th root of unity.

The proof of Lemma 4.1.5 follows similarly to Proposition 8 of Dey and Kumar

(2016).

Lemma 4.1.6. Leta = iag, where ay is positive but not of an exact power of a rational.
For any positive odd integer k and a positive integer r, we have

[Q(8e) Q& a'*) : Q) = [Q(&irra' ) 1 Q) =

4.1.1)
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and thus for any odd prime q 1 rk, we have

Q) NQ(grr a4 = Q(G) NQ(Gk,a' %) = (&) (4.1.2)

Proof. (4.1.1) follows from Lemma 1 of Moree (2005) and the assumption that & is odd.
To prove (4.1.2), it is enough to prove

Q&) NQ(Ea74) - Q] = [Q(Gr) N Q&0 *) - Q) = (k).
Using Lemma 4.1.2 and (4.1.1), we write

¢ (qk)qk
Vaky - o [Q(6k) s QI[Q(Egka'/4) : Q) 9(kr) e
QUGN U= =l e
(gk,h)
Since ¢ 1 rk is an odd prime, we have
1/gky . ] — (g—Deo(kr)p(k)
[@(gkr)m(@(quaa i ) @] - (q—l)(P(kl’) _(P(k)
Similarly, by using (4.1.1) and Lemma 4.1.2, we obtain
o(kr) o

[Q(Ge) NQG ™) : Q) = 7 = (k)

(kr,h)
This completes the proof of Lemma 4.1.6. [

Let m be an integer and p { m be a prime number. If m is a square modulo p we put

<;> =1, and (;) = —1 otherwise.

Lemma 4.1.7. Let m be a squarefree integer and let K = Q(\/m) be a quadratic exten-
sion over Q. Let Ok be the ring of integers of K. Then for any odd prime p > 3, we
have

(i) p ramifies in Ok if and only if p | m.

(ii) p splits completely in Ok if and only if (%) = 1.

(iii) p is inert in Ok if and only if (%) =—1.

For any non-zero integer n, we denote the squarefree part of n by sqf (n). For any
finite subset T C Z\ {0}, by sqf (T) we mean sqf ([I;e7s). Let S be a finite set of
non-zero integers with a choice of signs 0 for S. For any nonempty subset 7 C S, we

set

0(T):=[]06(s) (4.1.3)

seT
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Let P(S) denote the set of all subsets of S. It is well-known that (P(S),A) is an
abelian group having identity element ¢ isomorphic to (Z / ZZ) ‘Sl, where ¢ denotes the

empty subset.

Lemma 4.1.8. (Babu and Mukhopadhyay (2022), Corollary 4.1) Let S be a finite set
of non-zero integers with a choice of signs 0 for S. Let f,d be positive integers with
1< f<dand(f,d)=1.

Casel 4td
There exist infinitely many primes p of the form p = f (mod d) such that S has

Sqf >f0r every T € .@d In
this case, the asymptotic density of primes of the form p = f (mod d) for which S

residue pattern 6 modulo p if and only if 0(T) =

175
p(d)25T"

has residue pattern 6 modulo p is

Case2 4 |dand8+td
There exist infinitely many primes p of the form p = f (mod d) such that S has

residue pattern 6 modulo p if and only if 0(T) = ( 4t (7) )for everyT € .@d In
this case, the asymptotic density of primes of the form p = f (mod d) for which S

12
(d)2BT"

has residue pattern 8 modulo p is

Case3 8 |d
There exist infinitely many primes p of the form p = f (mod d) such that S has

Sqf )for every T € .@d In
this case, the asymptotic density of primes of the form p = f (mod d) for which S

residue pattern 6 modulo p if and only if 0(T) =

d
has residue pattern 0 modulo p is (pid@)02||s"
Recall from 3,
2"¢(d)
K:Q]=———=-,
|Z(S)|
where .@id(S) is defined as in (2.3.2). Here
(
0 if 8|d,
i=4q1if 4|dand81d, (4.1.4)
2 if 44d.

Lemma 4.1.9. Let S = {ay,ay, .. an} be a finite set of non-zero integers and m be an
1 1

odd positive integer. Let L= Q(a}' ,a2 v sant Gn). Then the degree of the extension L
over Q is given by
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where

Tn(S) = {(rl,...,rn) € (Z/mZ)n e =k", for some k € Z}. (4.1.5)

Proof. From Theorem 3.7.11 of Weintraub (2009), it follows that
[L:Q(E(m))] = (@, .., an)l,
where (ay, ..., a,) denotes the subgroup of Q(&,)*/(Q(&)*)" generated by ay, ..., ay.

Consider the Z/mZ free module (Z/mZ)" with the basis S = {ai,...,a,}. Observe
that Z/mZ acts on Q(&,,)*/(Q(&n)*)" by a - x = x%.

Consider the map f : (Z/mZ)" — (a,...,a,), which sends a; — @; and extend it lin-
early. Then Y ;ra; € ker f if and only if (ry,...,r,) € F4,(S). Therefore, we obtain
mn

[L:Q(E(m))] = EAGIE

Further, from the assumption that m is odd and Proposition 4.1 of S.S. Wagstaff
(1982), it follows that
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4.2 A positive density subset of 2g(z,d, f,0)

Theorem 4.2.1. Let d, f be coprime positive integers and let S = {ay,az,...a,} be a
subset of 7\ {—1,0,1} with a choice of signs 6 for S. Lett > 1 be an integer and q be
the least odd prime such that

qtdtayay---ay.

Suppose (%(T)) = 0(T) holds for every T € .@id(S), where the values of i are defined

as in (4.1.4). Then the set Ds(t,d, f,0) contains a positive density subset of primes p
having natural density

| 4(S)|| Z¢(S)]
o(d)(qg—1)(2q)"’

where 9%(S), #;(S) are defined as in (2.3.2), (4.1.5) respectively.

Proof. We assume 8 | d. The proof for the other two cases follows similarly.
Consider the number fields:
1 1 1
Ly=Q(a)"a),....a" ;) and My = Q(\/a1,/@3, .. ,\/an, Ca).
Let L = L,;M,; be the compositum of L, and M.

Since ¢ is an odd prime such that g1 aja; - - - a, (equivalently, there is no subset 7" of
S with sqf (T') = g), it follows from Lemma 4.1.3 that L, NQ( /a1, +/az, ... ,\/an) = Q
and since ¢ t d, by using (4.1.2) with k = 1, we obtain L, N Q({;) = Q.

Therefore, by (1) of Lemma 4.1.1, we conclude that L, and M, are linearly disjoint over
Q, thatis L, "My = Q. Thus, by (2) of Lemma 4.1.1, we obtain

[L:Q]=[L;:Q][M;:Q). 4.2.1)
Since L, and M, both are Galois extensions over Q, by (3) of Lemma 4.1.1, we have
Gal (L/Q) = Gal (L,/Q) x Gal (M;/Q). 4.2.2)

Now, consider the set

P(0,d,q)={pcP:p=f(modd), psplits completely in L, <ﬂ) =0(a;), V1<i<n},
where P is the set of all prime numbers. i
We write P(0,d,q) = P(6,d) NP(gq), where
P(q) ={p € P: p splits completely in L, },
P(0,d) ={peP:p=f (modd), (“;) = 0(a;), V1<i<n}.
For any prime p € P(0,d,q), we want to calculate the Frobenius element o, €

Gal (L/Q). We observe that p € P(q) if and only if |7, is an identity element of the
Galois group Gal (L,/Q).
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Since by the assumption that (%) = 0(T) holds for every T € Z¢(S), using

Lemma 4.1.8, we see that P(6,d) contains infinitely many primes with the relative
d

density W(zd)'

Since for any p € P(6,d) is of the form p = f (mod d), the Frobenius element
Oplk, () =&

Also, for any p € P(6,d) it follows from Lemma 4.1.7 that
olk,(vai) = 0(a;)\/a;, for1 <i<n.

Therefore, the Frobenius element 6, € Gal (L/Q) satisfies

op(a}!) = a!, 0,(v/a) = 0(a)/ai, for 1 <i<n,
op(8q) = Cq and o'p(Cd) = C;

Since the Galois group Gal (K;/Q) is abelian, by (4.2.2), we note that the conju-
gacy class of o, contains only one element which is nothing but o, itself. Therefore,

by Chebotarev Density Theorem, the density of P(60,d,q) is [L—IQ]

Thus, by using Theorem 3.1.2 and Lemma 4.1.9 with (4.2.1), we conclude that the
density of P(6,d,q) is
()| 2§ (S)]

o(d)(qg—1)(2q)"

Finally, from Lemma 4.1.5, we observe that any p € P(0,d, q) satisfies
(p=1)/a _ 4 (

i

p=1(mod ¢g) and a mod p),

foralli=1,2,...,n.

Since we assume ¢ 1 ¢, it follows that ord,(a;) # p%l, fori=1,2,...n and for all p €
P(0,d,q). Hence, for any prime p in P(0,d,q) we have p = f (mod d), aj,ay,...,a,
are non f-near primitive roots and have residue pattern 6 modulo p.

This completes the proof of the Theorem 4.2.1. [

Example:
Consider the set S = {2,3,6} with a choice of signs 8(2) =1,0(3) = —1 and 6(6) =
—1. Suppose t = 5, f = 7 and d = 8. Then by definition of Z¢(S) we see that
75(8) ={6.{2}.{3,6}.{2,3,6}}.

We choose g = 7 as it is the least prime that does not divide 2,3, 6,5, 8 and therefore we

have 54 (S) ={¢}.

( sfl%?ﬁ)) =0(9)=1, (%) —0({2}) =1, (M) —0({(3.6)) =1
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by using Theorem 4.2.1, we obtain that the set Zg(5,8,7,(1,—1,—1)) contains a posi-

tive density subset of primes p having natural density

SIS 4
4x6x(14)3  4x6x(14)3 16464

Computationally, it is found that 25(5,8,7,(1,—1,—1)) = {271, 631, 751, 991,...}

4.3 A positive density subset of Zs(t,d, f,0)

Theorem 4.3.1. Let S = {ay,az,...a,} be a subset of .\ {—1,0,1} with a choice of
signs O for S. Let f,d be positive coprime integers such that f =1 (mod (d,t)). Let g
be the least odd prime such that g1 dtaiaz - - - ay.

Suppose (%(T)) = 0(T) holds for every T € P!"(S), where the values of i are

defined as in (4.1.4). Then the set Zs(t,d, f,0) contains a subset of primes p for which
each a; € S is a non t-near primitive root modulo p having natural density

(A (2] (S)]
@(r1)(q—1)(2qt)"

where r is a positive integer satisfying [d,t] = rt, 2!'(S) and 7} (S) are defined as in
(2.3.2) and (4.1.5) respectively.

Proof. We assume 8 | d. The proof for the other two cases follows similarly.
Consider the number fields

Ly =Qa)/",a)" ... )" {y) and My = Q(v/a1,\/az, s/, &, Ca).-
Let L = LMy, be the compositum of Ly and My, .

Since we assume [d,¢] = rt, by Lemma 4.1.4 we write My, = Q(\/ar,/az, .. .,/an, Cnt).
Also, since ¢t is odd and ¢ { dtaja; - - - ay, it follows from Lemma 4.1.3 and (4.1.2) that

Ly Mg =Q(&).
Therefore, by Lemma 4.1.2, we obtain that

[th : Q][My - Q]
Q(&):Q

and since Ly and My, both are Galois extensions over QQ, we also have

Gal (L/Q) = {(G,T) € Gal (th/(@) x Gal (Mdz/@) . G|Q(§t) = T|@(§)}. (4.3.2)

Now, consider the sets

IL:Q] = 4.3.1)
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P(g,t) ={p € P: p splits completely in L, },
P(0,t,d) ={pcP: ("—) —0(a;), V1 <i<np=f(modd),p=1(modr)}.
p

For any prime p € P(g,7), we calculate the Frobenius element 6, € Gal (L, /Q).
We observe that p splits completely in Ly, if and only if o), is an identity element of the
Galois group Gal (L, /Q).

Therefore, the Frobenius element 6, € Gal (L, /Q) satisfies
op(a") =" for 1 <i<n, 0p(Gy) = Gyr

First, we want to show that P(6,7,d) is non-empty, and then for any prime p €
P(6,t,d), we want to calculate the Frobenius element 7, € Gal (Mg /Q).

Since we assume f =1 (mod (d,?)), by the Chinese remainder theorem, the con-
gruences x = 1 (mod ¢) and x = f (mod d) have a solution. Hence, by Dirichlet’s theo-
rem for primes in arithmetic progression, there are infinitely many primes p satisfying
p=f(modd)and p=1 (modt).

From the assumption that <%(T)> = 6(T) holds for every T € Z}'(S) and Lemma
4.1.8, we see that P(60,7,d) contains infinitely many primes with the relative density
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2n¢(rt)"

Since any p € P(6,t,d) satisfies p = f (mod d) and p =1 (mod 1), the Frobenius
element T, satisfies 7,({;) = Cg{ and 7,(&;) = {. Also, for any p € P(0,1,d) it follows
from Lemma 4.1.7 that

Tp(vai) = 0(ai)\/a;, forl <i<n.

Therefore, the Frobenius element 7, € Gal (M, /Q) satisfies
T, (V@) = 0(ai)/a, forl <i<n, 1,(8) =& and 1,(8s) = .
We write P(0,d,q,t) = P(0,t,d)NP(q,t1).

For any p € P(0,d,q,t), we observe that
Slawg) = Tlag)-

Thus, from (4.3.2), it follows that (0,,7,) € Gal (L/Q). Since o, acts as the
identity element on Gal (L, /Q) and the Galois group Gal (My/Q) is abelian, the
conjugacy class of (0, 7,) contains only one element which is just (0, 7,). Therefore,
by Chebotarev Density Theorem, the density of P(6,d,q,t) is m

Thus, by using Lemma 3.1.2 and Lemma 4.1.9 with (4.3.1), we conclude that the
density of P(6,d,q,t) is

|[#a (S)1Z5' (S)]

o(rt)(qg—1)(2qt)"

Finally, from Lemma 4.1.5, we observe that any p € P(0,d, ¢,t) satisfies
(p=D/ar _ 4 (

i

p=1(mod gt) and a mod p),

foralli=1,2,...,n.
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Since we assume g 11, it follows that ord,(a;) # 252, but ord,(a;) | 22, for i =
1,2,...nand for all p € P(60,d,q,t). Hence,

P(0.d,q,t) C Zs(t,d. f,0),

but aj,as,...,a, are non f-near primitive roots for any prime p in P(0,d,q,t). This
completes the proof of the Theorem 4.3.1. [l

Example-1:
Consider the set S = {2,3,6} with a choice of signs 0(2) = —1,0(3) = —1 and 6(6) =
1. Suppose t = 3, f = 5 and d = 8. Then by definition of ¢ (S) we see that

= {6.{21.{3}.16}.{2,3}.{2.6}, {3.6},{2.3,6}}.

We choose ¢ = 5 as it is the least prime that does not divide 2,3,6,8 and therefore we

have J45(S) = {¢}.

( Szlf:(c‘;)) =0(9) =1, (—sqf W2 Zp((2y) = (@) =0({3}) =1,
<—Sqf (5{6})) —9({6}) =1, ( Sqf(g ’3}>) —9({2,3}) =1, (—Sqf (22’6})> =0({2,6}) =1
<—Sqf<f53’6})) 0({3,6}) = 1, (Sqf 2,3,6}) >=9({2,3,6})= 1,

by using Theorem 4.3.1, we obtain that the set Zs(3,8,5,(—1,—1,1)) contains a posi-
tive density subset of primes p for which 2,3, 6 are non 3-near primitive root modulo p

having natural density

AsSNZH S 8 1
8 x 4 x (30)3 8 x 4 x (30)3 108000

Example-2:
Consider the set S = {7, 8, 11} with a choice of signs 6(7) =1,0(8) = —1 and 6(11) =
1. Suppose t =3, f = 4 and d = 5. Then by definition of Z¢(S) we see that

={9}.

We choose g = 3 as it is the least prime that does not divide 7,8, 11,5 and we hence we

have () = {0} since (“9522) = p(9) =
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By using Theorem 4.3.1, we obtain that the set #s(3,5,4,(1,—1,1)) contains a
positive density subset of primes p for which 7,8,11 are non 3-near primitive root

modulo p having natural density

BSNZs ) _ 1 _ 1
0(3)x (3—1)x(18)3  2x2x(18)3 23328

Computationally, it is found that #Zs(3,5,4,(1,—1,1)) ={19,...}.

In Theorem 4.3.1, we studied the density of the set Zs(z,d, f,0) for odd ¢. In the
final remark, we will discuss about the set Zs(¢,d, f,0) when ¢ is even.

Remark 4.3.2. Ift is even, then it is easy to see that Q(\/ar,\/az,...,/an) C Ly and
hence

Gp(ag/qt) —a/" — o,(v/a;) = +/ai, forevery 1 <i<n.

l
On the other hand,

Tp(vai) = 0(ai)\/ai, forl<i<n.

Therefore, the condition o LynMy = T Ly, forces that 0(a;) =1, for every 1 <
i<n.

For this reason, we expect that in case t is even, the set Zs(t,d, f,0) contains a
positive density of primes p for which each a; € S is a non t-near primitive root modulo
ponlyif=1.
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Chapter 5

Conclusions and Future Scope

We are recapitulating the chapters. To make the thesis self-contained, in Chapter 1,
we give the mathematical background necessary to understand the subsequent chapters.

In Chapter 2, we give an asymptotic formula for the primes, p, that satisfy two
conditions. One that primes lie between N and 2N for a sufficiently large N > 3 and
satisfy arithmetic progression condition p = f (mod d). Two, for a given finite set
S ={ay,az,...,a,} C Z\{0}, the set S satisfies a quadratic residue pattern 6. Using
this asymptotic formula, there is a revelation of a counting problem that aids in finding
the cardinality of the Galois group of multi-quadratic and cyclotomic field extensions,
K.

In Chapter 3, we continue this process and find the explicit structure of K. Though
the structure of multi-quadratic extension was already known, this work shows cancel-
lations among the multi-quadratic and cyclotomic parts of the field extension. Hence
we obtain the degree of this field extension. Further, we get the explicit structure of its
Galois group.

Using the knowledge obtained from the previous sections, in Chapter 4, we find
the natural density of primes for which the elements of the set S are non-primitive and

satisfy a prescribed residue pattern.

Figure
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As mentioned in chapter 1, finding the Galois group of algebraic field extensions is
one of the core areas in Computational Number Theory. In the future, we look for meth-
ods to find the Galois group of other kinds of number fields. For instance, Noether’s
conjecture that every finite group occurs as the Galois group of a number field over
is still open in general.

Transcendental field extensions could be another area of research with the wits of
lack of algebraicity. Intuitively, it appears to be more random if considered as field
extensions over (Q, validating applications to Quantum Cryptography.

Biasse and Vredendaal (2019) have mentioned heuristic algorithm to calculate S-
class groups and S-unit group of multi-quadratic field extensions. As a sequel to the
work done in this thesis, a modified algorithm to similarly find the so called S-class

groups and S-unit group of the field Q(\/ar, .. .,+/an, §;) over Q is being attempted.
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APPENDIX

* Siegels’s Theorem (Davenport (2000), Chapter 22):
Let n > 0 be a positive integer. Let d be a positive integer satisfying d < log"n

for some A > 0. Then for every non-principal character ¥ (mod d), we have:

Z x(p) < n-exp(—C+/logN)
PN

* Law of Quadratic Reciprocity:

Given any integer n and odd and squarefree integer s, we have
N n s—1n—1
V2 =(=1)7 7.

¢ Partial Summation Formula:

Y anfn) =Cof() - [ o) dr

1<n<x
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