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ABSTRACT

The Burgers’ equation u; + uu, = vu,, is a nonlinear partial differential equa-
tion, named after the great physicist Johannes Martinus Burgers (1895-1981).
Our study mainly focuses on (global) weak solutions of Cauchy problem for non-
homogeneous Burgers’ equation with a time dependent reaction term involving
Dirac delta measure and their large time asymptotic analysis. Using Cole-Hopf
transformation, we consider the associated two initial-boundary value problems by
assuming a common boundary along positive t-axis. The existence and unique-
ness of the boundary function along that boundary are established with the help
of Abel’s integral equation of first kind. Explicit representation of the boundary
function is derived. The solutions of associated initial boundary value problems
converge uniformly to a nonzero constant on compact sets as t approaches oo.
Also, using this results, the asymptotic behavior of Burgers’ equation is discussed.

Secondly, In chapter 3, we consider a Riemann problem for a de-coupled system
with locally integrable general source term and obtain explicit solutions. We find
the weak solutions by the method of characteristics. Then we find the shock waves
involving delta measures. Also, rarefaction wave solution is derived.

In chapter 4, the heat equation with Heaviside function in the source term
equipped with Neumann boundary conditions and cosine function as the initial
data is considered. In the first part of the article, we are focused to study corre-
sponding two initial-boundary value problems and existence of the derivative of
boundary function introduced along positive t-axis due to unit step function. The
existence and uniqueness of the same is shown with the help of Volterra’s integral
equation of first kind. Also, we are concerned with large time behavior of the

solutions to associated initial-boundary value problems.
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Chapter 1

General Introduction

Differential equations usually describe the change in the behavior of every material
object in the nature with respect to time and space variables. It can be change in
single variable for which one can use the concept of Ordinary Differential Equa-
tion(ODE). Otherwise one can describe the change in the behavior of the object
for several variables through Partial Differential Equation(PDE).

A PDE is an equation involving two or more independent variables, an un-
known function and its partial derivatives with respect to the independent vari-

ables up to certain order.

1.1 Preliminaries

We use the following notations for spaces in the thesis.
1. C(R) denotes the space of all continuous functions f : R — R.
2. C*°(R) denotes the space of infinitely differentiable functions f : R — R.

3. LP(R) for 1 < p < oo, denotes the space of all functions f : R — R that

1l = ( / | f(x)!”d:c)p .

4. L*®(R) denotes the space of all functions f : R — R that satisfy

satisfy

|l ey 2= esssup | £ (z)] < o

1



Definition 1.1.1. (Evans (2010)). Big-oh notation: We write f = O(g) as

T — xo, provided that there exists a constant C' such that

|f(z)] < Clg(z)],

for all x sufficiently close to xg.

Definition 1.1.2. (Evans (2010)). Little-oh notation: We write f = o(g) as

T — x9, provided

tim L1
=0 |g(z)]
Definition 1.1.3. (Kesavan (1989)). Support of a function: Let ¢ be a real

(or complex) valued continuous function defined on an open set in R"™. The support

of ¢, written as supp(@), is defined as the closure of the set on which ¢ is non-zero.

Definition 1.1.4. (Kesavan (1989)). Test functions: The set of all infinitely

differentiable functions defined on R™ with compact support is called test functions.

Definition 1.1.5. Weak Solution: (Stavroulakis and Tersian (2004)). Assume
that ug(z) € L, (R). A function u(z,t) € L}, (R x [0,00)) is a weak solution of

loc loc
u+uu, =0, z€R, t>0, (1.1.1)
u(z,0) =up(x), xz€R (1.1.2)

of and only iof

o] o0 2 o0
/ / (upt + %ng) dxdt + / up(z)p(x,0)dz = 0, (1.1.3)
0 —o0o —oo

for every test function p € CX°(R x [0, 00)).

Definition 1.1.6. (Evans (2010)). Minkowski’s Inequality:

Assume 1 < p < oo and u,v € LP(U), U is open in R™. Then
e+ ey <l w |y + [ 0 llzew) -

Definition 1.1.7 ( [Stavroulakis and Tersian| (2004)). Weak derivative: A

0
function v € L} (Q) is said to be the weak — derivative of a given function
L

we L (Q) if and only if

[ o) porde == [ uta) 5’—;j<x> dr,

for every test function p(x) € C§(Q).



Definition 1.1.8 (|Evang| (2010)). Sobolev space, W"?(Q): The Sobolev space
WHkP(Q) consists of all locally summable functions f : @ — R such that for each

multiindexr « with |a| < k, D*f ezists in the weak sense and belongs to LP(Q).

1.€.,
WkP(Q) = {f € LP(Q) : D*f € LP(Q) for all |a| <k},
where
0% 0+ oo
DY — .
/ Ox{t 0x* Oz /
with multiinder o = (o, ag, ....., ay,), a; > 0.

Definition 1.1.9. error function: The error function is defined by

2 x
erf(x) = ﬁ/@ e dz.

Definition 1.1.10. Complementary error function: The complementary er-

ror function is defined by

erfe(x) = % /:O e dz.
Definition 1.1.11 (Evans (2010)). Gronwall’s inequality: Let (t) be a non-
negative, summable function on [0,T] which satisfies for a.e. t the integral in-
equality

&) <Gy /Otg(s) ds + Cy

for constants Cy, Cy > 0. Then
£<t> S 02(1 + Clt601t>

for a.e. 0 <t <T. In particular, if

) <C &(s)ds
) 1/o 5)
for a.e. 0 <t <T, then &(t) =0 a.e.

Definition 1.1.12 (Gorenflo and Vessella (1991)). Euler’s beta function: Eu-
ler’s beta function, B(x,y), is a special function which is closely related to gamma
function I'(x) defined by

L(r) I'(s)

T(rts)’ where >0, s>0.

1
B(r,s) = / (1 =Nt As7td) =
0

3



By change of variables, we obtain following formulas:

/ (x — y)r_l vl dy = 2"t B(r,s), for r>0, s>0, z>0.
0

q 1
/ (a—y)" " (y—p)"dy =/ (L=A)"""ATdA
p 0
=I'(r)TQ—=7r), for 7>0, —oc0o<p<q<o0.

Definition 1.1.13 (Evans (2010)). Dominated Convergence Theorem: As-
sume the functions {fi}32, are integrable and f, — f a.e. Suppose also |fr| < g
a.e., for some summable function g. Then
frdr — fdx.
R” R”

We start our discussion with the heat equation.

Heat Equation

As we know, one of the application of the heat equation is to study the heat
conduction. In this case, the heat equation provides an information about tem-
perature at a given location in a metal bar as time changes. To determine the
temperature in the bar at any given time, we need to solve the heat equation
subject to the initial and boundary conditions.

The one dimensional heat equation is given by
Uy = kg, (1.1.4)

where k represents the thermal conductivity. Then the following function

is called the fundamental solution of the heat equation and is known as heat kernel.
We consider the initial value problem for heat equation on the whole real line

as following:

Uy = kge, xR, t>0,
(1.1.5)

u(z,0) = ¢(z), zeR.

4



Then for integrable function ¢(x) or ¢ € L*(R) N C(R),

—(z—y)?

_ [ 2y e
u(x,t) —/R—\/m dy (1.1.6)

is the solution for (|1.1.5]) such that

lim  wu(x,t) = ¢(xg).
(m,t)%(ZO,O)( ) = ¢(z0)

One can observe that, the heat equation is a second order linear parabolic partial
differential equation. The solution is the convolution of heat kernel with
the initial function.

Also, we consider the heat equation in 0 < x < oo equipped with initial data

and first boundary condition as following:

U = kge, 0<1x<o00, t>0,
u(z,0) = $(z), 0< < oo (1.1.7)
u(0,t) =g(t), t>0.

Then the solution is given by

1 > —n? —(etm? T N 1C —
u(xr,t) = e 4kt  —e 4kt dé+ / e wt—7) dr.
(%) 2@/0 Cb@{ ]5 Wk Jo (t—7)2
(1.1.8)

Our principal work in the thesis is on the study of inhomogeneous Burgers’
equation solutions and their asymptotic behavior via heat equation using Hopf-

Cole transformation. Hereby we begin addressing about the Burgers’ equation.

1.1.1 Viscous Burgers’ Equation

Burgers’ equation is a second order non-linear parabolic partial differential equa-

tion, which is of the form
Uy + Uy = €Uy, T ER, >0, (1.1.9)

where € is a coefficient of viscosity and u = wu(z,t) is the velocity of fluid. This

equation consists of both non-linearity convection and diffusion terms. It is one of

bt



the PDE occurring in various field of applied mathematics such as fluid mechanics,
traffic flow etc.

This equation was first discussed by Bateman| (1915)), due to extensive work
of Burgers| (1948)), it is known as Burgers’ equation. Later, this equation has got
much attention and studied by Hopf (1950), and many others beginning from
1948.

If e =0, then (1.1.9)) becomes

up+uu, =0, x € R, t > 0. (1.1.10)

The equation ([1.1.10f) is called a inviscid Burgers’ equation and it is a hyper-
bolic partial differential equation. As an application, the Burgers’ equation (1.1.9))

can be derived from Navier Strokes equations.

1.1.2 Solution to viscous Burgers’ equation
Consider the initial value problem for viscous Burgers’ equation.

Up + Uy = €Uy, T ER, >0,
(1.1.11)
u(z,0) =up(x), zeR.

Hopf (1950)) and |Cole| (1951) considered a method to solve the above initial value
problem by introducing a transformation, later known as Hopf-Cole transforma-

tion by reducing (1.1.11)) to a linear problem. This transformation is given by

¢(z,1) = exp {—% /; u(y, t)dy}-

Note that, the lower limit for the integral above can be any real number also. In
fact, Hopfl (1950) studied with lower limit zero.

Then the initial value problem (1.1.11)) was reduced to
thzﬁﬁbzz? I'G]R, t>07
0(2,0) == do(a) = oxp{—2 [*, wo(y)dy}, = € R.

The solution to the above initial value problem is given by

$o) =y,
R VAmet

6
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¢(x,1) =



From this Hopf (1950) derived an explicit solution for the initial value problem

(1.1.11)), which is given by

u(z,t) = —26%
2 S exp{ =2 Yo (y)dy

I exp{ = o (y)dy

Though the explicit solution exists, it is very cumbersome to evaluate both the

= —2¢

integrals in the numerator and denominator for various initial data. This is the
primary motivation to study the behavior of solution to Burgers’ equation via
asymptotic analysis. This complication can be resolved by finding a simple ap-
proximate solution or by estimating the integrals using numerical methods.
Initially, [Hopf (1950)) studied the behavior of the solution of Burgers’ equation

to obtain the higher order asymptotic in the following cases.
e The behavior of the solution as t — oo while keeping viscosity constant.
e The behavior of the solution as e — 0 while x and ¢ are fixed.

Ablowitz and De Lillo| (1991)) considered the initial value problem for forced
Burgers’ equation with Dirac delta function and time dependent continuous func-
tion in forcing term:

uy = (U +u?)y + 0(2)F(), (1.1.13)

equipped with initial data, specifically, u(z,0) := ug(x) = 0. By introducing the
generalized Hopf-Cole transformation, equation reduces to homogeneous
heat equation for which the solution is evaluated using Laplace transformation.
The presence of Dirac delta function makes to see as two initial boundary
value problems on two upper quarter planes. Introducing the same boundary con-
dition for the associated problems, the unique continuous solution is established
via Volterra’s integral equation with the assumption on F'(t) to be continuous and
bounded.

Ablowitz and De Lillo| (1993) analyzed with zero initial data and forc-

ing term involving rapidly varying function in time variable. Applying Hopf-Cole

7



transformation, reduces to Heat equation with Heaviside function in the
source term. To obtain the continuous solution, it is assumed that both solutions
and their spatial derivatives of heat equation with source term in two upper quad-
rants exists and are continuous at = 0. Using the Laplace transformation on
associated heat equations with assumed conditions on solutions, one can obtain
Volterra’s integral equation in ¢ which admits unique continuous solution. In the
second part of the article, authors considered rapidly varying forcing term, F'(t),
and achieved the expression for large time behavior of solution to which
involves powers of small parameter ¢ even of semi-integers due to Dirac delta
function.

Ablowitz and De Lillo| (1996]) inspected the initial value problem for forced
Burgers’ equation with time dependent random function and derivative of Dirac

delta function in forcing term:
u = (ug +u?), + 8 (2)F(t), (1.1.14)

with zero initial data. The above equation is linearized using Hopf-Cole transfor-
mation with initial data and continuity condition. By introducing Fourier trans-
formation, the solution of linearized problem is calculated. Then by inverse trans-
formation, solution of is obtained in terms of Volterra’s integral type with
weakly singular kernel. In the next part, for different choices of F(t), authors
considered the cases where F(t) = Fy = a constant and F(t) = Fye ™, > 0. In
the first case, the solution is obtained by Abel’s equation and completely solvable
by Laplace transformation. Also, for large ¢, solution of approaching to
a constant is observed. For the exponentially decaying function case, one can see
that asymptotic expansion for solution of associated heat equation is determined
in terms of the boundary condition imposed. Also, the asymptotic expansion for
solution of Burgers’ equation is depending on large time expansion of correspond-
ing heat equation. Further, for F(t) authors substituted and analyzed random
Gaussian noise of the Ornstein-Unlenbeck type. Explicit expressions are obtained
for the statistical average of the solution and for some correlation functions.

Chung et al| (2014) studied a Cauchy problem posed for a nonhomogeneous

8



viscous Burgers’ equation with time independent point source, namely,
Up + Uty — U = O(x), zER, t>0, (1.1.15)
subject to the initial data
u(z,0) = wy(z), x€eR, (1.1.16)

where 6(z) is the time independent Dirac delta measure and ug € WH(R) N

CY(R) N L*(R). They investigated the existence, uniqueness and smoothness of

weak solution for the initial value problem (|1.1.15)-(|1.1.16)) via inverse Hopf-Cole

transformation. For the same they modified the problem to an initial value prob-

lem posed for linear heat like equation, namely,

—H(z)0
0, — 0,0 = % r€R, t>0, (1.1.17)

0(2,0) = 6p(z), z€R, (1.1.18)

where H(z) is the Heaviside function. This modification is derived with the aid

of Hopf transformation given by

Oz, 1) = egcp( - % /_ ;u(y,t)dy>.

In view of Heaviside function present in the source term of (|1.1.17)), the solution
of the Cauchy problem (1.1.17)-(1.1.18) is established by deducing the solutions

of the following two initial boundary value problems:

L,—L, = 0, 2<0,t>0,
L(z,0) = 6y(z), =<0,
L(0,1)

g(t), t>0
and

Ri—Ryy = ——, 2>0,t>0,

RO,t) = g(t), t>0,



It is to be noted that same boundary condition g(t) is picked at x = 0 in both
the associated problems given above to have the solution #(x, t) is continuous. The
existence of g(t) is shown by asserting 6,(0",¢) = 0,(07,¢). For ¢ > 0, we obtain
R,(0%,t) = L,(0~,t). This in turn gives the following integral equation:

/wo e + o~ f)) df g()(egtgl)
=) r) .

:/O (@Jrg'( NE _Td7+ g (t) tl_TdT. (1.1.19)

By rearranging, the above equation is expressed in Abel’s integral equation of
first kind. Using Gorenflo and Vessella] (1991)), the existence, uniqueness and
continuously differentiability of the boundary data g(t) is shown. Further, they

imposed an additional condition on initial data, ug, namely,

x[exp( _ %/_g;uo(y)dy> - 1} —he s z— —oo. (1.1.20)

where ¢ € R and then obtained the large time behavior of boundary condition as

follows:

2 3 -1
t) = /= and t2¢(t) — — as t— o0. 1.1.21
o2 ma g — L (1L1.21)

This, in turn, the above estimates helps to find the asymptotic behavior of solu-

tions to the initial value problems associated with (1.1.17)-(1.1.18)). It is interesting

to see the LP-norm convergence of the weak solutions of nonhomogeneous Burg-
ers’ equation to its steady state solution uniformly on compact sets. Also, the
problem illustrates that compactness of the solution trajectory is decided by first

order term rather than second order term.

1.2 Organization of the thesis

This thesis is organized as follows:
Chapter 2 deals with understanding the viscous Burgers’ equation with time

dependent point source involving Dirac function. We consider an initial value

10



problem for the non homogeneous viscous Burgers’ equation where ¢ is the Dirac
delta function concentrated at x = 0. We use the Hopf transformation for lin-
earization. Linearized partial differential equation consists of Heaviside function
and so one needs to study the problem on two upper quarter planes separately
with common boundary along the positive t-axis. With the help of Abel’s inte-
gral equation, we intend to establish the existence and uniqueness of the common
boundary data of the linearized partial differential equations. We then look for the
explicit representation of the boundary function. In view of the integrals involved
in representation of the boundary function, we seek the asymptotic behavior of
it for large time ¢t. Using this asymptotic behavior, asymptotic analysis of the
solutions to the linearized partial differential equation is established. Making use
of inverse Hopf-Cole transformation, existence, uniqueness and regularity of the
solutions to the non homogeneous viscous Burgers’ equation is discussed. Even-

tually, the convergence of the solutions to zero on compact intervals is obtained.

In Chapter 3, we consider a Riemann problem for a de-coupled system with
locally integrable general source term and obtain explicit solutions. We find the
weak solutions by the method of characteristics. Then we find the shock waves

involving delta measures. Also, rarefaction wave solution is derived.

In Chapter 4, we consider the Heat equation with Heaviside function in source
term in a strip of length 2/ centered at origin. The problem is equipped with cosine
function in initial data and Neumann boundary conditions. The presence of unit
step function splits the problem to associated two initial boundary problems in
first and second quadrant strips of length [ each. It is worth to note that common
function, derivative of boundary function, is introduced at x = 0 to establish the
continuous solution. The existence, uniqueness and continuous differentiability
of the common function is shown using volterra’s integral equation of first kind
with difference kernel. It is interesting to observe that the kernel can be expressed

in terms of Jacobi theta function. Further, the large time behavior and rate of

11



convergence of common function is obtained employing Laplace transformation
and Final Value theorem. Similarly, asymptotic behavior of the solutions to the
associated initial boundary value problems is obtained.

Finally, Chapter 5 sets forth the conclusions of the thesis and future work.

12



Chapter 2

On the solutions of a viscous
Burgers’ equation with time

dependent source term

2.1 Introduction

This chapter concerns with the existence, uniqueness and smoothness of solutions

to the Burgers’ equation with time dependent point source given by

2
Up + Uy — Uy = 1—H5(x), reR, t>0, (2.1.1)
subject to the initial condition
u(z,0) = wy(z), zeR, (2.1.2)

where ug € WH*°(R) N C*(R) N LY(R).

In the literature, the study on viscous Burgers’ equation with source terms
Up + UUy = Uy + f2,t), zER, t>0, (2.1.3)

has obtained much recognition because of extended importance in numerous fields
of science, technology and biology Balogh et al|(2001)); Xu et al. (2007). Construc-

tion of explicit solutions for viscous Burgers’ equation with inhomogeneous terms

13



and large time behavior of these solutions are discussed by several authors. Eule

and Friedrich (2006)) discussed the solutions of externally forced Burgers’ equation
Up + U Uy = Uy + G (1), (2.1.4)

by considering G(t) to be constant in the first case and stochastic white noise
force in the other case. They examined the problem in relation with stretched
vortices in hydrodynamics flows. Salas| (2010) examined a specific case of
and derived the n-shock wave solutions with the help of traveling wave method
via generalized Hopf-Cole transformation. He connected the problem of solving
(2.1.4)) with the Riccati and heat equations. Also, several explicit solutions of
(2.1.4) were listed in the paper.

Kloosterziel (1990) investigated the solutions for linear heat equation
Vy = Ugzy, T ER, >0, (2.1.5)
subject to the initial data
v(z,0) = vo(z), z € R, (2.1.6)

where v is any square integrable function with respect to the exponentially grow-
2

x

ing weight function e= . Using similarity transformation, the author constructed
the following self-similar solutions of (2.1.5));
1 _a?
Un(l',t) = 1 1 1t+n e2(+20 [, (L)v (217)
(2m)s(2rnl)z(1+2t) 2 2(1 4 2t)
where H,, is Hermite polynomial of order n. An interesting feature of these so-

lutions ([2.1.7)) is that the set of functions {v,(x,0)} is a complete orthonormal

22 . 22
system for the Hilbert space L*(R, e ) and hence any function vy € L3(R, e2)

can be expanded as an infinite series in terms of {v,(x,0)}. Hence, the solution

of (2.1.5)-([2.1.6]) is represented as an infinite series of self-similar solutions (2.1.7)).
Another feature of the constructed self similar solutions ([2.1.7)) is that the decay

rate is obtained easily which, in turn, gives the large time asymptotes to the so-

lution of (2.1.5)-(2.1.6). Ding et al. (2001) constructed the explicit solutions of

non-homogeneous Burgers’ equation
Up + UUy = Py + kx, x€R >0, (2.1.8)

14



subject to the initial data
u(z,0) = up(x), v € R, (2.1.9)

where p > 0 and k is constant. The authors imposed two conditions on the ini-
tial function wg that it is locally integrable and [ uo(y) dy = o(2?) as |z| — oo.
They applied Hopf transformation to reduce — to the linear differ-
ential equation and then represented the solution of resulting linear differential
equation in terms of Fourier-Hermite series. They proved that the solution u(x,t)
of the initial value problem 1) behaves like vVkz for large time t. How-
ever, (Chidella and Yadav| (2010]) noticed that bounded and compactly supported
initial functions uy do not satisfy the conditions imposed by Ding et al. (2001)
and so considered the nonhomogeneous Burgers’ equation — with an

assumption on ug that

oo 2 .
/ e T uwo(ndr g oo,
—00

Making use of Hopf transformation and standard transformations of |Polyanin and
Nazaikinskii| (2015), they reduced the initial value problem 1) to an
initial value problem for heat equation and then used the results of [Kloosterziel
(1990) to express the solution of the heat equation in terms of the self-similar
solutions of the heat equation. Buyukasik and Pashaev| (2013]) discussed the shock
wave solutions, triangular wave solutions, N-wave solutions and rational function
solutions for the Burgers’ equation (2.1.8). [Rao and Yadav| (2010b) considered a

non-homogeneous Burgers’ equation

kx

U + U U = Uy +

subject to the unbounded initial data and expressed the solutions in terms of
the self similar solutions of a linear partial differential equation with variable
coefficients. They obtained the large time behavior of the solution of the nonho-
mogeneous Burgers’ equation. [Rao and Yadav (2010a)) investigated solutions for
by assuming that the initial data is compactly supported and bounded.
Engu et al| (2017)) proved the existence of a solution for the initial value problem

of a nonhomogeneous Burgers’ equation and expressed the solution in terms of
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Hermite polynomials. Their analysis mainly depends on Hopf-Cole transforma-
tion and method of variation of parameters. The authors have also given the rates
of convergence of an approximate solution to the true solution of the initial value
problem.

However, investigating the solutions for viscous Burgers’ equation with source
term involving the Dirac delta measure becomes complicated as the linearization
process of the viscous Burgers’ equation with the source term leads to two different
linear partial differential equations on the two upper quarter planes. Further, con-
sidering the nontrivial initial condition with the nonhomogeneous viscous Burgers’
equation increases the complexity more. |Chung et al.| (2014) studied the existence,
uniqueness and asymptotic behavior of solutions to a Cauchy problem for the vis-

cous Burgers’ equation with Dirac delta measure as source term.

The rest of the chapter is organized as follows. Section deals with the
linearization of the Cauchy problem and then the existence, uniqueness of the
common boundary data of the resulting two initial-boundary value problems. Sec-
tion discusses the explicit representation of the common boundary data via
Laplace transformation and Classical Abel’s integral equation. Section ,
examines the strict positiveness of the solution to corresponding heat like equation
with source term and asymptotic behavior of the solutions and boundary data re-
spectively. Further, Section analyzes existence and uniqueness of the global

weak solutions for the Cauchy problem.
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2.2 Burgers’ equation with point source

Consider the Burgers’ equation with time dependent point source given by

2

Up + UUy — Ugy = 177 z), xzeR, t>0, (2.2.11)
subject to the initial condition
u(z,0) = wy(z), zeR, (2.2.12)

where ug € WH*(R) N C*(R) N LY(R) and 6(z) is the Dirac delta function.

The Hopf-Cole transformation Hopfl (1950)); Cole| (1951)), is given by

02, 1) = exp {—% / ' u(y,t)dy}. (2.2.13)

—00

From the above transformation we calculate

Uy = —2 (%) = —2(%) , Uy = —2(%) and Uy, = —2(%) .
t T T T

On rearrangement, (2.2.11f) can be written as

2 u? 2
Up = Upy — Ully + 11 d(z) = (uw — E)x + —— ().

Substituting wu;, u, and u,, in the above equation and integrating with respect to

space variable x leads to get

0, 00, —02 62 1

—=—=4 2 — C
6 2 e e @S
Multiplying by 6? leads to obtain
H{(x) H{(x)
0,0 =00, —0°+0>— —_0>+CH* = 060,, — 62 + C 6?
' v (14 t) (1+1)

where H(z) is the Heaviside function and C' is the integrating constant. In par-
ticularly assuming C' = 0 and then dividing by 6(z,t), the above equation reduces

to a heat equation with Heaviside function in the source term:

925_9:131::_
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Also, from (2.2.13)) the corresponding initial data reduces to

0(x,0) = exp{—%/;u(y,O)dy} _ exp{—%/luo(y)dy}.

In view of our assessment on uy € WH*(R) N CY(R) N L' (R), we get O(x,0) =:
Op(x) € W2(R) N C*(R) and the above Cauchy problem can be rewritten as

Hx) ,
Gt—6m+(1+t)6 — 0, z€R, t>0, (2.2.14)
6(x,0) = 6p(z), zeR. (2.2.15)

Due to the presence of the Heaviside function, H(zx), the above Cauchy problem

(2.2.14))-(2.2.15)) is split into two problems on upper quarter planes, namely, right

side domain {0 < z < 00; t > 0} and left side domain {—oco <z < 0;t > 0}.
Let R(z,t) be the solution of initial-boundary value problem corresponding to

(2.2.14])-(2.2.15) on right side domain {0 < z < oo;t > 0} with H(z) = 1

satisfying
R
Ry — Ryr = — , 0<z, 0<t,
(1+41)
R(z,0) = #6y(x), 0<uz, (2.2.16)

R(O,) = g(t), 0<t,

where ¢(t) is the boundary condition introduced. To reduce the the above heat
equation with source term into homogeneous heat equation, we consider the fol-

lowing transformation given by
w(x,t) = (1 +t)R(x,t). (2.2.17)

The initial-boundary value problem ([2.2.16)) subjected to (2.2.17)) reduces to the

associated initial-boundary value problem for homogeneous heat equation;

Wy — Wy = 0, x2>0,t>0,
w(z,0) = 6by(x), x>0, (2.2.18)

w(0,8) = (1+1) g(t), t>0.
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From [Polyanin and Nazaikinskii| (2015) we see that the solution of above initial-

boundary value problem is given by

,(5 ) —(e+=)2
—e @

2\/_ ) \/E/ t—73) =

e =7 dr.

w(z,t)
(2.2.19)

To simplify the second term in the right side of the above equation we consider

the following integral and apply integration by parts which yields

/Ot (g(r)(1 + 7)) erfc (2\/:——7'>d7— _ _g(0)erfc (2%/%)

\/E/ t—7-3

On rearrangement to the above equation and then substitution in (2.2.19)), the
solution of ([2.2.18]) can be expressed as

1)

e 1G=7) dr.

dg

—(e—x)2 —(5+z)2
]

wle.t) = = [ a(@) ™
+ /Ot (9(r)(1 + T))/erfc <2\/%) dr + g(0) erfc <2i\/¥>

Finally, retracing R(z,t) via (2.2.17)), the solution in right side domain is given by

— e

d§+

—(s @) —(&+m)?
R(l‘,t) 1+t|:2\/_ 4t at }

/Ot (g(T)(1 + 7)) erfc <2\/tx__7) dr + ¢(0) erfe (2%/%)} . (2.2.20)

where erfc(x) is the complementary error function defined by

erfe(x / eV’ dy.
\/_

Similarly, let L(x,t) be the solution of the initial-boundary value problem on the

left side domain {—oo < x < 0; ¢ > 0} which satisfies

Li—L,, = 0, x<0,t>0,
L(z,0) = 6y(x), z<0, (2.2.21)

L(0,t) = g(t), t>0.
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Then for the above system, the solution is given by

) g2

e dr,

-1 & —(¢—x)? —(£+z)2
4t

L(:L’,If)ZQ\/E ; 90(—5)[6 T —e

\/E/ (t—7)3

which can be simplified with second term as before and expressed as

—(6—x)? —(+a)?
L x Zf 4t

\/_

+ /0 J(r) erfe <2\/;—$TT)dT+ g(0) erfe (2—\2) (2.2.22)

It is to be noted that the same boundary function g¢(t) is taken for both the

initial-boundary value problems (2.2.16) and (2.2.21]) to assume that the solution

of (2.2.14)-(2.2.15)), 6(z,t), is continuous on the positive t—axis. Further, we

assume temporarily that g(t) is continuously differentiable on [0, 00) and will be
calculated after showing the existence of the same.
To establish the existence of ¢’( or g), we impose a constraint on 6(x,t) that space

derivatives exists along the positive t-axis and are equal. That is,
R,(0%,t) = L,(07,t), t>0. (2.2.23)

Now, we calculate the spatial derivative of the right side domain solution, R(x,t),

given in ([2.2.20)):

1 oo
Ry(x,t) = m/ 90(5)[(5 —z)e
1 / (9(7)(1+7))
V(1 +1)

—(&-a)? ~(&+a)?
t

+(E+a)e]dg

1 g(0) .2
90 = (2290

_|_

>d7'+

(t—1) (L +10) v/t

Also, differentiating the left side domain solution L(x,t) with respect to space

variable z, we obtain

Lt == [ T o0 ((€ — )™ 4 (e a)e “i*f“)dg

4y/mt2
L[S0 ity 902
4+ e 4t dr + e 4, (2225)
0oV \

t—T Tt




Substituting x = 0 in (2.2.24) and (2.2.25)) we obtain R, (0,¢) and L,(0,t) respec-

tively. i.e.,
1 o —£2
RO = s /0 €00(€)e de
1 t ! 1 g(O)
v, WD) -
) o0)
L.(0,t) = N_/ Elo(~E)e T de + —— =,

Then by above expressions of R,(0,t) and L,(0,t) we get

e iS5
e, e

Applying integration by parts for the first integral in the right side and then

simplifying the terms involving ¢(0) in the above equation, we obtain
2
/ { 5):|@4t _9(0)(3t +2) _i/ Bt—74+2) ¢'(7) ir
4 116 VE T 2v/mt(l+t) Vr)y 200+ VEi—T
(2.2.26)

Theorem 2.2.1. For 6y € W**(R) N C*(R) such that g(0) = 6y(0), there exists

unique continuous bounded function g(t) satisfying (2.2.26]).

Proof. 1t is to be noted that the equation ([2.2.26]) is of the Abel’s integral equation

form;
1 [TK(t7)
— " Zh(T)dT = F(t f 11 ¢t>0. 2.2.27
7 | i = B, foran 1> (2:2.27)
where
3t—71+2)
= ! K = (—
and

e g(0)(3t +2)
i 0<_€)] VB T i)
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It can be observed easily that K(¢,7) is continuous and K (t,t) = 1, for all 0 <

7 <t < oo. In fact, for 7 = t, we have

3t —1t+2

Kt 1) = 2(1+t)

=1, Vte(0,00).

Further, aa—[t( is bounded for 0 < 7 <t < 0. i.e.,

6K_1{3(1+t)—(3t—r+2)} _1[(7—1 } _ 1{(1_7 }

ot 2 (1+1)2 T2l 402 2|+t

1
Using the facts, for 7 < ¢ we have 1+ 7 <14t and 1 <14t implying 171 <1,
we obtain

1
Z — = < —.
ot | — 20 +t)2 201+t 21+t — 2

‘aK 1 147 1 1+t 1

Since K (t,t) # 0, the necessary condition for the existence of the solution to

(2.2.27)) is to be F'(0) = 0. Note that, from the expression of F'(t) given in ([2.2.28)),
F(0) cannot be obtained directly. For the same we apply change of variable. i.e.,

put n = % Then ([2.2.28) simplifies to

—1 [ [6(2VEn) de)  g(0)(3t +2)
e e s v e

Applying integration by parts for the above equation, we obtain

6p(0) (241 Oo(2vtn) |
F@_zm(lﬂ) 2f/ ( 141 +9°<_M")>d
(03 +2)

2v/mt(1+1)

For the choice of 03(0) = ¢(0) the above equation can be simplified as

P = =2 [ (B g avi )an - 2o

Put ¢ = 0 in the above expression from which we obtain F(0) = 0. Also, dif-

ferentiating the above expression with respect to the time variable ¢, we arrive

at
/ . 2 * —n? 7706/(2\/577> \ﬁ%(?\/%) 1" (1_t) 6o
F@_WP/O ‘ ( 1+ @+ +"9°(M7’>>d”_ (1+1)? ]
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Since 6y(z) € W**(R), we have

Qéi)(x)‘gmi, for i=0,1,2 and Vu.

Let m = max{m; | i = 0,1,2}. But then

2
O vrt )
2/t [(1+1t)  (1+1)?
To simplify the above inequality, we see that for all ¢ > 0,
1 1 Vi
t<(1+t)? = <— = <1
Vi< (1+1) (1+1)?2 = Vi (14182~
Hence, we get
1 m
F'(t) < ——|2+ +1}:—[—3+ }
PO < 5= |24 v 5o+ v
ie,
|F'(t)] < < where C' = i(3 + v/7) depending only on 6
= N 0-
Define
1 d [* F(r) 2 d [! 1 [" F'(7)
TH(t) = —=— dr = —— [ F(n)Vt—7dr=— dr.
(THE) Wdt/o t—r g Wdt/o (7) rar ﬁ/o Vit—T T
But then
anwi< - [ ———dr—cvr
— T = T
VT o NTVE=T
ie.,

(THB] < CVr.

i.e., [(Tf)(t)| is bounded for all ¢ > 0. Also, |(T'f)(t)| has no singularity which
concludes the continuity for all ¢ > 0. By using standard results |(Gorenflo and
Vessellal (1991)), there exist a unique continuous solution h(t) for Abel’s equation
satisfying

n(t)] < M (THE) Nz -

ie.,

8—K(t,r) )

\h(t)] < *MC\/r  where M = sup T

t<rt
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By defining g(t) := 64(0) + fo T)dT, we conclude that g(t) satisfies all the desired

properties in the statement. Therefore, the solution of ([2.2.14))-(2.2.15)) is well

established and given by

R(z,t), x>0,
O(x,t) = (2.2.29)

L(z,t), x<0,

where R(z,t) and L(z,t) are given in (2.2.20)) and (2.2.22)) respectively. O

2.3 Explicit representation of boundary function

In this section, we establish three explicit expressions for the unique boundary
condition g(t). Making use of Laplace transformation on (2.2.26)), we deduce one
of the formula to evaluate g(t). Secondly, rearranging the Able’s integral equation
into classical Abel’s integral equation and then by evaluating the solution we
obtain expressions which can be utilized to find the boundary data ¢(t). In each

case, we find the expression for boundary function for ug = 0 or 6y = 1.

2.3.1 Expression for g(t) via Laplace transformation

Considering the below mentioned integral and then expressing it in the convolution

form, we have

b3t —1+2 B t3(t—7‘)+2[(1+t)—(t—7')]
v mh(T)dT = /0 h(T)dr

:/t (t— T)+2(1+t)h(

bt — Lol +t
TT)CZT+ 2(L+1)

0 t 0 \/t

/\/t——fh )dT+2(1+t)/0 T

I
:

\1

1
:(\/E*h)+2(1+t)(%*h)

1 1
:(\/E*h)+2(%*h)+2t(%*h).

Invoking the Laplace transform for the above convolution integral, we simplify the

above expression as follows:
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"3t —T+2) B . 1 1
c{/o ﬁh(ﬂdr}—ﬁ{ﬂ h}+2ﬁ{ﬁ h}+2£{t(ﬂ h)}

_ L{VDILIh) + 2£{%}£{h} . %ﬁ{ﬁ* n)

v VR
= 23\/§H(S)+2%H(S)_2%( SH(S))

Multiply ([2.2.26)) by 2(1 + ¢), we get

A (R i (VI Ry e

Applying Laplace Transform and using (2.3.30]), we obtain

(g - gome] - s 2+ 2F)

where
1

M = {3 ["elnte) + 1+ -] \/t_dé}

Multiply by 2%5 to the above equation, we get

(3+4s)H(s) —4sH'(s) = Qf/\;gM(s) —g(0)(3 4 4s).

Rearrangement of the above equation for H'(s) will leads to get

1) = (52 )16 - o) o0 (222,
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which also can be expressed as

H'(s) = EHS) + H(s) — %M(s) + 9(0) (4% + 1). (2.3.31)

Further, to simplify the above equation, we evaluate M(s) given by
1

M =5 [l + 1+ (-9 w_ b

Multiply and divide by /7 and then using the linearity of the transformation we

can write
&2
M(s):ﬁ[ﬁ{ 0 590 e~ 4t5 / fl—l—t f)e 4td§H-

_é?
Using the identities on Laplace transformation, in particularly, E{ fe T } = e ¢V5

and L{tf(t)} = —%ﬁ{f(t)} we see that

}
M(s) = v/ { | et [ an-ge i+ [T a-o ( - %e—fﬁ) dg}
|

Hence we arrive at

M) = V7| [T [0+ (14552 )=

In order to simplify the calculation complexity we write the above equation to be

M(s) = /mI(s), where I(s)= /000 [60(&) + (1 + —> o(=&)]e tVede.

2V/s
Hence, substituting in (2.3.31)) and then dividing by s, we get
H'(s) 3 H(s) H(s) 1I( ) 3 1
=- 0Ol —+-]. 2.3.32
s 4 s? + s 2 \/s +9(0) 452 + s ( )

Note that the terms of above equation can be replaced with the use of identities

on Laplace transformation as given below:

H(s) _ E{ Otg’(r)dr}, H'(s) _ £{ fot(—rg’(T))dT},

S

LU0} =~ LL (D),



Hence, the above identities reduce (2.3.32)) into

ef [roonart =3 [t -aonarb+ 2] [yl

+L{N} + g(0) (Zﬁ{t} + 5{1})

where

N = EI{VP} %%Am%@w%

/ £0o(— erfc )dﬁ] :
Applying the Inverse Laplace transform one can obtain

/Ot(_’”gl(’”))dr = z [/Ot(g(r) - 9(0))dr] - /Ot d(r)dr + N + g(0) Gt + 1)

and reducing the integrals involved in the above equation leads to

/Otg(r)dr —1g(t) = 2 {/Otg(r)dr — tg(())} +g(t) — g(0) + N + ¢(0) (Zt I 1)

[ otar =gty = 3 [ atryar

i/o g(r)dr — (t+ 1)g(t) = N.

Substituting the expression of V:

2

ilgmm—@+nﬂw=gﬂém%wwwwf»%i%+

/ £0o(— erfc )d§ (2.3.33)

Using integration by parts for the first integral in the right side N, we obtain

2

—1 > 6_% 1 > / / 5

5 | OO+ oSz = —00) = 5 [ 000) — 05— erte( e
Consequently, N can be represented as

N =00 - [ e - <5>Mf77%+ [ et el

a0 [ -0+ 55 ]
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In turn ([2.3.33]) can be rewritten as

[ atnar—enao = a0 [ (se-a-+ ) eate oS

On multiplication by ( _11)§ to the above equation
t+1)14

1 ¢ 1

At +1)3 /0 glr)dr + (t + 1)%g(t)
__6(0) LT 1 (e — e o SO o €
_(t+1)i+2(t+1)i[/o (QO(Q K ) v 4

Combining the left side terms of the above equation leads to get

% ((t +11)i /ot g(r)dr> - (tei( 1) i

9/
{ (9 — 0y(— 5 (2 6)) erfc(i\/_)df}
Integrating with respect to t.

1 ¢ t 1
(t+1) /0 glrdr = 90(0)/0 (y+1)3 dyt
L (e grier s GO o €
s ] o [ (0 - -9+ e ey

Simplifying the first term in the right side of above equation

; +11)i /Otg(r)dr — 40(0) (1 - +11>1)+
5 [ [ (60—t + B entir

Multiply by (¢ + 1)1:

/Otg(r)dr

PN

46, (O)((t+ )7 —1)+

y+1)i Jo
Differentiating w r to 't/
0o(0
g(t) = ( >§
(t+1)2

ot

1 t 1 o/ e £0,(—¢) orfe 3
" 8(t+1)i/o (y+1) / <9°(§) fo(—6) + =5 ) f (—QW)dfdy
L by / £6y(—¢) ¢
+ 2t +1) /0 <90(§) —0,(=¢&) + 5 > erfc(Z—\/%)dg,
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ie.,

O R N S )

g(t) = 117 et ST /0 PFRIE - dy, (2.3.34)
with

o) = [ (o400 - -9 + LD et £y 23.35)

is the expression for the unique boundary function g(¢) obtained from the method
of Laplace transformation.

Note that, from the definition of (z,t), for ug(xz) = 0 we have dy(z) = 1 and with
simple calculation we see that turns out to be

o) = [ S ertely 2 yaciy =

Hence from ([2.3.34]) we get
S (DT [Py t
g(t t+1)+ + / dy +
=+ S AR R (RS
o ()T (4t +1)E 4 16 t
t+1)7 + + e
= ) 16 { 3 t+Di 3 4t +1)
__2 1
3(t+1)1 3

2.3.2 Expression for g(t) with integrating factor method

On rearrangement of ([2.2.27)), we have the Abel’s integral equation of first kind:

t—T—|—2
h(r)dr =2(1+t)F(t), forall ¢>0,
A

t—T

2

- e g(0)(Bt+2)
b =g(r) and PO == [ [Ht b 5)]@df e

Rearranging the kernel we can write

2[s [ Vi@ + [ 2 i) <20+ 00,

which can also be expressed as

3/0t\/ﬁ %(/OTh(s)ds>dr+/ot 2T 2 () dr = 27 (1 + O F(1).

t—T
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Integration by parts leads to get

N bor 42 B
5/ \/ﬁ d + mh(r)dT—Qﬁ(l—l—t)F(t).

On simplification we get the classical Abel’s integral equation:

\/_/ [ / s)ds + (21 + 2)h(7 )} \/tl_—TdT—2(1+t)F(t).

1
VTV =t

Multiplying both sides of above equation by where 0 < t < y < o©

and then integrating from 0 to y, we obtain

L [ [ ws+ e onen]| mdra = [P0

Changing the order of integration and rearranging the terms yields

% /Oy ( Ty yl_ t \/751_—7 dt) E /OT h(s)ds + (21 + 2)h(7’)] dr
1 Y201+ H)F()
S v

Simplifying the integral in the left side of the above equation directs to

/Oy E /OT h(s)ds + (2T + 2)h(7’)} dr = % /Oy 2(1—2—\/@&.

Differentiating with respect to ¢, the solution for the above classical Abel’s integral

equation is given by

;/0 h(s)ds + (2t + 2)h(t) = %%/{) (t — 7')_%2(1 +7)F(T)dT.
Substituting h(7) = ¢'(7) we get
gg(t) - ;g(O) + (20 +2)g(1) = \/1%515 / 2(1 ¢_)( WAk,
Dividing the above equation by 2(1 + t) we get
Since F'(0) = 0, we see that
1 d [f20+)F@F) 2 [tL((1+7)F(7))
v AR M



Hence ([2.3.36)) leads to get

g0+ 4(13+ t)g(t) N 2(11+t) Eg(O) - i/o A

By Integrating Factor method, we get

d (t+1)3[3 2 [LA((1+7)F
(e nton) =S a0+ 2 [

Integrating from 0 to ¢, we obtain

Y

' ! s 4 TV F(T
(””ig(”‘g(‘)):ggf)/o (fnﬁ/o ﬁ(sl+ 1)1/0 S

drds
Vt—T
Simplifying the first term in the right side of the above equation, we obtain

o(t) = g(0) + —

VAt +1)i /ot ( 1 /OS L

. dr ds
5+1)1 Vit—T

which is an expression for the unique boundary condition g(t) satisfying ([2.2.27)).
For ug(z) = 0, we have 0y(x) = 1. Then the function F(¢) (2.2.28)) is given by
t
F(t) = _LS_
VTt +1)s
On substitution in the above equation to obtain g(t), we get

g(t) = &

_—3—|—
3(t+1)3

Wl

2.3.3 Boundary function g(t) via Abel’s integral equation
From ([2.3.36)) we have

g'(t) + ’ 5

1 3 1 d [*2(1+7)F(T)
—g(t) = — 0) +—= ————dT1|.
P AT r {29() /0 Ji—r
By Integrating Factor method, we get
d
—((+1
(0

oY

~ 34(0) 1 d ['O+7F()
g<t>> CA(t+ 1) ’ VTt +1)i dt/o

dr. 2.3.37
N (2.3.37)
To simplify the above, we evaluate the second term in the right side of the equation.

For the same, consider the expression of F(t) given in (2.2.28)):

P =z [ |7+ a-o) f

9(0)(31 + 2)
dc = 2/mr(1+7)

31



On rearrangement of the above expression we obtain

VAL nF) = [ el + -] S Sas - L0

Change of variable as n = 2\% the above equation changes to

. g(0)(37 + 2)
Vr(l+7)F \/—/ { (2vTn)+ (1+T)90(—2\/F77)}6 dn—T-

Multiplying by the term

m'
Vr(l+7)F(7) L
S e [Tl + (1 -2y |
g0)3r+2)
2yTVE—T

Integrating from 0 to ¢,

\/_/ 1+tT—T i _// l2s) \</FJ\F/15T)T%T( 2ﬁnﬂ€_n2dnd7

0]y S S |

ﬁ/(t;rd—// [y + (0t 2ym]e

VTVE—T
—@{%sz}

For simplification purposes, let us represent the first term on the right side of the

above equation as B(t). That is, the above equation can be rewritten as

[ ar = ) - 29(0) rt— g(0)

where

_ /t /OO 1[00(2v/71) + (1 4 7)0p(—2y/Tn)] e
VTVE—T

To obtain the desired, differentiate the above equation with respect to the time

2
dndr.

variable t which reduce the equation into

d [*(1+7)F(r), 3
ﬁ% i ﬁdT =DB'(t) — z_lg(mﬂ'
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Finally, to get the simplified expression for second term of ([2.3.37)), multiply by

; which in turn leads to get
VAt +1)s
Vi d / (+DF(), B3¢0
VAt + 1)1 dt Vi—=T VTt +1)E Ay/m(t+ 1)
1 d [t (L+T7)F(r) _ B't) 3400
VAt + 1) dt/ Vir T mt+1)7  4t+1)T (23.38)
Substituting (2.3.38)) in (2.3.37) simplifies to
d s\ 390)  BM)  3g(0)
dt ((H ! g(t)) 4t )i i mt+1)7 4+ 1)7
€., ] % B
7 ((t +1) g(t)) = m

To obtain the equation representing desired, g(¢), integrate the above expression

from zero to t followed by simplification using Fundamental theorem of calculus

%\W

i) g0 =2 [P

~2losr o [ ]

Simplifying and reorganizing the above leads to get

L [ BO BO 1B
o= (t+1)3 { ) } i m(t+1) " Am(t+1) /o (r+1) dr, (2:3.39)

which is the explicit expression of the unique boundary function g(t) where B(t)

0o
ot

™

is given by
14 7)00(—2 "
( T> O( \/Fn)} ¢ dndr.

_ /Of /Omn[eo@ﬁn) +ﬁ\/ﬁ

For ug(z) = 0, we have 0y(z) = 1. For this case, the function B(t) is given by

L

2
tT 776’” dn dr

o VIVESTh T
=5\ gt | e =
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Put t = 0 in above expression, we get the value B(0) = 7. Substituting in ([2.3.39))
and for the choice of 0,(0) = ¢g(0) we get

1 T m(t+4) 1 m(t +4) .
g(t)_(t+1)% {1 7T]+47T(15+1)+4 (t+1)2/ Ar+1 )id

_(t+4) 1 [4[t+8(t+1)4_8}]
A1) 16 (t+ 1) 3(t+ 1)
1 2
RERETESTEE
" 2 1
W= T E

2.4 Positiveness of the solution 6(z,1)

In this section, we study the strict positiveness of the solution #(x,t) for the heat

equation with discontinuous unit step function in the source term ([2.2.14)-([2.2.15|).

This is done to validate the inverse Hopf-Cole transformation which leads to get
the solution for non-homogeneous Burgers’ equation with time dependent point

source ([2.2.11))-([2.2.12)).

Theorem 2.4.1. For the initial data 6y € W*>(R) N C?*(R), the Cauchy problem

(2.2.14)-(2.2.15) admits a positive solution. i.e., O(x,t) > 0 for all x € R and

t> 0.

Proof. From (2.2.26]) we have

1 [ [60(6) e ar g(0)(3t+2)  ["(Bt—T+2) ¢(7)
Z/O 6{1+t+00(_£>1\/_§_ 2V/E(1 + ) _/0 2(1+1¢) rad

Multiplying by 2(¢ + 1) and rearranging the right side of the above equation we

possess

/ £[00(€) + (1 + 1)fo(— 5)}6\;4; - (0){3\/”%]

_/Ot (t_T)g/(T)dT-i-Q(t—l—l)/Ot jgdr (2.4.40)
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In view of the fact that up € LY(R) and (2.2.13)), we obtain fy(z) >0, V x € R.
Considering the maximum principle, it is enough to show that 0(0,t) = g(t) >
0,Vt > 0. For the contrary, assume that 6(0,t) = g(¢) < 0 for some t > 0. We
have g(0) = 6y(0) > 0. This implies that there exists a point a > 0 which satisfies
g(t) and g(7) is non-negative for 7 < a. For t > a, with our assumption, consider

the right side integrals of (2.4.40f) which simplifies to:

/Oa Vit —=1)g (T)dr = g(a)Vi—a— g0Vt + /Oa @—_tl_ TdT
Uf*/o (2)\/1T7
and
[ A0 g g0 O e 1,
o Vt—T Vi—a it o 2 (t—7)2

_ 9O _ e L
Y /0 2(t—7>%d

Splitting the integral over 0 < a < t and substituting the above simplified expres-

sions in (|2.4.40f), we obtain

%dé‘ — ¢(0) {3\/5 + %}
= /0 (t —7)g (7)dT + /at (t—7)¢ (T)dr +2(t + 1) /0 %dr

2(t+1)/ \/ﬁdT

3 €lo© + (00

3 [ el + 0+ -0 - g [avi 2]
)

t

)
()\f+/ 97 4 +/t\/(tTg'(T)d

o 2T !
9(0) © g(7) " g(r)
+2(t+1)[—7—/0 ST +2(t+1)/a N
! / €[60(E) + (1 -+ 08(~)] S e - 90)|3vE+ %]
g(O)2+2t) [°
()\/_ \/E +/02\/—d+ (t —71)g'(7)dr
“ g(7) " g(n)
_(t+1)/0 i ng+2(t+1)/a i
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Note that —g(0) [\/_ + t+1)] —g(0) {3\/% + \/%] which simplifies to

g2

3 €l + (1 D] e
:/OQ—t—d+ (t —7)g (T)dr
B 9 o
+2(t+1) V__d @+U[:“_Tﬁd.
3 | € + 0+ o)) e

:/Oa%ch—/oa(““ t_Td +/ VE= D4 (r

t— t—T)Vt—T1
2(t+1)g'(1)
—i—/a—m dr.

%/0005[90(5) + (1 +)80(—9)]
- [(-Y) s [ (Ve + 2 )gryar

1 [~ e 24+t+7 _[f¥t-T+2,
3 @) e [ g = J(r

24t 241
- < + +3T which in turn provides

Using 0 <7 <a<t, wecan get 0 <

t2 T (t—1)2
@2+t 2 @
lim/ + +Zg(7')d7'2 —:a/ g(T)dr > 0.
t=at Jo (t—17)2 a2 Jo
In fact,
0<rt<ax<t

0>—7>—a>—t

t>t—7>2t—a>0

0<%< LI

t—17  t—a
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1

1
0< =< ——
t2 = (t—1)?
2+t 2+t
0 < +3+7’< —|——|—37'
t2 (t—r71)2
2+t 2+t 241t+
0< 2t 2HIFT 5
t2 t2 (t—r7)2

Multiplying by ¢(7) and integrating over 0 to a, we obtain

2 a “o 4t
0< 2t / g(r)dr < / ZHIRT
tz2 Jo o (t—7)2

24+t [ "2+t
0 < lim t / g(1)dr < lim +—+3Tg(7)d7
t—a 3 0 t—at Jq (t — 7')5

T2+t 2 “
lim / +—+:g(7)d7 > ta/ g(T)dr > 0.
t—at Jo (t—7)2 az Jo

It is clear that the first term of (2.4.41)) admits a non-negative lower bound. i.e.,

g2

N Y e i
tim 5 [ €@+ 1+ 00(-9) e >0
Hence, we get
1 [ 6%2 “24t+T 2+a [°
3 @ +0m9) raes [ gy 2 2 [y > o

i.e., it is proved that left side of (2.4.41)) admits a positive lower bound as t — a,

whereas the right side vanishes as t — a, which is a contradiction. O

2.5 Asymptotic analysis

In this section, we discover the large time behavior of the boundary function g(t).
Utilizing the same, asymptotic behavior of the solutions R(x,t) and L(z,t) are
determined. Tt is interesting to see that the large time behavior of ¢(t) will remain
same as that of g(f) concerned to the trivial initial data case of (2.2.12).

Since ug € L'(R), we have the initial data holds the property;

Oo(z) > k as x — oo, (2.5.42)

for some real constant k. It is easy to observe that 0y(x) — 1 as z — —oc.
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Then with

Lemma 2.5.1. Let g(t) be the boundary condition as in (2.3.39).
(2.5.43)

1

(12.5.42)), we have
tliglog(t) 3

Proof. From (2.3.39) we have the explicit expression for the boundary data given

+(1+ 7)90(—2\/F77)]6_n2 dn dr.

where
o= [ [

In the interest of simplification, let us substitute 7 = ~¢ in the expression of B(t)

given above. But then we have
14 )0 (—2n/A1) e
*( 2 777)]6 t dvy dn

e

/ / 1[00(20/AF) + Oo(—2n/7F)] e ddn
VT
(—2ny/At)e™ i d

et

=1 + 1y, (say),
where
00 (2n/~7t) + 0o(— 277\/’}/15)}6_772
I = dy dn
VT
2ny/At)e "
nvat)e dy dn.

and
b= // wfomf

Since ug is continuous and essentially bounded, there exists a real M > 0 such
that [6o(2nv/~t) + 0o(—2n/t)| < M, ¥V 2ny/4t € R. Further, one can see that
Mne™""

e is summable over [0,00] x [0,1]. Thus, by dominated convergence

NN
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theorem, the condition ([2.5.42)) yields

/ / n[00(20v/AE) + 0o(—2ny/AT) e dydn
ViVI=7

= /0 ne=" /0 Wg& [00(2nv/A1E) + Oo(—20nv/A1)] dry dn

o » M k+1
= 77@777 ——F——=dvdn
/0 o VIVI—7

:/ ne~" (k+1) 7 dn = @
0

hm I, = thm
—00

Likewise,

1}5&7 :/ / \/_\/T hm 90( 2nv/At) dvy dn

(e’ 1
_n? Nal
= ne”/ dy dn
/0 0o V1I—7

B B
2/0 e =y

B(t
To make easier, we reshuffle the term a i)t ] in terms of I; and I as follows;
B(t) L+1L
(1+t) (141
I 1. 1 1. t
- ! 2 _ ! 422
(I+¢t) (1+t) 1+t t(1+1)
I I, 1

- (1+t)+7(1+%)'

Then by using the above values as t approaches co of I; and I, we obtain

. B(t) . Il . 12 1 T T
1 — 1 1 —_—— = O _ = —,
s B A G A A T S R
ie,
1. B@) 1

T o0 (1+t) 4

From L’Hospital’s rule, one can easily examine that the third term in the right

1
side of (2.3.39)) approaches to T2 as t advances to oo. i.e.,

. 1 /t B(r) 1 B(t) 1
lim 3 =ar = Iim — = —,
t=oo 4(t+ 1)1 Jo (r+1)4 twoo 3w (141) 12
Hence, from (|2.3.39)), substituting the estimates we arrive at the desired. O
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Theorem 2.5.2. xR(x,t) and xR, (x,t) are uniformly convergent on compact sets

and the limits are

lim z R(z,t) = ; and lim = R, (x,t) = 0.

t—o00 t—o0
Proof. By (2.2.20) we have
—(¢—)? —(&+)?
R(z,t) = —— 4t — e dé+
( ) 1+1 |:2\/ 7t Jo } f

/Ot (g()(1+7)) erfe (2\/%) dr + g(0) erfe (QL\/E)] '

By changing the variable accordingly for the integrals in first term and applying

integral by parts to the second and third term we obtain

R(x,t) = 1+t{ / Oo(2V'tn + x)e” "dn__/ 902\/_77—x)e"dn}
e D

=: ]1—{—]24‘[3 (S&y).
(2.5.44)
Clearly the first term I; + I vanishes as ¢ — 0o and hence ignore it. Then we

consider the term I3 given by

2

[ /t g(r)(L+7)er 7
2/7(1+ 1) (t—7)2
Changing the variable by y =t — 7, we simplify the above integral to get

T t 1+t—y 6122
I3 = —— t— d
3 2\/—/9( y)[1+t]ygy

N—/ y_%dy_ 2ﬁ(1+t)/0 9t~y 7
=L+ 15 (say).

T.

From ([2.5.43) we have the boundary function ¢(t) converges to l for large time t.

_T

Changing the variable to n = in I5 of the above equation leads to

\/7
2 o 2
Ié = _71'/ g(t — %) 677]2(177
_z_ n
2Vt
2 o ZE2 2
_ . N P
=[xt )



Observe that

2 x2 _772 —772
ﬁx[ﬁ;m)(n) gl t— e e <c-e
for some constant cq. Also,
2 x? 2 #ewz’ O=m<oo
Jim Xz () 9t = g5 e =
g 0, —oo < n<0.

Hence by Dominated convergence theorem, we get

2 V7 o1

lim I} =

2 / - e dp = — =
i T 37 ), T3/ 2 3
Clearly the numerator of I tends to oo for large . Hence by using L’Hospital’s

rule
lim I} = _—xg(O) lim & =0

t—o0 Qﬁ t—o0 \/E -
From (2.5.44]) we conclude that

1
lim R(x,t) = 3

t—o00

Differentiating ([2.5.44) with respect to the space variable x we get

1 1 > —(=a)? —(etx)®
Rx($’t):(1+t) {4\/7_?153/0 B[ —z)e” = + (o) ]dé}

T2
= Jl + Jg + Jg (say).

Consider the first term of the above equation

1 1 o0 — ()2
Ji = (1+t)4\/_—m§§/0 00(§)(§ —x)e™ 1 d¢

and then changing the variable to n = %, J1 can be expressed as

1 [ )
J = — 0o (2v/tn + T dE.
1 \/H/Q 0( n x)Tle 5



From the above expression of .J;, clearly we can say that J; — 0 as t — oo. In

similar way we get J, — 0 as t — co. Now consider

/ t—T 1+t—7 _47121 x? J
ear — —|dr
s = 2T 1+t 27

e 4t

141

2\/‘/ _3 Fti_tT 177 ), 9

=Ji,+ Ji (say).

} —a? L [1+t—7'

e
€ 4t
} —dT

T2

The first term of the above equation can be expressed in terms of I3 and then

using the asymptotic behavior we get

e 4 ar
Jy = 2\/‘ % 1+t

o)1+ e

:2ﬁ(1+t)/o (t— ) :
e [ 5
I

I 1
lim J; = lim R
t—o0 t—oo 3;5

Now, the second term J§ can be split as follows:

2
é: / t—1) 1+t—7 64; dr
4\/_ 1+1 T2
z2 —x
g(t—T)e ir i+ z? e

4ﬁ - A +t>/o 9t =77

= M, + M, (say).

dr

Consider the first term of JY as in the above equation:

_ 00 2 4 2
< g (t — x—) i6_"2d77 (By changing variables)




By Dominated convergence theorem,

-4 [*1 -4 1 1
t—00 z/m Jo 3 T /T3 4 3z
Now, the second term of J§ can be expressed in terms of I5:
22 ¢ .-
My = ———— t—7 dr
vl e

Njw

x
=——1.
2(1+1)°
We know that I — § as t — co.Hence we get
I/
lim My = = lim —3— =
t—00 2 t—o0 (1 —+ t)
Substituting large time asymptotic values of M; and M, in Ji we get
1 1
lim Jf = ——+0=——.
i 3 3w + 3w

Hence
i gy = o (= 50) =0
which in turn leads to get
tlgglo R, (z,t) = 0.
i.e., R(x,t) and R,(x,t) are convergent. Now, with the help of above procedure
we show that zR(z,t) and xR, (x,t) are uniformly convergent on compact sets.

First, we prove that R(z,t) converges to 1/3 uniformly on compact sets. Assume

0 <x < A for some A > 0. Let g(t) be bounded by M. Integrating the second

term in ([2.2.20) by parts, we have

1

Rl =15

1 o 2 1 o 2
—/ 0o(2V'tn + z)e™" dn — —/ Bo(2V/'tn — x)e™ dn

v Yot —T) (14t —T)e
+2\/7_T(1+t>/0 ; dr. (2.5.45)

T2
It is seen that the first term vanishes uniformly as ¢ — oo and hence ignore it.

Then consider

2
1 x Pglt — 7)1+t —7)er 2 [>*1
R(z,t)— =| = , dr — = Z ey
’(x’) 3‘ 2ﬁ(1+t)/o 3 " ﬁ/o 3¢
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Expanding the second term of (2.5.45) we get

x /t t ) 1+t—171 e_4T / t—7'€4‘rd
N AL e e a  aw '

a2
x /t g(t—T)er
- T
2yrm Jo (L4107
and then changing the variables by n = 2\% in the first term, we observe that

t—Te4r 2 [ 2 2
dr = —— P PR
v | = o)

But then the above expression turns out to be

o B o)

t—T€4T 2 *1 2
—dr——= [ ced
2\/‘/ TE N ﬁ/o 3¢

1 2 R 2 1
=gl < 2 [ lo(e- o) e a2 [ (

lg(t —71)|e
g (254
zf/ A 0 (2:546)

Note that the second and third term of the above equation admits a uniform bound

g

R(z,1)
=5~

and vanishes uniformly as ¢ tends to oco. i.e., one can obtain

2 /216/2 y x?
\/7_r 0 g 4772

By the fact that ¢t < 1+ ¢ forall ¢ > 0 and g(¢) is bounded, we can see that
last term in ([2.5.46|) is uniformly bounded by

A
OM [ _ A
e dn < 22 ”e—ﬂdngMerf(—)
2/t

™ Jo

AM te4f AM [t 1 AM 1

o Jo i S agm i AT T VR i
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Now, we consider the uniform convergence of xR, (x,t). We have

(e—2)?

T 1 00 )
(1+t)m/o 0o(§)(§ —x)e™
. ! b —(¢+=)
+m4\/—m/o Bo()(€ + w)e 1

T2
=:xJ1 +xJy+ ;5.

TR, (x,t) =

By changing the variable n = g;\/zi in zJ; and n = ;r[ in zJ5, we can observe that

both the terms vanishes uniformly. The third term x.J3 can be expanded as

2 2
L 1+t—7\eir —2® [Pyt —T1)edm
Jo = —— d
s 2\/_/9( 7)( T )73 v
/ gt —7) e (2.5.47)
dr
4\/_ (1+1t) 3
:ZM1+M2+M3.

Then, the above expression can be modified as
1 1 1 1
[z 3| < | My — 3 + | My + M; + 3 < |R(z,1) — 3 + (M2 + 3 + |M;]. (2.5.48)

Now by changing the variable for M, we get

2
M2—|—§:\/—/ (t——)ne"dn+ / —pPe " dn

—4 [ee) x2 1 o, 2\/ 12
2 [ ol g) gl s = [t g e
0

The last term on the right side of the above equation is umformly bounded by

AM A? [z A? A
—_—— /2\[ e_”2d77 <2M — erf (—),
VT At J, 4t 2¢/t

which vanishes uniformly as ¢t — oco. By similar calculations, one can obtain that
the third term in (2.5.48|) vanishes uniformly as ¢ — oo. Hence, we conclude that

xR, (x,t) approaches to zero uniformly as t — oo when z is bounded. ]

Theorem 2.5.3. xL(z,t) and xL,(x,t) are uniformly convergent on compact sets

and the limits are

lim zL(z,t) = % and lim xL,(z,t) = 0.

t—o00 t—o00
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Proof. First, we prove that L(x,t) converges to 1/3 uniformly on compact sets.
Let M; and M, be the bounds for g(¢) and |g(t) — %} respectively for all ¢ > 0.
Let € > 0 be given and a positive number A such that —A < x < 0. Then there
exist 17, Ty and T3 such that

1
gty — = < S w1 (2.5.49)
3 3
A €
erf | — | < —, Vit>Ts. 2.5.50
(2\/%) 3M; 2 ( )
A €
erf | — | < Vit >Ts. 2.5.51
(2 t) 3My ’ ( )
H PR N P 4 that t > T) +
ence, -—— == — whenever ———. Assume that ¢ >
N " wp) 373 TS 5o !
T2 + Tg. Then
L) — & Y P / g (2.5.52)
r,t)— = =|—=—= — T—— —e 5.
T3 o )y ! % g
Substituting n = 2\56/_ in the first term of right side expression, (2.5.52]) reduces
T

to

2 0 22 0 x2 ) 2 M1,
- t— e d t— e mdn| — — —ed
ﬁ{/mg( 4772) O /zlg< 4n? )6 n] Iz A R

2Vt
which is bounded by
2 [T 2\ 1 . 9 [0 22\ 1] .
il t— ) = Z|e"dyp+ —= t— ) —Z|e"d
\/?/oo g( 4772> 3° n+ﬁ2\/t%lg( 4772) 37
2 0 CL’2 2
w5 Lol )|

2 € 0 2 2 2iT1 2 2 Qi‘;ﬁ 2
< - 1 dn + — M “dn+ — M —'q
= 71_3/;006 77+\/E 2/(; € 77+ﬁ 1/0 & 77

€ A A
< -+ Myerf | ———— Mief| — | <e
_3+ 2 er (2m>+ 1 €er (2ﬁ>_6

Consider,
-1 o —(t—a)?
L — — — 4t
()= [ e e
-1 o ~(eta)?
N A e

2

1 bolt—1)
— - 1——d =P+ 5+ Fs.
2ﬁ/0 - e o |47 T T
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Observe that |zP;| < AP, vanishes uniformly as t — co. Similarly, P, vanishes

uniformly as ¢t — oo. Hence, it is enough to show that xP; converges to zero

uniformly when x is bounded. Consider

_ 72
—= 47— 1 _— d
3 2\/—/ % 6 |: 27_:| T
—lz|
2\/5 1'2 2 4 2Vt 513'2 2
= t—-— e dyp— —— t—-— |n?e"d
xﬁ/_oo g( 4772)6 1 wﬁ/_w g< 4n2)” co
=: P, + Py.
Then,
/ 1 /! 1
|z P3| < a:P3—§ + |z Py +§ . (2.5.53)

We show that the terms in the right of the above expression (2.5.53)) admit uniform

bounds which vanish uniformly as ¢ tends to infinity. Consider

Z\f .1'2 2 1
- dn — =
o1 )

Sﬁ/&(?f‘f—m)‘%

Observe that the second term of the above expression

f/m o155 ‘""ST/ ot =5

2]\/[ A
L _”dn—Mlerf< ),
2/t
vanishes uniformly. The bound for the second term in right side of (2.5.53) is

S N

—n? d?’]

\/_

obtained as follows:

Ja|
1 4 2Vt x? _ _
xé/+§’:_ﬁ/oo g(t—4—772>n2e”dn— / —ne"dn
4 /0 ( x2) , 0 " ) 0 ,
=—= glt——— ne”dn—/ gl t— gnendn—/ ne”"dn
4 0 2 1 ) 0 2 )
R I
T J oo 4n 3 Sz n




It is observed that the second term in the above expression vanishes uniformly
and is bounded by
aM, (O AMy A2 (37 M, A2 A
! nQe’”an < 1—/2 t e’"an = af [ — ).
N =4 NG 2t 2v/1
t

This completes the proof of the theorem. O

2.6 Global weak solutions

Definition 2.6.1. A function u(z,t) defined in R x (0,00) is said to be a (global)
weak solution if u € L*(R x (0,00)) N WH(R x (0,00)) and u satisfies (2.2.11)

in the sense of distributions. 1i.e.,

/0 /R (b + 202, — ups) ddh + /0 260, )di /R wo () 6(z,0) dz = 0,
(2.6.54)

for all test functions ¢ € C§°(R x [0, 00)).

We now show that the inverse Cole-Hopf transform of 6(z,t) is the unique

weak solution of ([2.2.14])-([2.2.15]).

Theorem 2.6.2. With the initial data ug and the solution 0(x,t) of (2.2.14))-
(2.2.15)), there exists a unique weak solution of (2.2.11)-(2.2.12)) given by

0.(x,t)
O(x,t)

Moreover, the solution u(z,t) is in C°(R\ {0} x (0,00)).

u(z,t) = =2

(2.6.55)

Proof. (Existence) Let us prove the existence of a weak solution of ([2.2.11))-
(2.2.12)). Tt is known that

0
= f > 0.
(- 9t+(1+t)’ or x>0
Hence, we get
-2 60", t)  6%(0T,¢)
b)) = 0,07, ¢ i
w00 = g [40% 0+ (g~ G

and

_ 02(0—,t)
900~ 1) {‘%(0 = 501 }
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Thus using the above equations one can obtain

2 2

(1+1)  g(t)

Let U and V' be the domains of R(z,t) and L(z,t) respectively. Integrating u ¢,

u (0%, 8) —u (07,8) +

{et(o, t) — 6,(0", t)] : (2.6.56)

by parts gives

//Uu@da:dt:—//Uutqﬁdycdt—/T:U(T,())Qg(ﬂo)ah7
//\/u¢tdxdt:_//\/Ut¢dxdt_/Ti_oou<T’O)¢(T’O)dT'

Similarly, integrating u,,.¢ by parts, we get

//Uumgbdxdt:_//qu%cwdt_/t:)Ux(OJr,t)qﬁ(O,t)dt,
//Vumcbdxdt:—//Vuxqbzdzdtjt/t:]uw(o—’t)gb(o’t)dt

Further, integrating “72% by parts on U and V' provides

/OOO/R(u;)gbxdxdt:—/ooo/R(u;)xqﬁd:cdt.

Hence, for ¢ € C2°(R x [0,00)), we obtain

0 u2 e’} 2
/0 /]R [u@ + 5% — uz%l dx dt + /0 A+0) ¢(0,t)dt

+ /R u(2)p(,0)dr = —2 /:) 9t(0+’t)g(_t)6t(0_’t)(b(o,t)dt. (2.6.57)

and

and

Dominated convergence theorem and then by integration by parts reduce right

hand side expression of above equation to zero.

(Uniqueness) Let u and v be two solutions of (2.6.54)). Take e := uw—wv. Then,

we obtain
o 1
/ / (epr + 5(u + v)egy — €x¢,)dx dt =0, (2.6.58)
o Jr
for all test functions ¢ € C§°(R x [0, 00)).
For fixed T" > 0, we define ¢ = e(z,t)H(T — t)H(z) in the domain {0 <
xr < oo,t > 0} and ¢ = e(x,t)H(T — t)Hy(x), where Hy(z) = 1 — H(x), in
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{00 < x < 0,t > 0}. Note that the defined function ¢ in both domains is not a
test function. However, we can use this ¢ in (2.6.58)) using usual approximation
techniques as C5°(R x [0,00)) is dense in Hj (R x [0, 00)).

For 0 < z < oo, the weak derivatives of ¢ with respect to t is e (z,t) —
e(z,t)0(t—T) and the weak derivative of ¢ with respect to x is e, (z, t)+e(z,t)d(x).
Similarly for —oo < x < 0, the weak derivatives of ¢ with respect to t is e;(z,t) —
e(z,t)d(t—T) and the weak derivative of ¢ with respect to x is e, (x,t)—e(z, t)d(z).

For ¢ = e(x,t)H(T — t)H;(x), integral equation (2.6.58)) turns out to be

/OT/:—eetdxdt+/ioe2(x,T)dx
_%[/OT/_(;(u+v)eexda:dt—/OT(e(u+v)e)(O,t) dt}
+/OT/_ioe§dxdt—/0T(eme)(0,t) dt =0. (2.6.59)

Similarly for ¢ = e(x,t)H(T — t)H (z), integral equation ([2.6.58)) yields

/OT/OOO—eetdxdtnL/ooer(x,T)dx
_%[/OT/OOO(u+v)ee$dxdt+/OT(e(quv)e)(o,t)dt}
+ {/OT /OOO 6id$dt+/0T(€x€)(O,t) dt} =0. (2.6.60)

Also using the fact that e(x,0) = 0, we deduce

T 1 T
—/ /eetdxdt—i—/ez(a:,T)dx——// Oy () dtdx + || e(-,T) ||
o Jr R 2 JrJo

1
= SlleC. 7).

Hence, equations (2.6.59))-(2.6.60) with above equation lead to

%||€("T)||;+ATAQidxdt+AT [(e2€)(07,1) — (e,e)(07,¢)]dt
— %[/OT/R(u—i- v)e e, dr dt + /OT [((u+v)e)(07, 1) — ((u+v)e*) (07, 1)]dt],

20



which implies
|wo¢mnz+2/°uea, 2t <t g/ /\|u+v Dllocle (- 8)llex (-, 1) dadt
< [ s o Dlllilllels

e 2 2 e 2
<7 [ N+ nlllellzdt + 7 ) lles|lzdt
0 0

MO T 2 T 2
< eCnlEde2 |l il

M, [T
et T IE< 22 [ lleC.01 ar
0
Making use of Gronwall’s inequality, we conclude that e(z,7T) = 0 a.e. for all

T > 0.

Hence,

(Smoothness) Since 6(x,t) is positive solution of the heat equation for = < 0
and (1+1¢)60(z,t) is also a positive solution of heat equation for > 0, the solution
u(z,t) of the Cauchy problem ([2.2.11))-(2.2.12)) given in is well-defined and
is smooth on the domain R\ {0} x (0, 00). O

Theorem 2.6.3. The unique weak solution u(x,t) of (2.1.1)-(2.1.2) converges to

zero uniformly on compact sets.

Proof. Using the Theorem [2.2.11] the inverse Hopf-Cole transformation is well
defined and given by (2.6.55)). Hence, for z > 0, we have

x Ry (z,t)

u(z,t) = —2 TR 1)

—0 as t— oo.

Similarly, for x < 0, we obtain

x Ly(x,t)

u(z,t) = —2m

—0 as t— oo.

In view of the uniform convergence of R, R,, L and L,, the unique weak solution

u(z,t) converges to zero uniformly on compact sets. O
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Chapter 3

Riemann problem for a
de-coupled system with source

term

3.1 Introduction

The viscous Burgers’ equation with source term :
U + Uy = Vg, + f(z,t), z€R, >0, (3.1.1)

appears in while modeling several physical phenomena (Xu et al., [2007).
Hopf (1950) studied the vanishing viscosity behavior of solutions to the viscous

Burgers’ equation

Uy + ULy = VUge, T ER, t>0, (3.1.2)

u(z,0) = wy(z), x€R, (3.1.3)

with the assumption that the initial data ug satisfies [ uo(y)dy = o(x?) for large
|z|. And he proved that the solution of (3.1.2)-(3.1.3) converges to the weak

solution of the concerned inviscid Burgers’ equation as the viscosity v — 0.
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Joseph| (1993) considered a system of conservation laws

w+ (%), =0, zeR, >0,

(3.1.4)
v+ (w), =0, xz€R, t>0,

with the initial conditions

ur,vr)t if <0,
(u,v)"(z,0) = ( ) oifes (3.1.5)

(ur,vr)" if x>0
which is known as Riemann problem. He analyzed the solution of above problem

by using vanishing viscosity method. For which he took an approximate solution

(u(x,t),v(x,t)) of (3.1.4)-(3.1.5) which is defined by the Riemann problem

S
BN
+
—~

£
N =
~—
8

I
N |

vu, reR, t>0,

T

(3.1.6)
of + (w)y = %, zTeR, t>0,

T

with the initial conditions

u?, o)t if x <0,
(u’,v")(z,0) = (v, vE) (3.1.7)
(uh, %) if x> 0.

He proved that the solution so obtained for the above Riemann problem will give

the solution of (3.1.4)-(3.1.5) in the sense of distribution as ¥ — 0. The explicit
solution for (3.1.4)-(3.1.5) given by [Joseph| (1993) is,

(i) Uy > UR

(ur,vr) it x < st,
(W’ (2, t),0"(x, 1)) = (3(ur +ug), 5(ur, — ug)(vy + VR)t0s—s) if x = st,

(ug, vR) if = > st,

(3.1.8)

where s = %(uL + ug) and 0,—g is the usual d- measure concentrated along the

line x = st.
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(11) ur, < UR

(ur,vr) if x<urt,
(UO(I,t),U()(J},t)) = (ZL’/t,O) if upt <ax< URL, (319)
(ug, vR) if x> ugt,

(111) Uy, = URr = u

(w,vr) if x <t
(u’(x,t),0%(x,t)) = (3.1.10)

(w,vg) if = > ut,
Ding and Ding (2003]) showed that, for fixed (x,t), the solution of

Up + Uy = Vg, +4x, xR, t>0, (3.1.11)

u(z,0) = w(x), z€R, (3.1.12)

converges to the weak solution of relevant inviscid forced Burgers’ equation as

v — 0, assuming the initial data satisfies
up(z) = o(z), |z| — o0.

In this chapter, we consider a Riemann problem for de-coupled system with
general source term and obtain the explicit weak solution with the help of charac-

teristic equations. The cases of shock waves and rarefaction waves are discussed.

3.2 Generalized inhomogeneous Riemann Prob-
lem

Consider the Riemann problem for a decoupled system

w +uu, = h(t), zeR, t>0, (3.2.13)

pe+ (up), = 0, reR, t>0, (3.2.14)

where h(t) € L}, [0,00), with the initial condition

loc

ur,pr)t if <0,
(), 0) = 4 P (3.2.15)
(ugr,pr)t if = >0.
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Choosing v(z,t) to be v(xz,t) = [ p(z,t)dz, the system (3.2.13)-(3.2.14) with
(3.2.15)) reduces to

(
up + uuy, = h(t),
v + uv, = 0,
ur, x <0,
u(z,0) = (3.2.16)
ugr, x>0,
- prr, x <0,
= [y p(z,0)dx = -
PRT, T > 07
\
where
Vg = P, Vg = —up.

The characteristic equations of first component in the above Riemann problem is
given by

i u(xz(t),t) and ——== = h(t). (3.2.17)
Integrating the second equation in (3.2.17)) over 0 to t:

/Ot —du(:;(tt),t) dt = /Oth(s) ds

u(z(t),t) — u(x(0),0) = /Oh(s)ds

simplifying

t
which implies u(z(t),t) = uo(m0)+/ h(s)ds
0

where z(0) = xo. Substituting the above in the first equation of characteristic
equations given in (3.2.17) we obtain

dz !
i uo (o) —l—/o h(s)ds.

On integration over 0 to ¢:

b dx
/ /uo o dt—i—// s)dsdr.
0 dt

which simplifies to

2 (t) = o + uo(zo t+/ / s)ds dr. (3.2.18)



Case 1: up > up
In this case, we will have shock originated from (0,0) and satisfies the Rankine-

Hugoniot condition given by
% = 3(uL + ug) +f0 ds.
z(0) = 0.
Then the equation of shock wave is
2() — 2(0) = ;uL—i—uR t+// 5) ds dr.

i.e., with z(0) =0,

o(t) = ;uL+uRt+// 5)dsdr == g(t).

Then the solution for the Riemann problem along curves is

;

ur, + fot h(s)ds, if x < g(t),

w(@,t) = L(up +ug) + [y h(s)ds, if x=g(t), (3.2.19)

| ur + fot h(s)ds, if x> g(t).

We solve the Riemann problem for the second component (3.2.14)) in decoupled

system. If < g(¢), then from ({3.2.18)) we have

o(t) = §1+uLt+// 5)dsdr

u(z,t) =up + /t h(s)ds where z(0)=¢&.
0

(xt)—pL&—pL( —uLt—// dsdT)

If x > g(t), then from (3.2.18]) we have

2(t) = €2+uRt+// 5) dsdr

t
u(z,t) = ug —|—/ h(s)ds where x(0) = &.
0

and

Thus

and
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Thus

vuaw:=p3@::pR( «—uRt—u/ /ﬂ cwdr)

Hence to find p(z,t), we calculate the following distribution derivative. For sim-

plification, let

Consider

plx,t) =T

er(t) = uLt+// s)dsdr,
er(t) = uRt+// s)dsdr.

/ / pr(z —ep(t) —d dt+/ / r(z —er(t @d dt}
LJO x<g(t) :Jc>g(t) 8:)3

:/0‘”_
:/0“’

For every ¢

p(z,1)

:Am&mwwm»w " / ¢xth}ﬁ

+ /000 {PR(x —er(t) ¢z, 1)) — /g(t) ¢z D)pr dx} dt}

g(t) 0o
/’¢uﬁmmﬁ—£ pulg(t) — en(t)) o(g(t). 1) dt
h h x, Rdl’d B R — €ER s d
+A(@ﬁ<ma tﬁépww (1)) 6(g(t). 1) dt

g(t) [e%¢} (%)
/ ¢(x,t)pr dx dt+/ / ¢(x,t)pr dz dt
—00 0 Jg(t)

+ [ lor(att) = eal) = pr (o(8) - ex(0)] Sla(0) 1t

€ C(R x [0, 00),

PL, if x<g(t)7

=rrlgt) —er®)] —prlg(t) —ec(t)], if z=g(t), (3.2.20)

\pr, if x> g(t).
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We now show that u satisfies the first component equation (3.2.13)) of decoupled

system in the weak sense.

For every ¢(z,t) € C2°(R x [0,00)), consider

/ / (uqﬁt—i— @) drdt — / / " <u¢t+ 7“; @) drdt
i / / ) (u¢t+“;¢m> dadt
:_/ uLgb:BOd:v—/ / o (. t)dudt
[ (e [ e jis ) sta(00)g e+ [ 5 (e + /Oth<s>ds) Slo(t),t)t,
_/0 uR¢a:de—/ /@) 6 (x, t)ddt

h <uR+ / (s >ds) oot 0g Ot~ [ (uR+ / t h(s)ds)2¢<g<t>,t>dt-
:—/_ioquﬁ(x,O)d:c—/O uqua:de—/ / o(x,t)dzdt.

Thus u in (3.2.19)) is a weak solution of ([3.2.13 m Similarly one can show that p in
(13.2.20f) satisfies the second component (3.2.14) of decoupled sytem in the weak

sense.
Case 2 : ur, < up
The charecteristic equations originated from (zg,0) for the Riemann problem for

inviscid Burgers’ equations are

a:o—i-uLt—l—fO fo s)dsdr if w9 <0,
x(t) =
l‘o—i-uRt—f—fO fo s)dsdr if x>0,

and the solution along these curves respectively are given by
ur, + fot h(s)ds, if x <0,
u(z,t) =
up + f(f h(s)ds, if x> 0.

fu@t) = /Ot <UL+/OTh<S)dS> dr
fr(t) = /Ot (uRJr/OTh(s)ds) dr.

29
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Then we observe that the region {fL(t) < = < fgr(t)} is not covered by the
characteristic curves. We fill this region with a fan of characteristics. Therefore,

the solution in this case is given by

(
uL—i-f(f h(s)ds, if x < fr(t),

u(@,t) =< 241 (Ysh(s)ds, if fu(t) <z < fglt),

\uR+fOt h(s)ds, if x> fgr(t).

and

(

PL, if z< fL(t),

ple,t) =40, if fu(t) <a < falt),

PR, i x> fR(1).

Now we show that u is a weak solution , i.e., u satisfies the integral equation

/ / (udy + qﬁm)dxdt /_ OOO wp(z, 0)da — / " wno(x, 0)dx
/ / b, )dedt (3.2.21)

for every ¢(z,t) € C°(R x [0, c0]).
We prove that u(x,t) given above is a weak solution of (3.2.13]). For that we show

that u(x,t) satisfies (3.2.21]).

Consider

/OOO/ (ugy + ( )qu )dxdt = / /fL(t) (ugy + ( 2>¢x)d$dt
L (s
/ /fR(t) ugy + < >¢m)dxdt

= Il —|—IQ+[3
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Then

[ o [
/ / - (UL+ / )cbxdxdt
:_/_ uLQSmde—/ /m o(, t)dardt
= [ [ woas st 050

w [ [t [ b as ot

Since [, has singularity at ¢ = 0, we consider [, = lim._,¢ Io .

//ffR (ught + (Q)gbz)dxdt
_ / /ff; (E {x—f— /0 tsh(s)ds]gbtdxdt

L (o o)
_ _% / h (W / th(s)ds)>2¢(f3(t),t)dt
= <uL+/th<) )>2¢<fL< £),t)dt
L

_[2 = lim _[2 €
e—0 7

_ _%/OOO (uR+/Oth(s)ds)>2¢(f3(t)7t)dt
%/“ (uﬁ/th( \d )>2¢<fL<t>,t>dt
/ /ffR &(z, t)dadt.



Also,

I - /0 N /f:t [uR+ / () ds] bt
/ /th)( [uRJr/h() Dqsxdxdt
:—/ uRngdea:—/ /f o(, D) dadt

_%/0 [uR+/0 h(s)d ]2¢(fR( t),t)dt

Thus,
[e%s) [e%¢) u2
/ / (U¢t+(3)¢x)d$dt:h+12+fg
0 —00

__ / " un (. 0)di — / " b, 0)da

/ / ¢(x, t)dxdt.

Similarly, one may prove that, the solution p(x,t) given above is a weak solution

of (3.2.14)), i.e.,

oo ,frL(t) 0 rfr(t)
[ [pcw(up)cbz} war+ [~ [ {p¢t+<up>¢x] drdt
0 —00 0 fL(t)
t x d d = U.
+/0 /fR(t) {qu +(up)¢} xdt =0

(3.2.22)
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Chapter 4

Explicit Formula and Large Time
Behavior for the Heat Equation
in a Strip with Discontinuous

Source Term

4.1 Introduction

This chapter is mainly focuses on the existence, continuity and asymptotic analysis
of solution to the initial-boundary value problem posed for a heat equation with

Heaviside function in the source term given by

vy = vm—%x)v, —<z<l, t>0, (4.1.1)
v(z,0) = cos (gx) -l <z <], (4.1.2)
v(=lt) = 0, t>0, (4.1.3)
w(lt) = 0, t>0, (4.1.4)

where H(x) is the Heaviside function and m is any natural number.

The general structure of convection diffusion equation with the Cauchy data
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is given by

v+ P(v,x,t), + ¥(v,2,t) = O, t)e, TR, 0<t<T,

v(x,0) = wv(x), zeR,

where O(v,t) is the diffusion function which is non-linear, depends explicitly on
time, ® (v, z,t) is a nonlinear flux function which depend on v, z, and t. ¥(v, x,t)
is the given source term which can also depends on x and ¢ explicitly. The equation
appears in several applications as mentioned in|Lu et al.| (2015) and the references
therein. In recent times, the study of Burgers’ equation with Dirac delta measure
or subsequently studying the heat equation with Heaviside function in the source
term grabbed much attention. The relation between the linear heat equation
with source term and nonlinear nonhomogeneous Burgers’ equation via Hopf-Cole
transformation makes the process progressive in the field.

Chung et al.| (2014) considered the heat equation with a positive heat source:
Uy — Vg = 0(x)

with the initial condition vy(x) is integrable on R and discussed that the solution
v(x,t) diverges everywhere as ¢ — oo. Also, the solution trajectory cannot be
compact in any LP space even on compact sets. Additionally, while solving Burg-
ers’ equation with Dirac delta measure they encountered the heat equation with
Heaviside step function in source term:

H(x)v
5

Vi — Uy = — reR, t>0.

It is observed that the continuous solution exists for the initial boundary value
problem with discontinuous source term. The article also discuss the existence of
boundary data, asymptotic behavior of solutions and common boundary condition
converging to nonzero quantity with necessary conditions.
Chidella and Yadav| (2010) investigated the heat equation where the source
term:
ka?

U= Vag = =0, reR, t>0. (4.1.5)
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where initial condition vg(x) is in class of rapidly decaying functions. Rescaling

the above equation can lead us to get
Vp— Vg = —2%v, T ER, t>0. (4.1.6)

With [Ding et al| (2001) approach, where initial data is square integrable on R,
the solution of above equation can be represented in Fourier-Hermite ex-
pansion. Otherwise, to deal with bounded and compactly supported initial data,
the above equation is transformed into Cauchy problem for heat equation.
If the transformed initial data is square integrable with weight function e**/2, the
Kloosterziel (1990) approach is applied and the solution can be represented in
an infinite series of self similar solutions of the heat equation. Also, large time
behavior of the solution which converge to a nonzero quantity is discovered.

Rao and Yadav| (2010b) studied the initial value problem for heat equation

with source term depending on x and t explicitly:

ka2

—m’v, T e R, t> 0. (417)

Vg — Uge =

where the initial data v(z, 0) is square integrable on R with weight function P2,
They constructed a family of self-similar solutions {v,(x,t)}5°, of where
the family {v,(x,0)}%, forms an orthonormal basis for L?(R, e#**/2). The solution
of is expressed in an infinite series form with these self-similar solutions
with variable coefficients and the approach quickly reveals the large time behavior
of the IVP.

Gianni and Hulshof| (1992) considered the semi-linear parabolic equation with

a discontinuous source term:
Vg — Uge = H(U),

where H is the Heaviside graph, on a bounded interval with Dirichlet boundary
condition and discussed the existence, uniqueness and smoothness of solutions.
The article also indicates that solutions of the semi-linear heat equation with a
Heaviside source term are usually well behaved, with the exceptions that the initial

profiles are either identically zero, or touch zero from below.
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Cannon and DuChateau| (1998) examined one-dimensional heat equation in-
volving a state-dependent source term with first order spatial derivatives at the

boundaries:

v — U = Fv(z,t), 0<zx<l, 0<t<T
v(z,0) = 0, O0<z<l1

v,(0,) = g(t)

v (1,t) = 0, 0<t<T.

Further, they assumed that g(t) is continuous, ¢(0) = 0 and F' is continuous with
piecewise differentiability on the real line. Assuming the priori bound for the
solution of above system, various properties and integral identities are obtained
which are useful to understand the system with change in the source term. Also,
the inverse problems are formulated and the identities are used to estimate the
unknown source term in an appropriate class of source functions.

Engu et al.| (2021) studied initial-boundary value problem for heat equation

with time-dependent source involving Heaviside function:

Vp — VUgy = — v, xR, t>0,

v(z,0) = wvy(x), z€R,

where the initial data vy(z) € W2*(R) N C*(R). The authors then investigated
the corresponding two initial boundary value problems by introducing a common
boundary on two upper quarter planes separately. The existence of the boundary
function is obtained with the aid of Abel’s integral equation. Also, the solutions
of associated initial boundary value problems converge uniformly to a nonzero real
constant uniformly on compact sets as t tends to infinity.

The following chapter is dedicated to discuss whether the solution exists for
the Heat equation with Heaviside function in the source term, the continuity of
solution due to the derivative of boundary condition imposed at x = 0 and the
asymptotic behavior of the solutions in respective domains for large time ¢. The
presence of Heaviside function immediately splits the problem space of —
into two domains, namely, right side domain {0 < x < [;¢ > 0} and
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left side domain {—! < x < 0;¢ > 0}. Hence, one needs to study the problem
on two upper quarter plane slits separately with common condition at x = 0
along the positive t-axis. The Neumann condition is applied in various fields like
thermodynamics, solving Laplace equation and poisson’s equation, solid mechanics
and fluid mechanics. In addition, the Neumann boundary constraints leads us
to get the solution involving Green’s function which is associated with Sturm-
Liouville problem including eigenfunctions and eigenvalues. Also, it is notable
that the boundary conditions emerge in the corresponding Sturm-Liouville system
is also of second type boundary condition. The modified Green’s function provides
the solution in an integral representation where the kernel is composed with the

Green’s function.

With the help of Volterra’s integral equation of first kind with difference ker-
nel, we aspire to establish the existence and uniqueness of the common condition,
derivative of boundary function, enforced at x = 0 to the linearized partial dif-
ferential equations. For the same we rearrange the Volterra’s integral into Abel’s
integral equation of first kind where the kernel can be expressed in terms of Ja-
cobi theta function. Further, we seek the asymptotic behavior to the solution of
linearized partial differential equation for large time ¢. Making use of the Laplace
transformation techniques on convolution integral and final value theorems we ob-
serve the rate of convergence as t tends to co. The following observations are used

in this chapter.

1. Orthogonality of the trigonometric system {cos(”l—“x) :n € NU {O}} is

given by

!
/ oS (?w) cos (?w) dr = 0, m#n
0

2. The Sturm-Liouville equation on a finite interval a < x < b together with
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two separated end point conditions is of the form:

a {p(@%qﬂ = [4(@) ~ As(2)]o,

a0, +b1¢p = 0 at z=a,

as ¢, +bap = 0 at x =0,
where ay, as, by and by are given real numbers.

3. There are infinitely many eigenvalues to the above system and all are real
and distinct. It can be ordered as A\; < Ay < A3 < ... with A\, — oo as

n — 00. Each eigenvalue is of multiplicity 1.

4. Eigenfunctions of above Sturm-Liouville system are orthogonal with weight

s(z) on the interval a <z <b. i.e.,

b
/ $(2)pn(T)Ppm(x)dx =0, with m # n,
where ¢, () represents the n-th eigenfunction.

5. If g(x) > 0, a1b; < 0 and asby > 0, then there are no negative eigenvalues.
Further, if ¢ = 0 with b; = by = 0, then A\ = 0 is the least eigenvalue, to

which there corresponds the eigenfunction ¢;=constant.

The arrangements of this chapter is as follows. Section deals with the
solution of heat equation imposed with initial condition and Neumann boundary
condition. Also, the continuity of the solution due to the derivative of boundary
condition and Volterra’s integral equation of first kind is discussed. In section
, asymptotic behavior and convergence rate of the derivative of boundary
condition, ¢g(t), right side domain solution R(z,t) and left side domain solution

L(z,t) is explained.
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4.2 Heat Equation with Heaviside Function in
Source Term

In view of the Heaviside function in source term, we can split the initial-boundary
value problem — into two domains, namely, right side domain {0 <
x < I;t > 0} and left side domain {—] < z < 0;¢ > 0}. In this process we
establish derivative of boundary condition at z = 0, namely, ¢(¢). Existence of
the same will be shown later.

Let R(x,t) be the solution in the right side domain {0 < z < ;¢ > 0} satisfying

Ri = Ru—5, 0<a<l t>0, (4.2.8)
R(z,0) = cos (%m), 0<z<], (4.2.9)
R,(0,t) = ¢(t), t>0, (4.2.10)
R.(1,t) = 0, t>0. (4.2.11)

To rescale R, we consider the transformation,
w(z,t) = e? R(z, 1), (4.2.12)

which transforms (4.2.8)-(4.2.11)) into following linearized initial-boundary value

problem;
Wy = Wy, 0<ax<I t>0, (4.2.13)
w(z,0) = cos (?m), 0<z<l, t>0, (4.2.14)
we(0,8) = ezg(t), t>0, (4.2.15)
we(l,t) = 0, t>0. (4.2.16)

The above system is a linear partial differential equation equipped with initial

data and boundary conditions of the form [Polyanin and Nazaikinskii (2015)):

s(x) % = E% [p(z) %] —q(z) z + O(z,1), (4.2.17)

where s, p, p.. and ¢ are continuous functions in  with s >0, p >0 and z; <z <

Zo. The solution of (4.2.17) equipped with the initial condition
2(z,0) = a(x), (4.2.18)
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and the arbitrary linear nonhomogenoeous boundary conditions

a1z +brz = m(t) at z=ux, (4.2.19)

aszy +boz = m(t) at == x, (4.2.20)

can be represented as the sum expressed below
1) = m(I) )G, &t —T1)dEd - Gz, & t)d
= [ [Teenceer-nicdr+ [ a6 nas
+ p(an) / m(F) A (@t — 7)dr + p(a) / o (F) Aoz, £ — 7)dr, (4.2.21)
0

0

where G(x,&,t) is the modified Green’s function given by

The notations A, and y,(x) in (4.2.24)) are the eigenvalues and the respective

ﬂ"t, Hyn||2_/ s(z) y2(z) d. (4.2.22)

Hynll2 o

eigenfunctions of the following Sturm-Liouville problem for a second-order linear

ordinary differential equation:
/
p() 4], + [As(z) —a(@)]y =0,
a1y, +biy=0 at = =ux,
as Yy +boy =0 at x = x,.
The functions A(x,t) and As(z,t) arising in the integrands of last two terms in
(4.2.21f) are expressed via the Green’s function (4.2.22)). In particular, for the

second type boundary value problem (i.e., a; = ay = 1 and b; = by = 0), the

values of A; and As are given by

Ay(z,t) = =G(x,x1,t) and  Ay(x,t) = G(z, 29, 1). (4.2.23)

Hence, From (4.2.17)-(4.2.23)), the solution of initial-boundary value problem (4.2.13))-

(4.2.16) is given by

! t
w(z,t) = /0 coS (?5) G(z,&,t) dE — /0 €%¢(T)G($,O,t— T)dT,

where G(x,&,t) is the modified Green’s function given by

l
yn(2) yn(E) s,
G(,8,1) = Z ||2 M Lyl :/o ya(x) dr, (4.2.24)

||yn
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with A, and y,(z) are the eigenvalues and the corresponding eigenfunctions of the
following Sturm-Liouville problem for a second-order linear ordinary differential
equation:
y'(x) + Ay(z) =0, (4.2.25)
with ¢/(0)=0 and ¢'(l) =0. (4.2.26)
Now, we calculate the eigenfunctions and their corresponding eigenvalues by con-
sidering the auxiliary equation. i.e., the associated auxiliary equation for (4.2.25))
is given by

m24+\=0.

Solving the above quadratic equation we obtain

m = +v—\.
Based on the sign of A\, we consider following cases:
1. If A > 0. Let A\ = 32 where 8 > 0. But then m = 443, where i is the
imaginary number, and the solution is given by
y(x) = ¢ cos(Bx) + cosin(fx).
Differentiating the above equation,
Y (z) = er(=sin(Bz))B + ca(cos(Bz)) 3

= B(—cysin(fBz) + co cos(fx)).
Making use of the condition y'(0) = 0 we get ¢; = 0. Hence, the solution

y(z) reduces to
y(z) = ¢y cos(Bx) and hence 9/ (x) = —c; sin(Bz).
Also, from (4.2.26) we have y'(—l) = 0 which in turn leads us to get

sin(—pl) = 0. Hence, fl = nm, n € N or VA= “E, n € N. But then

An = . neN with y,(z) = cos(fz) = cos(v/ A, z).

ie.,



2. If A =0, then we have y(z) = c3z + ¢4. Again, using (4.2.26)) we obtain

y(x) = a constant, which is a special case of case (1).

3. Suppose A < 0. Let A = —32 where 8 > 0. But then m = +3 and the
solution is given by
y(r) = c5e’ + cge .
Differentiating the above equation,
y'(z) =cse™ B—cge ™

= B(cs5 ™ — cge™P7).

Using (4.2.26]) we obtain the system

Cy —Cg = 0,

8l 8l

cse ”—cge” = 0,

in (cs,c6)” for which the determinant is a nonzero number, which concludes

the above system has trivial solution.

Clubbing case (1) and (2), the explicit expressions for the eigenvalues and corre-

sponding eigenfunctions are given by

2
Ap = (nl_7r) and  g,(x) = cos (nlﬂ), n € NU{0}.

Substituting the values in ([4.2.24)) we note that for n = 0 we have ||yo||> = [ and

: l1—|- 2nmx I
||yn||2 = / COSQ (?) dr = / #Z)dx = 5
0 0

Subsequently, from (4.2.24)), we can express the modified Green’s function by

for n € N,

l l

2 (4.2.27)
1 2
= 7 + 7 ;COS (#) CcOS (”lﬂ) et
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Hence, simplifying (4.2.27) we get the modified Green’s function given by

nim

2 & 2
Gz, & t) = 7t 2008 <7x> Ccos (75) e~ T (4.2.28)

Tracing back the solution of (4.2.8))-(4.2.11)) via (4.2.13), we get

! t
R(z,t) = /0 €72 cos (?5) G(z,&,t)d¢ —/0 e o(1) G(x,0,t — 1) dr.
(4.2.20)

Similarly, let L(z,t) be the solution of (4.1.1)-(4.1.4)) in the left side domain {—1 <
x < 0;t > 0} satisfying

Li = Ly, —1<z<0, t>0, (4.2.30)
L(z,0) = cos (g:v), -1 <z <0, (4.2.31)
Lo(—1,t) = 0, t>0, (4.2.32)
L.(0,t) = o(t), t>0. (4.2.33)

Take 2 = —y. Then L(x,t) = L(y,t), 0 <y < 1. But then (&.2.12)-(&.2.15) turns

into
Ly = Ly, 0<y<l, t>0, (4.2.34)
f}(y, 0) = cos ( — ?y), 0<y<l, (4.2.35)
L,(,t) = 0, t>0, (4.2.36)
L,(0,t) = —o¢(t), t>0. (4.2.37)

From (4.2.17)-(4.2.23), the solution of (4.2.34))-(4.2.37) is given by

iyt = [ cos ("¢ Gtyetyde + [ o) Gy 0.t - ) dr
[ () € [ o

which in turns leads to get the solution of (4.2.30)-(4.2.33) given by

! mr \ A ¢ A
L(x,t) = /0 cos <T§) G(—x,&,t)d¢ +/0 o(1) G(—x,0,t —7)dr, (4.2.38)

where

gy g 0
Un( o A )
(et =S PEDEE = [ e 2)

-l
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is the modified Green’s function with A, and g, (x) are the eigenvalues and the as-

sociated eigenfunctions of the following Sturm-Liouville problem ({4.2.30))-(4.2.33))

for a second-order linear ordinary differential equation:
§"(x) + Ag(z) = 0, (4.2.40)

with ¢'(=1)=0 and ¢'(0)=0. (4.2.41)

In fact, we calculate the eigenfunctions and their associated eigenvalues by consid-
ering the auxiliary equation. i.e., the associated auxiliary equation for the above
given by

m? 4+ A =0.

Solving the above equation as before to obtain the left side domain’s modified
Green’s function, we get the explicit expressions for the eigenvalues and corre-

sponding eigenfunctions:

. nr\’ nwx

An = (T) and gy, (z) = cos (T), n € NU{0}.
But then with the norm for n = 0 we have ||||* = and for n € N

0
. 12 o [(nTT l
linll = [ oot (") o = 5

Hence, the Green’s function (4.2.39|) reduces to

A 1 2¢ s
G(—x,§,t) = 7 + 7 ZCOS(HTW.CE) cos(nTﬂg) o (M)t
n=1

It can be seen that the modified Green’s function satisfies the relation
G(—x,&,1) = G(—x,&,t) = G(x, &, ).
But then (4.2.38)) reduces to
! i t
L(z,t) = / cos (Tf) G(—z,&,t)d¢ +/ H(1) G(—z,0,t —7)dr. (4.2.42)
0 0

Note that in the argument for space variable in Green’s function G of L(x,t),

we have maintained minus sign to avoid the confusion with notation of Green’s
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function in right side solution R(z,t). Also, (%G(O, &,t) =0and ((%G(l, £,t)=0.

In fact,

0 2 o= N nm nm nmy2
_ S gin [ == - —(%)°t
8$G(x,§,t) ; E i sm( i a:> cos< l 5)6 R

To establish the continuity of the solution v(z, t) via R(z,t) and L(z,t), we impose

the condition:

lim L(x,t) = lim R(x,t) forall ¢>0. (4.2.43)
z—0 z—0
But then from (4.2.29) and (4.2.42) we have
! o t
/ Ccos <—§> G(0,&,t) dé + lim/ o(1) G(—2,0,t — 7)dr
0 [ z—0 0

=€

|+

1 t
/ COS (Eg) G(0,¢,t) dé — lim/ e,(t;ﬂ(b(T) G(z,0,t —7)dr.
0 l =0 fo

Assuming that we can pass the limit inside the integral, we get

l l
/ cos <Tg) G(0,€,1) dE — e~ / cos (mg> G(0,€,1) de
0 l 0 l

:_/te“‘2”¢(7)G(0,0,t_r)d7—/t¢(r) G(0,0,t — 1) dr,
0 0

VIS

which implies

(et —1) /0 o (#5) G(0,€,t) d = /0 t [e—“z” + 1} é(7) G(0,0,t — 7) dr.
(4.2.44)

The orthogonality of the trigonometric system { cos(%Fx):neN U{O}} simplifies
the left side of the equation (4.2.44)) given by
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Hence, (4.2.44]) leads us to get
(oot [ 1) (145 S e o) dr
0 U o ’

which is in the form of Volterra’s integral equation of the first kind with difference

kernel given by .
ft) = / K(t—71)¢(r)dr, (4.2.45)
0

where f and difference kernel K are given by
(4.2.46)

and

(t—7) I 2 nmy2
= T2 B (%)% (t=)
K(t,t) = {(e —|—1) (l + ; E e Vi )] (4.2.47)

n=1
Theorem 4.2.1 ( (Gorenflo and Vessellal (1991)). Let the kernel K € CP™Y(T)
with T = {(t,7) € R? : 0 < 7 <t < oo} and assume K(t,t) = 1 for every
t € (0,00). Let v be a function defined on (0,00) with

OO = eyt | et € C70.00),

for 0 < a <1 and T'(.) representing the gamma function. Then the equation

1 FE(tT)y(T)
Ila) Jo (t—7)17

dt = w(t)
has a unique solution in C'?(0,00) and

[V B)ller.oe) < Aloz) [[(27)(#)ller©.00),
where 0y = || K||crt1(0,00) and A(oz) is a constant depending on ;.

Theorem 4.2.2. There exists a unique continuously differentiable function ¢(t)

satisfying Volterra’s integral equation of the first kind (4.2.45)-(4.2.47)).

Proof: To establish the existence of the derivative of boundary function, ¢(t),

we rearrange (4.2.45))-(4.2.47)) in terms of Abel’s integral equation of first kind as

follows:

[ B ryar = Fe),

t—T1
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where

) =\ [Tvi=T (e
t) = \/gf(t) = \/g(eé —1)e T,

Let T = {(t,7) € R* : 0 < 7 <t < co}. We show that K(t,7) — 1 as 7 — .

and

The kernel K (¢, 7) of Abel’s integral equation with rearrangement yields us to get

-5V

AR K

(t—T1) 00
(6_ 2 + 1) 27T(t — 7_) —(M)Z(t— ) 1
e T t —_
2 [ l ano l \at—7)
(t—7) 2 00
(e 2 4+ 1) 2/(m nm\2 1 /«
_ I t— — (%) (t—-7) Z(t—
2 l\/w<z) ( T)nzzoe l V27

Using the result in [Wang| (2009), \/20/7 322 e ™% ~ 1 as § — 0, we obtain
K(t,7) — 1, as 7 — t.

We now express the kernel K (t,7) as

1 /= _ (=7 1 > (nx)

§\f5‘t_7(e ) (7 Z | )

1 t— ™2
‘ZVEW‘TGJQ’”)ﬁiagm&JQ’

where U3(z, q) is the Jacobi 3-Theta function [Borwein and Borwein (1987)); Qiu
and Vuorinen| (2005)] defined by

VU3(z,q) =1+ 22(]”2 cos(2nz), for z, g € C and |q| < 1.

n=1
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Since the Jacobi 3-Theta function is analytic for all z, ¢ € C and |g| < 1, the
kernel K (t,7) is twice continuously differentiable on 7.
We now show that

(QF)(t) = —= 7y /O \Z(L)ah € C'(0, 00). (4.2.48)

- T

Hence,

2
ViF()] < f(m) Vi

2
1 mmy2 1
() waecers

< C, a constant for all t > 0.

Clearly, we have F'(0) = 0. Integrating by parts for (4.2.48|) leads us to get

(QF)(t) := %%/o F’(T)\/t—TdTZ%/O jgdr

Thus, we have

A ED L s
@01 = 72| [ G| < 7 [ gt = 0m v

i.e., (QF)(t) is bounded for all ¢ > 0. Also, (2F)(t) has no singularity which

concludes the continuity for all ¢ > 0. From F’(t) we calculate F'(0) given by
m((mr\> 1 T /(mm\’
F/ — . _ _ — -
0=3((77) <2) 3 ()
__fm(maNT L [ fr(ma\ 1 %
Ve 2V 8 s\ 1)  2Vg
Also, differentiating F'(t), we get

2 2 4
]_ m T2 t - m T2
P = %((#) +§> e ¢§W<$> e




Hence,

)ﬁF”(t)‘ <

s mm 2 1\?
z 00 - —((E)24+5)t
V() +g) iy

< B, a constant for all ¢ > 0.

Consider
(QF)(t) = d/tF’( Wi—Td
= Jrdt ), T Tdr
and integrating by parts followed by substitution of F’(0), we obtain
2 d 2 ’ 3 1
(UF)(t) = —=—| — SF'(t)(t — )2 + = F'(0)(t — 0)2 + /F()(t—T) dr
mdt 3 3 Jo
4 d / 3 ! 1" 3
4 3
A Al VT t2 + /F" )t —7)2 2dr
3/ dt 28
4 VT3 3
= — = F'(t)Vt—1d
3 n{ 2\/§2 \/+2/ (") " T]
2
:ﬁ[ /F” \/de:|
Differentiating with respect to ¢, (F)(¢) can be expressed as
d 2 d VLS
—(QF)(t) = —=—| — —= F'(t) Vt—T1d
a0 wdt[ 2\/§\/_+/0 ") " T]
t
:i{_ﬁ L—F/F”(T) 1 dT:|
0 2v8 2/t 0 20/t — T
t "
SN W AE
™ 24/8 i 0 t—T1
-1 1 1 LR
L,
24/8 Vi T Jo t—T1
Note that
1 / F”() ‘ /
i ——dr < Bym, Vt>D0.
Gl == =

Thus, (2F)(t) is continuously differentiable for all ¢ > 0. Hence, by standard

results [Gorenflo and Vessella) (1991)), Theorem 5.1.4], there exists a unique con-

tinuously differentiable solution ¢(t) for the integral equation (4.2.45)-(4.2.47)).
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With the existence of derivative of boundary function, ¢(t), from theorem (4.2.2)),
the classical solution of (4.1.1)-(4.1.4) is well defined and given by

L(xz,t), —1<x<0,t>0,
v(x,t) = (4.2.49)

R(z,t), 0<az<lI, t>0,

where L(x,t) and R(z,t) are given in (4.2.42) and (4.2.29) respectively. Further

note that v(zx,t) is continuous when = = 0.
Remark. Using the results given in |Gorenflo and Vessella (1991), we state the

bounds for the function ¢(t) in Hélder's norm as follows:

o) ||t (0,000 < Alo2) [[(QF) ()|l (0,00

where oy = || K lc2(0,00) and A(o) is a constant depending on 5.

4.3 Asymptotic behavior of the solutions

Theorem 4.3.1 (Extended Final Value Theorem. |Chen et al. (2007)). Assume
that every pole of Y (s) is either in the open left half plane or at the origin. Then
limy o y(t) exists and is given by

lim y(t) = lim sY (s),
s—0

t—o00

where Y(s) = L{y(t)}.

Theorem 4.3.2 (Generalized Final Value Theorem. |Chen et al. (2007)). Let

y(t) be Laplace transformable, let X > —1, and assume that limt_mo% and

lim, o s* 1Y (s) ewist. Then

. y(t) _ 1 . A1
N PR LR

where Y (s) = L{y(t)}.

Theorem 4.3.3. The derivative of boundary function, ¢(t), converges to zero with
rate of convergence

o(t) =o(t™") ast — oo. (4.3.50)



Proof. Let G(s), J(s) and K(s) denotes the Laplace transformation of ¢(t), f(t)
and difference kernel K (t) respectively. Applying the Laplace transformation to

the convolution of K and ¢ in (4.2.45)), one gets

Ly o s J(s)
L{p(t)} = —=. ie., G(s)=—=——=. 4.3.51
= Hk @) )T RG) .
Now we calculate the Laplace transformation of kernel K (t):
K(s)=L] (e 2+1 14—22&:6(7)%
U o
€73 2 inm mmpy 12 ixm (nap
- -3 —(*F 24 Zes -(=)
_ﬁ{l +7e nﬂe z”+l+le ;le(z t}
]_ _t 2 _t > L _ n‘fr 2
:iﬁ{e 2}—|—7£{6 2;6 I }—i— ~L{1} + £{Ze( )t }

(4.3.52)

From the Handbook of linear partial differential equations [Polyanin and Nazaikin-

skii (2015) we have

1
Zk2—|—a2 = 2aCOth(7TCL) _ﬁ

To simplify (4.3.52)), we calculate the limit of the series via the above formula:

RO = X O

7 ) L}L(%) () 3(%)2}
- 7l72 {217:/5 coth (1v/s) - 27;25}
= Qf/gcoth(l\/g) 1
_ %Hcoth (1v/5) - _]



Similarly, we get

f: —l[ : coth(l +1>— ! }
2T 2 o 2) "G D
Substituting the above in (4.3.52)), we obtain
f((s):l[ 11 +1+ : coth(l\/erl)
l (s + 5) 5 51 % 2
1 [ 1
4 coth(Is) - -
e SLICORS]
1 1
= —[ L coth (l +—> +Lcoth(l\/§)}
l s+ 1 2 Vs
2
ie.,
_ 1 1 1
L{K@)} =K(s) = coth (l \/ s+ ) + —= coth (1/s). (4.3.53)
s +% 2 Vs
Now,
L{ft)} = J(s) = L{(e7% — 1)e*<%2t}
= L{e ze ) E{ (==)%ty
J— 1 J—
ST
ie.,
1 1
J(s) = — . 4.3.54
(s) s+5+ (B2 s+ (BF)? ( )
Note that
J(0) ! # 0, a non-zero real number
fy v/ .
()7 (mT)

Hence, substituting (4.3.53)) and (4.3.54) in (4.3.51)) will lead us to get the Laplace

transformation of ¢(t), given by
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1
IR S

g
\/%coth (l \/s+ %) + Jigcoth (1)
872
1 1 1
L+;+(ml“)2 o s+(ml“)2] Vs \/STt3
Vs coth (l \/s+ %) +1/s+ 3 coth (1/s)
1 1 1
\/g s+ 2 L‘*‘é"'(mzﬂp - 5+(mlrr)2:|
= te 9+%+1 / 1 621\/54»1
\/§<e2l\/s+%_1) + $ + 5 321\/571

/5 s+l[ T ](e%ﬁ_l)(e%@_n

? | IR SO

5

L{o(t)} =

\/E(GZI\/er% + 1) (62l\/§ _ 1) 4+ 4/s+ %(62l‘/§ + 1) (62l‘/8+% — 1)

) Vs T3 AB)  z(s
G = Vgt = T (sa),

(4.3.55)

where
Als) = J(s) (V5 —1) (2VoHs — 1), (4.3.56)
Z(s) =/s1/s+ = A(s), (4.3.57)
and
B(s) = Vs(e2VoHe £ 1) (25 — 1) + /s + %(e”ﬁ +1) (Vo — 1), (4.3.58)

Note that the numerator, Z(s), in the right side of the equation (4.3.55)) approaches
to zero as s — 0 and the denominator B(s) approaches to v/2(eV? —1), as s — 0.

Hence, we have G(s) — 0 as s — 0. Also, B(s) has no zeros which in turn G(s)

has no poles. Thus, using Extended Final Value Theorem [Chen et al| (2007)],

we conclude that ¢(t) converges to zero as t approaches infinity. To evaluate the

order of convergence we differentiate G(s) in its argument. Differentiating A(s)
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given in (4.3.56) with respect to s we obtain
21 J(s) e st (e2Vs —1) N 21 J(s) e?Vs (v st 1)

Al(s) =
2@/s+% 2/
T 1 1
i (621\/5 —1) (e2l«/s+§ ~1) ( _ )
(s 5+ ()" (s ()
25+ (621\/5 _ 1) le2l\/§(e2l\/s+% _ 1)
= J(s)[ +
S —i—% Vs
T 1 1
sy )
(@ - 1) (e e
:J(S) Il—i‘ﬁ—'—]g y (say),
NG
where
lte s+% (621\/5 _ 1)
Li(s) = —0 as s—0,
\/S —i—%
Iy(s) = 1e*V3 (Vv st 1) — 1V —1)#£0 as s— 0,
and

I3(s) = (te\/g— 1)(€2l\/$+% —1)( ! + ! — 2) —0ass—0.

s+ 3+ (252 s+ (B7)
Differentiating the numerator Z(s) of G(s) and then substituting A'(s) given

above, we obtain

s+ 3A(s)
TRUTLNT

_VEraAle | VAG) s

o afart S TCIES 2

— \/: ) \/_A< ) +\/gj(s){\/§h+l2+\/él31.

NI s+1

Al(s)

Multiplying by s,

s7'(s) = Ve S;%A(S) st AGs F {\/_11+I2+\/_13]
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and letting s — 0, we get
sZ'(s) >0 as s—0.
Since B(s) approaches to v/2(eV2 — 1) #£ 0, we obtain
sB(s)Z'(s) -0 as s—0. (4.3.59)

Now, differentiating B(s) with respect to s, we obtain

s+%(62l\/§ o 1)

l/se?
B/(S):l(€2h/5+%+1)€2l\/§—|— \/_
S—I—%
2y/s+L _ 2/5
e VT e
2,/8—1—%

1 (VoE 1) (2VE - 1) F 25 (2555
MV 2 Flys g eV o)

Multiplying by s,

+ l(te‘/g + 1)

l 3 2ly/s+3 2l\/§_1
SB/(S):l8(62l\/s+%+1)62l\/§+ S2 e (6 )

1
5+ 5

204/s+3 _ 2ly/s
s (25 + 1)621\/5% L8 (e P (eV 1)
2,/8%—%

204/s+1 20\/s _
s (e 2—|—;)(e 1) n /8+%e2l\/§(62h/s+;_1)

and letting s — 0, we get
sB'(s) >0 as s—0. (4.3.60)
Since the numerator, Z(s), also approaches to zero as s — 0, we obtain
sZ(s)B'(s) >0 as s—0. (4.3.61)

Differentiating (4.3.55) and then multiplying by s, we have

< sB(s)Z'(s) — s Z(s) B'(s)
S = B
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From ([£.3.59), ([#.3.61) and B(s) tending to v/2(eV? — 1) # 0 as s — 0, we get

sG'(s) =0 as s— 0.
From Extended Final Value Theorem |Chen et al. (2007)), we have

lim (t) = lim s L{t ¢(t)} = ~ lim s G'(s)

—0

Hence, we obtain

[]

Theorem 4.3.4. Assume that Laplace transformation of Ry(x,t) and Q*(t) exists.
Then the solution R(x,t) of the initial-boundary value problem (4.2.8)-(4.2.11)

converges to zero with rate of convergence
R(z,t) =o(t™") ast — oo.
Proof: From ({.2.29)) we have
! ot mm t —(t—=7)
R(x,t) :/ e 2 cos <T§) G(x,&,t)dE —/ ez G(z,0,t —71)o(T)dr
0 0

= Ry(x,t) — Ry(x,t), (say).

Clearly the first term R;(z,t) of the above equation converges to zero as t — oo.

We see that

!
Rafet) = [ e o (@s) Glr..1) de
0
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In fact, without evaluating the integral representation of Ri(x,t), it can be seen
that Ry(x,t) converges to zero as t — oo by applying the Dominated convergence
theorem. Now, in the second term Rs(z,t), we consider the space variable z as a
parameter. But then, in this view, we can see Ry(x,t) as convolution of boundary

function ¢ with difference kernel Q*(t — 1) = e =77 G(z,0,t —7);

b t
Ry(,t) = / e 7 G(x,0,t — ) $(r) dr = / Q*(t —7) é(r) dr.
0 0
Applying the Laplace transformation for the above convolution integral we get,
L{Ry(x, 1)} = LL{Q" (1)} L{o(1)}- (4.3.62)

From (4.3.55)) we have

Vsi/s+ 3 A(s)
clotn) = V2

where A(s) and B(s) is given in (4.3.56)) and (4.3.58) respectively. To calculate

L{Ry(x,t)}, we determine the Laplace transformation of the Kernel Q*(t):

£y = £fert [; 43S cos Moy |

1 T t nmwy2

_ 3 - ) —(7)%t

=7 [ﬁ{e }+2 ngl cos( $)£{e e~ ) H (4.3.63)
1 1 = cos(™x) ]

- +92 L .
ZL+% ;H%H’%—”)?

From the Handbook of linear partial differential equations|Polyanin and Nazaikin-

skii| (2015)) we have

2. cos(ky) :lcos}%(a(ﬂ—y)) 1 C0<y<om
k2 + a? 2a  sinh <7TCL) 2 a?

k=1
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Let y = 5*. But then note that 0 <y <7 <27 as 0 < x <[. Now consider
o

Z cos(™x) ? &

n=1

cos(ny)
0<y<2rm
1 nw 27 —J —
s+y+ () T 2 (z s+;)

:1[ z cosh(@(l—x))_ '
2 S

ot
‘1“% sinh (l S—{-;) (S+2)

Substituting in(4.3.63]),

g{@r<t>}=%Li%+ I )

: 1
o 1
8+% sinh<l S+%) 512

E COSh(M(l—x))

(4.3.64)
5+% sinh(l,/s+%)
In view of and (4.3.64), (4.3.62) reduces to
B _Cosh(,/er%(l—w)) Vs A(s)  E(s)
L{Rs(z,t)} = P(s) = . ([\/E) BG) Wi (say), (4.3.65)
where
E(s) = cosh (1/s + % (I —2)) Vs A(s) (4.3.66)
and

(4.3.67)
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From the expression of A(s) in , Vs A(s) converges to zero as s — 0.
In view of (4.3.58]), we see that the denominator term of (4.3.65) converges to a

non-zero real number as s — 0. i.e.,

1 [
sinh ({4/s+ =)B(s) — V2 sinh | — V2l 1) as s —0.
(/s + 5)B) ()™=

Therefore, from ([4.3.65), we have L{Ry(z,t)} — 0 as s — 0. Note that s = —1/2
satisfies W (s) which in turn a simple pole of ®(s) and lies in the left half-plane.
Hence, using Extended Final Value Theorem we conclude that Rs(z,t) — 0 as
t — oo. Finally from the convergences of Ry and R., we conclude that R(x,t)
converges to zero as t approaches oo. To evaluate the order of convergence we

calculate ®'(s). Differentiating W (s), we get

[B(s)cosh (I1/s + 1)

2

W'(s) =sinh (I4/s+ =) B'(s) +
24/5+ %

From (4.3.60)) we know that
sB'(s)—0 and B(s) —V2(eV? —1) as s— 0.

Hence, we have

sW'(s) -0 as s—0.

From (|4.3.66)), clearly E(s) approaches to zero as s tends to 0. Hence we have
sE(s)W'(s) >0 as s—0. (4.3.68)

Now, differentiating F(s) with respect to s, we obtain

/ Vs A(s) (I — z)sinh ((I — )y /s + 3
E'(s) = cosh ((l—x) s+ %) %(\/EA(S))—}— ( )

2,/s+%

Multiplying by s,

S B6) = ot (= 3) [» (V540
. s (Vs A(s))(l — z)sinh (I — z)y/s + 1)
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Differentiating /s A(s), we get

A(s)

2¢/s°

We have /s A'(s) = J(s)[v/sIi+ o ++/sI3] — 1.J(0) (eV2—1) # 0 and /5 A(s) —

0 as s — 0. Hence, we obtain

L (VEA(S) = V5 A(s) +

d
sd—(\/EA(s)) —0 as s—0,
s
which in turn leads us to get
SE'(s) =0 as s—0.

Clearly, we have

W(s) — V2 sinh (%) (e\@l —1)#0 as s—0.

Hence,

sW(s)E'(s) -0 as s—0. (4.3.69)

Differentiating (4.3.65) and then multiplying by s, we have

sWi(s)E'(s) — s E(s) W'(s)
(W(s))?

From (4.3.68), (4.3.69) and W (s) approching to a nonzero real number as s — 0,

s®'(s) =

we get

s®'(s) >0 as s—0.

Hence, From Extended Final Value Theorem [Chen et al| (2007)], we obtain that
Ry(x,t) = o(t™!) as t — oo.

Finally from the convergences of R; and Ry we conclude that R(x,t) converges to

zero with rate of convergence
R(z,t) = o(t™") as t — oo.

Theorem 4.3.5. Assume that Laplace transformation of Lo(z,t) and P*(t) ex-
ists. Then the solution L(x,t) of (4.2.30))-(4.2.33) converges to zero and with

sufficiently small e > 0
L(z,t) = o(t™") as t — oo.

90



Proof: From (4.2.42)), the solution of (4.2.30)-(4.2.33) in the left side domain
{=1 <z <0;t >0} is given by

L(z,t) = /Ol cos (?5) G(—x,&,t) dE + /Ot o(t) G(—x,0,t — ) dr
= Lyi(x,t) + Lo(x, ).

Clearly, the first term L;(x,t) of the above equation converges to zero as t — 0.

Let us now evaluate the integral expression of L;(z,1t) :
!
Liont) = [ eos (") Gl de
0

l 0
= /0 cos <$£) E + % Zcos(?a:) cos(nl—ﬂﬁ) e(nlw)ﬂ d¢

o0 I
+ % (/0 cos (?5) cos(?m) cos(?f)d/f) e~ (T
2 — : nry2,
=7 cos(?x)(/o cos (gg) cos(nl—ﬁg)d§> e~ ()

= Zcos(——x) —e T

— T COS(?J‘).

In fact, without evaluating the integral representation of Li(x,t), it can be seen
that Ly (z,t) converges to zero as t — oo by applying the Dominated convergence
theorem. To evaluate the second term Lo(z,t), we consider the space variable x
as a parameter. But then, in this view, we can see Ly(z,t) as convolution of ¢

with difference kernel P*(t — 7) = G(—z,0,t — 7). i.e.,
Lo(a, ) = /Ot 2,0, — 7) 6(7) dr — /Ot Pt — 1) 6(7) dr.
Applying the Laplace transformation for the above convolution integral we get,
L{La(x, 1)} = L{P*(1)} L{d(t)}- (4.3.70)
From the Laplace transformation of ¢(t) is given by

Vsi/s+ 3 A(s)
clo) =V
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where A(s) and B(s) is given in (4.3.56)) and (4.3.58) respectively. To calculate

L{Ls(x,t)}, we calculate the Laplace transformation of the Kernel P*(¢):
L{P*(t)} =L E + 2 EOO Cos(nlx) e~ T
B L1 l
1 e nm nmwy2
S - —(%)%t
=7 {£{1}+2 E cos( i x)ﬁ{e ! H (4.3.71)

Let y = “l—’” But then note that as —[ < x < 0 we have —27 < —71 < y < 0.

Consider

I\/s TT
12 [ 2 cosh (Tf(w - T)> 2 }

T o2 /s sinh (1y/s) %5

:l[icosh(\/g(l—w)) _1}
2|v/s  sinh (Iy/s) s

Substituting in (4.3.71)) yields
L{P*()} =

~| =

F N Lcosh (Vs(l—z)) B 1}
s /s sinh (Iy/s) s
1 cosh( l—x)

/s sinh (Iy/5)

Hence,
1 cosh (Vs(l—x)) Vs /s + 3 A(s)
Vs sinh (1y/s) B(s)

_cosh (y/s(l—x)) /5T 3 A(s)
~ sinh (1v/s) B(s)
where A(s) and B(s) are given by (4.3.56) and (4.3.58)). Note that, from the

L{Ly(x,t)} =
(4.3.72)

definition of A(s), the numerator converges to zero as s tends to zero, where
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the denominator B(s) — v/2(eV2! — 1) as s — 0. But the presence of ”sinh”
function makes the denominator term converges to zero. Thus, we obtain both
the numerator and denominator terms of L£{Ls(z,t)} converges to zero. Hence,

we apply L’Hospital’s rule to obtain the limit. For simplification purpose we write

cosh (Vs(l—x)) /5T 3 A(s) N(s)
Ela(w D)} = sinh (l\/g) B(s) B D(s) (2ey)

where the numerator is given by

N(s) = cosh (v/s (I — z) \/>

= J(s) cosh (v/s (I — z))/s + (21‘/5—1)(621\/@—1),

2

with

J(s) = L+ I i (BE2 s+ (1¥)2}

and the denominator is given by

D(s) = sinh (Iy/5) {\/g(ezl@+1)(em_1)+ s+ = (VE 1) (Vi —1) |

DN | —

Differentiating the numerator N(s) with respect to s, we get

1 COS S — X €2l\/§
N'(s) = J(s) 1[5+ % CACEIEY [l h(fgg )

(1—z)sinh(y/s (1 —2)(2VF = 1)1  N(s)[  J(s)le2VoFs
’ e |+ 50l

where




By taking \/ig as common term in the above expression, we rewrite N'(s) as:

Ns) = %{ J<28) \/E (621\/@ —1) [21 cosh(v/s (I — x))e?v®
+ (I — z)sinh(v/s (I — x))(em\/g _ 1)} \/_N( ) { J(s)lezl\/ﬁ_l

\/7 G2/5+E _
J(s) 1

T2 oy (me)? (s i+ % ”
1

= % Ni(s)  (say).

Also, note that

1J(0) (e¥? —1)
V2

Now, we differentiate the denominator D(s) with respect to s, we have

as s — 0, Ni(s) — # 0, a real number. (4.3.73)

D/(S) _ ZB(S);CijEU\/g) + smh(l \/g) [(GQZM + 1)l€2l\/§

N s+%(621\/§_
,/s—i—%

(621\/5% _ 1) (621\/5_,_1) . {(621,/s+§ +1) (621\/5_ 1)

2 s—l—% Vs 2

+14/s+ %(62ZV8+21! — 1)62l\/§}:|.

By taking \/Lg as common term in D’(s) in the above expression, we rewrite

D'(s) as:

1) Ve (621\/§ +1)

_|_

D'(s) = %{ZB(S) C()Qsh(l\/g) + sinh(I /3) {l\/g(ezlm—l— 1) JRINE

1
l$€2l s+5 (€2l\/§ _

\/S+ %
LVE(EVEE S (EVERT) (VIR ) (EVE 1) g

2 s~l—% 2

+14/s+ %(eﬂ\/”é - 1)62“/5]}

= —=D'(s) (say).

1) +l\/§€2l\/s+%(62l\/§+1)
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Note that

(V¥ —1)
as s — 0, Di(s) — 5 # 0, a real number. (4.3.75)

By L’Hospital’s rule,

| i N L N

liny £{Lo(v, £)} = lin 75 = limy L Di(s)
. Nl(S

—1

sgl(l) D1(8>

i

V2
- = J(0)

T

1 1
= —— — 3 7 0, areal number.
+ () ()

N =

Hence, we have

as s = 0, s°L{Ls(z,t)} = 0, forany e>0. (4.3.76)

Note that in (4.3.72)), £{Ls(z,t)} has a simple pole at the origin. From Generalized
Final value theorem |Chen et al.| (2007))],

L t
thm % =0. ie, Ly(r,t)=o0("") as t— o0. (4.3.77)
—00 €

Finally from the convergences of L; and Ly we conclude that L(z,t) converges to

0 as t approaches co.
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Chapter 5

Conclusions and future work

e We consider the non homogeneous Burgers’ equation with time dependent
point source with initial condition uy and showed that the continuous solu-
tion exists and converges to zero uniformly on compact sets. In this process,
we encounter the associated initial boundary value problem involving Heav-
iside function in source term. It is interesting to see that the solution of
the corresponding heat equation converges to a non zero quantity and using
this solution we establish the unique weak solution to the Cauchy problem
for Burgers’ equation with Dirac delta function via inverse Hopf-Cole trans-
formation. The continuity of the solution to Heat equation with Heaviside
function is established via common boundary condition imposed and the
existence of the same is done with the help of Abel’s integral equation. Ex-
plicit formula to express the boundary function is found via classical Abel’s
integral equation. Also, the alternative expression for the same is also given

using Laplace transformation.

e [t will be more challenging to consider the Cauchy problem for Burgers’

equation with time dependent point source in general. i.e.,
U + Uty — Uz = f()(x), xR, t>0, (5.0.1)
subject to the initial condition
u(z,0) = wuo(z), zeR. (5.0.2)
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The conditions should be imposed on the general function f(t) depending
only on time variable ¢t with Dirac delta function in the forcing term compli-
cates the problem even more. Also, one can study the problem with different
suitable initial conditions ug(z) to understand the behavior of the solutions
at large time and continuity of the solution. Corresponding initial boundary

value problems for the above in-homogeneous Burgers’ equation is given by

R — Ry = -2 <y 0<t,
R(z,0) = 6y(z), 0<uz,
R0,t) = q(t), 0<t.

and

Li—L, = 0, <0, 0<¢t,

L0,t) = got), 0<t.

The solutions of the above problems is given by

(0)

n | e 2 & —(¢—a)? —(¢+)?
R(x,t) =e 2 6 T — it dé+
w0 = |2 [T - g

/olt (91(7)6@)/ erfe (2\/%>d7 Fofe <2_\/¥>}

| gh(r)erte (ﬁ) I gr(O)erte (2_75)

respectively. If the same boundary data, i.e., g1(t) = go(t), is considered in
the associated initial boundary problems, the work on existence, uniqueness
and asymptotic behavior of the boundary function will be more fruitful to
the field of non homogeneous Burgers’ equation. It is also interesting to
consider distinct boundary conditions at the initial boundary problems (as

shown above) occurred in the first two quadrants due to unit step function
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and see the relation between the same to establish the continuity of the

solution to corresponding heat equation with source term.

e Chapter 4 is devoted to examine whether the solution exists for the Heat
equation with a discontinuous function like unit step function in the source
term, the continuity of solution due to the condition imposed at x = 0 and
the large time behavior of the solutions in the corresponding domains. The
presence of unit step function splits the problem space in a strip of length [
each in first two quadrants. Hence, one needs to study the problem on two
upper quarter plane slits separately with common condition at x = 0 along

the positive t-axis.

With the help of Volterra’s integral equation of first kind with difference ker-
nel, we aspire to establish the existence and uniqueness of the common con-
dition, derivative of boundary function, enforced at x = 0 to the linearized
partial differential equations. For the same we rearrange the Volterra’s in-
tegral into Abel’s integral equation of first kind where the kernel can be
expressed in terms of Jacobi theta function. Further, we seek the asymp-
totic behavior to the solution of linearized partial differential equation for
large time ¢t. Making use of the Laplace transformation techniques on convo-
lution integral and final value theorems we observe the rate of convergence

as t tends to oo.

e [t will be interesting to consider the problem of heat equation with discon-
tinuous Heaviside function in source term equipped with any suitable initial

data vg(x) and secondary boundary data. i.e.,

Vp = Upy — %&7) v, —I<z<lIl t>0, (5.0.3)
v(x,0) = wv(x), —-l<z<l, (5.0.4)
v (=1lt) = bi(t), t>0, (5.0.5)
ve(l,t) = bo(t), t>0, (5.0.6)

where H(zx) is the Heaviside function. It is notable that in chapter 4, the

problem is considered with cosine function in the initial data. With the same
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approach, for some extent we can solve the problem with even function in
the initial condition. It will be fascinating to see the problem with other
class of initial data also. Also, choosing appropriate conditions on b;(t) and

by () to establish the necessary properties to the solutions is very challenging.

Further, we know that study of Burgers’ equation and Heat equation holds
recognizable importance in the fields of partial differential equations due
to its numerous applications. In recent times, the study of Burgers’ equa-
tion with Dirac delta measure by |Ablowitz and De Lillo| (1991}, (1993, 1996])
started a progressive discussion in the field of non homogeneous Partial Dif-
ferential Equations by considering Burgers’ equation with continuous time
dependent function and Dirac delta function in forcing term. They could
only impose zero initial data due to the level of difficulty occurred. The
struggling however met by |Chung et al.| (2014)) for some extent by consider-
ing time independent Dirac delta function in the force term. The relation
between linear Heat equation with source term via Cole-Hopf transforma-
tion with nonlinear Burgers’ equation can be seen in the process. In fact,

the relation can be described as follows:

2
ut—i—(%)x = Uy t+0(z), —I<xz<l, t>0
u(z,0) = wp(z), —-Il<z<l
u(=l,t) = 0, t>0,

)
u(l,t) = 0, t>0.

—2u,
Applying the Cole-Hopf transformation to the above equation u = ,
v

we obtain the corresponding heat equation with source term involving dis-

continuous Heaviside function. Also, the problem is imposed with initial

condition and second type boundary condition (Neumann condition) given
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v(z,0) = wv(x), —l<z<lI,
ve(—l,t) = 0, t>0,

v(l,t) = 0, t>0,

where vo(z) = expq —3 [ uo(y)dy}. The presence of Heaviside function im-
mediately splits the problem space into two domains in the upper quadrants
and the continuity of the solution in the whole domain is a challenge with
newly imposed condition at x = 0. Now, the above heat like equation can be
seen in two ways. In the first case, we can introduce a boundary condition
at * = 0 which makes the above problem with mixed boundary condition.
Otherwise, we can introduce derivative of the boundary function at x = 0
which amounts with the secondary type boundary condition or Neumann

boundary condition.

In this view, study of the problem (5.0.3)-(5.0.6)) will be significant to un-

derstand Burgers’ equation with Dirac delta function and time dependent

function in forcing term in a strip.
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