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Optimization of Axially
Magnetized Stack Structured
Permanent Magnet Thrust
Bearing Using Three-
Dimensional Mathematical
Model
This work deals with optimization of axially magnetized stack structured permanent mag-
net (PM) thrust bearing using generalized three-dimensional (3D) mathematical model
having “n” number of ring pairs. The stack structured PM thrust bearing is optimized for
the maximum axial force and stiffness in a given cylindrical volume. MATLAB codes are
written to solve the developed equations for optimization of geometrical parameters
(axial offset, number of ring pairs, air gap, and inner radius of inner and outer rings).
Further, the results of proposed optimization method are validated using finite element
analysis (FEA) and further, generalized by establishing the relationship between optimal
design variables and air gap pertaining to cylindrical volume constraint of bearing’s
outer diameter. Effectiveness of the proposed method is demonstrated by optimizing PM
thrust bearing in a given cylindrical volume. Mathematical model with optimized geomet-
rical parameters dealt in the present work helps the designer in developing PM thrust
bearings effectively and efficiently for variety of applications. [DOI: 10.1115/1.4034533]

Introduction

High-speed applications [1–3] demand for optimal design and
selection of bearings for contactless drive, zero maintenance,
higher reliability, lower vibration, and reduced noise levels. Pas-
sive magnetic bearings (PMBs) are the potential devices address-
ing these issues effectively and efficiently. These bearings are
realized by arranging axially and/or radially magnetized PM rings
[4–6]. In the recent past, researchers elaborately discussed force
and stiffness characteristics of PM bearing with one ring pair with
two-dimensional (2D) analytical [7] or 3D semi-analytical [8–11]
equations using Coulombian or Amperian approaches. Yonnet
et al. [12] addressed low stiffness or force associated with PM
bearing with single ring pair by stacking the rings in alternate
oppositions. Further, 2D analytical equations for force and stiff-
ness in stack structured PM bearing configurations with n number
of ring pairs are presented [13,14]. Though, 2D equations are sim-
ple to deal with reduced computational time, they lack precision
[15–17] due to undermining curvature effect. This fact necessi-
tates development of generalized 3D mathematical model in
standard configurations of PM bearing with n number of ring pairs
[18]. The stack structured PM bearings might replace conven-
tional ball bearings or can be used in weight compensated high-
speed applications requiring optimization for maximum force or
stiffness in a given cylindrical volume. Lijesh and Hirani [19]
have presented the optimization of radial axial polarized PMB
with one ring pair for maximum load carrying capacity within
minimum magnet volume. In this, optimization technique is used
for lower stiffness or force with one ring pair. Optimization of
repulsive passive magnetic bearings for maximum radial stiffness
was presented by Moser et al. [20] using 2D FEA. Two-

dimensional mathematical model to optimize the stack structured
noncontact thrust bearing for maximum axial force with minimum
magnet volume is discussed by Yoo et al. [21]. Studies on opti-
mizing the stack structured PM bearings are limited to, either 2D
FEA or mathematical expressions lacking precision as against 3D
mathematical equations.

This work deals with modification and generalization of earlier
presented 3D mathematical model [18] developed for axially,
radially, and perpendicularly magnetized PMB’s with n number
of ring pairs. Mathematical expressions developed in Ref. [18] are
generalized for axially magnetized stack structured PM thrust
bearing and utilized for the optimization for maximum axial force
and stiffness in a given cylindrical volume. MATLAB codes are
developed to solve 3D equations to carry out the optimization for
axial offset, number of ring pairs, air gap, and inner radius of
inner and outer rings. Results from the mathematical model are
compared with FEA and found to be in close agreement. General-
ized method representing the relationship between optimized
design variables and air gap for outer diameter of the bearing is
also presented. Finally, the generalized plots are used to optimize
the PM thrust bearing.

Permanent Magnet Thrust Bearing Configurations

The axially magnetized PM thrust bearing configurations with
one ring pair (Fig. 1(a)) and stack structured configuration
(Fig. 1(b)) in a given cylindrical volume with geometrical dimen-
sions are presented in Fig. 1. The design variables considered for
maximization of axial force and stiffness are axial offset (z), num-
ber of ring pairs (n), inner radius of inner rings (R1), inner radius
of outer rings (R3), and air gap (g). The optimum values of these
design variables at which axial force and stiffness are maximum
are estimated using 3D mathematical model. The dimensions of
PM thrust bearing with an aspect ratio (AR) (L/2R4) of 0.5 are
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selected for the optimization. The parametric values chosen for
optimizing the design variables are listed in Table 1.

Mathematical Model

In our earlier effort [18], generalized 3D mathematical models
were developed to determine the force and stiffness in PM bearing
for three standard configurations with n number ring pairs using
the Colombian model and vector approach. In this work, an effort
has been put in to generalize the mathematical model applicable
to axially magnetized PM thrust bearing with n ring pairs to
express a semi-analytical equation to estimate an axial force
generated by outer rings on the inner one. The derived semi-
analytical expression is utilized to carry out the optimization pro-
cess. The uth PM ring fitted to the rotor and vth ring to stator is
presented in Fig. 2. The rotor ring is unconstrained in x, y, and z
directions with respect to the fixed outer ring. The inner and outer
radii of the all-inner permanent magnet rings are R1 and R2,
respectively. R3 and R4 are inner and outer radii of all-outer rings,
respectively. Axial length of both inner and outer rings is h and
radial thickness of all inner rings is equal to the radial thickness of
all outer rings (R2�R1¼R4�R3). The charged surfaces of rotor
magnet ring are 1, 2 and 3, 4 represents stator magnet surfaces,
respectively.

For PM thrust bearing with n number of axially polarized ring
pairs arranged in opposition and “m” number of discrete surface
elements on surfaces of rotor and stator, the resultant axial force
in XYZ coordinate system is given by

FZ ¼
B2

r

4 p l0

Xn

u¼1

Xn

v¼1

X2

k¼1

X4

l¼3

Xm

p¼1

Xm

q¼1

Spku Sqlv

R3
pkuð Þ qlvð Þ

� RðpkuÞðqlvÞ �1ð Þ kþlð Þ �1ð Þ uþvð Þ
(1)

where the position vector, R(pku)(qlv)¼ (Xqlv�Xpku)iþ
(Yqlv� Ypku)jþ (Zqlv� Zpku)k, Spku—surface area of pth element
located on kth surface of uth rotor ring, Sqlv—surface area of qth
element located on lth surface of vth stator ring. The positions of
the elements on the faces of uth ring pair in terms of the mean

radius of the stator (rms) and rotor (rmr) from the respective centers
are expressed as

Xpku ¼ ðxþ rmr cos bÞ i Xqlv ¼ ðrms cos aÞ i
Ypku ¼ ðyþ rmr sin bÞ j Yqlv ¼ ðrms sin aÞ j
Zpku ¼ ðzþ ðu� 1Þ lÞk Zqlv ¼ ðv lÞ k

(2)

where rmr is the mean radius of pth element located on kth surface
of uth rotor ring from its center “O0” and rms is the mean radius of
qth element located on lth surface of vth stator ring from its center
“O”

rmr ¼ R1þ ðj� 1ÞððR2� R1Þ=N1Þ þ ðR2� R1Þ=ð2N1Þ (3)

rms ¼ R3þ ðj� 1ÞððR4� R3Þ=N1Þ þ ðR4� R3Þ=ð2N1Þ (4)

where N1 is the number of element divisions on the polarized
surfaces of uth rotor and vth stator rings in the radial direction and
j¼ 1, 2, 3, ——–, N1.

The axial stiffness generated in the stack-structured configura-
tion is given by

Kz ¼
dFZ

dZ
¼ 1

2 DZ
FZ Z þ DZð Þ � FZ Z � DZð Þ
� �

(5)

Equations (1) and (5) are coded in MATLAB to optimize the design
variables for maximizing axial force and stiffness in a given cylin-
drical volume.

Optimization

Permanent magnet thrust bearings are designed to function at
maximum axial force or stiffness in a given cylindrical volume.
The design variables governing its functionality are axial offset,
number of ring pairs, inner and outer radii of inner and outer rings,
air gap and axial length of each ring pair. The following steps are
followed in optimizing the design variables:

� Among all variables, R4 and L are fixed due to cylindrical
volume constraint.

Fig. 1 PM thrust bearing configuration in a cylindrical volume with (a) one ring pair and
(b) multiple ring pairs arranged in oppositions (stack-structured configuration)

Table 1 Parametric values of PM thrust bearing

Parameter Value

Inner radius of inner rings, R1 (m) 0.009
Outer radius of inner rings, R2 (m) 0.014
Inner radius of outer rings, R3 (m) 0.015
Outer radius of bearing, R4 (m) 0.02
Air gap, g (m) 0.001
Axial length, L (m) 0.02
Magnetic polarization, Br (T) 1.2
Aspect ratio, AR¼L/2R4 0.5

Fig. 2 Arrangement of uth and vth rings of PM thrust bearing
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� Among others, variables that affect the bearing characteris-
tics to the greater extent are axial offset (z), number of rings
(n), and air gap (g) [18]. The effect of an axial offset is dem-
onstrated by calculating the axial force and stiffness gener-
ated in the selected configuration (Table 1) using developed

equations. The calculations are carried out by varying the
number of ring pairs from one to five with 0.02 m ring axial
length (h). The variations of axial force and stiffness with an
axial offset are plotted in Fig. 3. From Fig. 3, it’s clear that
the force generated is maximum at an axial offset of

Fig. 3 Characteristics of stack structured PM thrust bearings with 1–5 ring pairs:
R1 5 0.009 m, R2 5 0.014 m, R3 5 0.015 m, R4 5 0.02 m, Br 5 1.2 T, and h 5 0.02 m (a) axial force
and (b) axial stiffness

Fig. 4 Optimization of number of ring pairs for maximum (a) axial force and (b) optimiza-
tion of R1 for maximum axial stiffness
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approximately half the ring axial length (0.01 m). Zero axial
offset results in maximum axial stiffness as seen in Fig. 3(b).

� The values of an axial offset at which force and stiffness are
maximum are independent of number of ring pairs [18].

� Based on this optimized axial offset, the values of other
design variables (g, n, R1, and R3) are estimated.

� Air gap (g) is varied from 0.25 to 2 mm in steps of 0.25 mm
to optimize number of ring pairs in the given control volume.

� Optimized value of number of ring pairs (nopt) is determined
by varying the rings in the control volume for different air
gaps.

� R1 is optimized by fixing R3 and nopt for different air gaps

Fig. 5 Variation of optimized values for number of ring pairs with varying air gap in maximum
axial (a) force and (b) stiffness

Table 2 Optimized values for number of ring pairs

Air gap “g” (mm) (n)opt for max. axial force (n)opt for max. axial stiffness

0.25 5 11
0.5 5 9
0.75 4 7
1 4 6
1.25 3 6
1.5 3 5
1.75 3 5
2 3 4

Fig. 6 Variation of optimized values of R1 for different air gap values for maximum axial (a) force and
(b) stiffness

Fig. 7 Variation of optimized values of R3 for different air gap values for maximum axial (a)
force and (b) stiffness

031101-4 / Vol. 139, MAY 2017 Transactions of the ASME

Downloaded From: http://tribology.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jotre9/935809/ on 01/10/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



� R3 is optimized based on the optimized values of z, n, and
R1 for different air gaps.

Figure 4 presents flow chart detailing steps involved in the opti-
mization carried out using MATLAB code. Axial force and stiffness
values for the selected configuration are plotted in Fig. 5 and are
listed in Table 2. The results reveal that the optimum values for
number of ring pairs at maximum force and stiffness decrease
with increase in air gap between outer and inner rings.

The variables, R1 and R3 (Fig. 4(b)) are optimized based on the
earlier optimized axial offset values (zopt), and number of rings
(nopt). Figure 6 shows the variation of optimized values of R1 as a
function of air gap for maximum axial force and stiffness. The
maximal force and stiffness values are not quite affected up to cer-
tain value of R1 (shaft radius). This means that inner permanent

Table 3 Optimized values of geometrical parameters of PM
thrust bearing

Parameters
Optimized values for
maximum axial force

Optimized values for
maximum axial stiffness

z (m) 0.0025 0
n 4 6
R1 (m) 0.004 0.0085
R2 (m) 0.015 0.0155
R3 (m) 0.016 0.0165
R4 (m) 0.02 0.02

Fig. 8 Force and stiffness values of optimized PM thrust bearing configurations with 1 mm
air gap for maximized axial (a) force and (b) stiffness

Fig. 9 Optimized configuration FEA results for (a) inner and outer rings model, (b) maximum
force generated on inner rings, and (c) comparison of optimized results of 3D mathematical
model and 3D FEA results
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magnet rings material does not significantly contribute to axial
force and stiffness values and designer can increase the shaft
radius up to the critical value in the control volume. However, fur-
ther increase in the radius causes abrupt change in the maximal
force and stiffness values. It is observed that, air gap predomi-
nantly depends on R1 at maximum stiffness compared to force.
Optimization of R3 is carried out in similar manner. Once the
number of ring pairs (n) and shaft radius (R1) are optimized for
maximal force and stiffness values, influence of R3 (inner radius
of outer rings) becomes critical. The variations of axial force and
stiffness values with respect to R3 for air gap variations are pre-
sented in Fig. 7. Results show that, force and stiffness values are
maximum at 0.016 and 0.0165 m of R3, respectively, with

Fig. 10 Optimized values of number of ring pairs for different aspect ratios with respect to
maximum axial (a) force and (b) stiffness

Table 4 Independent of aspect ratio

Maximum axial force Maximum axial stiffness

Aspect ratio (AR) (n)opt (n)opt/AR� (n)opt (n)opt/AR�

0.25 2 8 3 12
0.5 4 8 6 12
1 8 8 12 12
1.5 12 8 18 12

Fig. 11 Optimal magnet thickness as a function of air gap for maximum axial (a) force and (b)
stiffness

Fig. 12 Optimum value of inner diameter of inner rings as a function of air gap for maximum
axial (a) force and (b) stiffness
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negligible effect of air gap. The designer should select particular
value of R3 (R3opt) for maximal force and stiffness values. These
maximal values are much dependent on R3opt as compared air gap
(g).

Optimized geometrical parameters for maximum axial force
and stiffness for 1 mm air gap are listed in Table 3. Figure 8
presents the comparison of force and stiffness values of optimized
PM thrust bearing with values of one ring pair having aspect ratio
of 0.5 at 1 mm air gap. Axial force and stiffness estimated in the
optimized configuration is 4.5 (389.38 N) and 7.8 times
(311214.1 N/m), respectively, as against one ring pair in a given
control volume.

Validation of Optimization Results

The results obtained using proposed optimization method are
validated by analysing the optimized PM thrust bearing using 3D
FEA in ANSYS (version 13). For the analysis, N35 grade Neodym-
ium Iron Boron (NdFeB) magnet rings are selected with properties
as Br¼ 1.2 T, coercive force Hc¼ 868 kA/m, and relative perme-
ability lr (Br/l0Hc)¼1.1. The PM thrust bearing configuration is
modeled using 570,970 solid97 elements with 212,196 nodes by
polarizing the rings in alternate opposite directions (Fig. 9(a)).
Solid97 is eight-node 3D magnetic solid element, which is used to
model 3D magnetic fields. Magnetic virtual displacement method
is used to determine the axial force (Fig. 9(b)) exerted by the outer
rings on inner. Variation of axial force with an axial offset for
optimized configuration using mathematical model in comparison
with FEA is plotted in Fig. 9(c). It is observed that the axial force
values obtained using optimization method are in close agreement
(5.7%) with 3D FEA results at their maxima.

Generalization of Optimization Procedure

Optimization of number of ring pairs with respect to maximum

axial force and stiffness with different aspect ratios is carried out

for the geometrical parameters as listed in Table 1. The aspect

ratio of the configuration is varied by selecting different axial

length of the cylindrical volume as 0.01, 0.02, 0.04, and 0.06 m

resulting in the aspect ratios of 0.25, 0.5, 1, and 1.5, respectively.

Figure 10 presents the optimum values of n for maximum axial

force and stiffness for different aspect ratios. It is observed that

ends of the permanent magnet cylinders make constant contribu-

tion to maximal axial force and stiffness values irrespective of

aspect ratios of the bearing (Table 4). This observation is in

accordance with Moser et al. [20] justifying generalizing of opti-

mization procedure adapted in the present work.
Inline to this fact, the optimization procedure of stack struc-

tured PM thrust bearing could be generalized for its direct use in
the industry by establishing the relationship between optimized
design variables and air gap with respect to volume constraint of
bearing outer diameter (D4). The variations of optimal design var-
iables with respect to D4 such as axial ring thickness ((h)opt¼L/
n), inner diameter of inner rings ((D1)opt) and inner diameter of
outer rings ((D3)opt) with air gap for maximum axial force and
stiffness are presented in Figs. 11–13. Further, the optimum values
of D3/D4 for different values of g/D4 for maximum axial force
and stiffness are shown in Fig. 14.

Following are the observations made from the generalized plots
for the selected range of air gap (0.25–2 mm),

� Optimal value of ring axial thickness increases with air gap
with respect to force and stiffness maximizations (Fig. 11).

Fig. 13 Optimum value of inner diameter of outer rings as a function of air gap for maximum axial (a)
force and (b) stiffness

Fig. 14 Variations of optimum value of inner diameter of outer rings for different values of air
gap maximum axial (a) force and (b) stiffness
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� Inner diameter of inner rings (shaft diameter) optimal value
decreases with increase in the air gap with respect to force
and stiffness maximizations (Fig. 12).

� Optimal value of inner diameter of outer rings is almost con-
stant for the selected range of air gap with respect force max-
imization whereas shows declining trend between 0.725 and
1 mm for stiffness maxima.

Herewith, guidelines are proposed for using the plots (Figs.
11–13) for optimizing design variables in PM thrust bearing is
demonstrated for readers/users:

Permanent magnet thrust bearing with outer dimensions should
be lower than L¼ 0.06 m and D4¼ 0.06 m. The following calcula-
tion steps result in an optimized configuration of PM thrust bear-
ing with respect to maximized axial force and stiffness.

(1) The outer diameter of bearing, D4¼ 0.06 m.
(2) g¼ 0.0015 m and g/D4¼ 0.025.
(3) Based on g/D4¼ 0.025, the optimum values of the design

variables for configurations with maximum axial force and
stiffness are presented in Table 5.

(4) The maximized values of force and stiffness in optimized
stack structured PM thrust bearing along with the results of
single ring pair in the given control volume are shown in
Fig. 15. It is observed that axial force and stiffness gener-
ated in the optimized configuration are 8.6 (1794.6 N) and
15.4 (956039.2 N/m) times the results of single ring pair
configuration.

Conclusions

Three-dimensional expression for axial force and MATLAB codes
are developed to carry out the optimization of stack structured PM
thrust bearing for maximum axial force and stiffness in a given
cylindrical volume. The results of the optimized configuration are
in close agreement with the results of 3D FEA. There is significant
increase in the axial force (4.5 and 8.6 times for bearings with AR
equal to 0.5 and 1) and stiffness (7.8 and 15.4 times for bearings
with AR equal to 0.5 and 1) in the optimized configurations com-
pared to one ring pair. Designer can use either 3D equations or
generalized plots directly for optimizing the PM thrust bearing of
any geometry. Generalized optimization procedure representing

the variation of optimized design variables with respect to air gap
is useful for the optimization of PM thrust bearing in a given
cylindrical volume which comes handy for industrial practices.
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Nomenclature

Br ¼ component of the magnetization residual magnetism
induction density vector J, T

Fz ¼ axial force, N
Hc ¼ coercive force, A/m
Kz ¼ axial stiffness, N/m
lr ¼ relative permeability
l0 ¼ absolute magnetic permeability, H/m
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