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Abstract Using our new idea of restricted convergence domains, a robust convergence the-
orem for inexact Newton’s method is presented to find a solution of nonlinear inclusion
problems in Banach space. Using this technique, we obtain tighter majorizing functions.
Consequently, we get a larger convergence domain and tighter error bounds on the distances
involved. Moreover, we obtain an at least as precise information on the location of the solu-
tion than in earlier studies. Furthermore, a numerical example is presented to show that our
results apply to solve problems in cases earlier studies cannot.
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domains - Semi-local convergence
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Introduction

Let X and Y are Banach spaces, X is reflexive, D € X an open set and C C Y a nonempty
closed convex cone. We consider the inexact Newton’s method considered for solving the
nonlinear inclusion problem
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F(x) € C, ey

where F' : D — Y is a nonlinear continuously differentiable function. Importance of the
nonlinear inclusion problems of the form (1) can be found in [1,3,6-8,13—-15] and [16]. To
solve (1), the following Newton-type iterative method was proposed in [17]:

Xept =3 i, dy € agmin(|d]] - Fo) + F'ayd € €, k=01 (@)

In general, the above algorithm may fail to converge and may even fail to be well defined.
Hence Robinson [17], made the following two assumptions to ensure that the method is well
defined and converges to a solution of the nonlinear inclusion:

H1. There exists xo € X such that rgeTy, = Y, where T, : X = Y is the convex
process given by Ty,d := F'(x0)dC, d € X, and rgeTy, = {y € Y : y €
Ty, (x) for some € X}, see [8] for additional details.

H2. F’is Lipschitz continuous with modulo L, i.e., || F'(x) — F'(y)|| < L|lx — y||, for
allx,y € X.

Under these assumptions, it was proved in [17], that the sequence {x;} generated by (2) is
well defined and converges to x, satisfying F (x,) € C, provided that the convergent criterion

lx1 — xo] < m is satisfied. Further the results in [17] are extended in [12].
X0

The inexact Newton’s method for solving nonlinear inclusion is defined by

Xpr1 = Xk +di, dy € arggéi)r(l{lldll : F(x) + F'(xp)d + 1 € CY, 3)
max || T, wll < 01Ty [—F (x)]ll )
we{—rg,r}
fork =0,1,...,0 <6 < 1is a fixed suitable tolerance, and

To'0)i={deX:F(x)d—yeC}, yeY,

where x is the initial point, {r¢} is the residual sequence in C chosen so that conditions (3)
and (4) are satisfied. Moreover, w € {—r, r¢} means that w is one of these values (see also
[14] and the conditions of Theorem 1). Notice that (1) is a particular case of the following
generalized equation

F(x)+T(x) >0, )

when C(x) = C and C : X = Y is a set valued mapping. In [9] (see also [2]), the following
Newton-type method was considered for solving (5):

(F (x) + F ) (g1 — x) + Cekg1) N R, xir) # 0, k=0,1,...,  (6)

where R : X x X = Y is a sequence of set-value mappings with closed graphs. Note that,
in the case, when C(x) =0, 6 = n; and

Ry (Xke, Xk+1) = By F () (0)-

As in the particular case C(x) = C, the iteration (6) has (3) and (4) as a minimal norm affine
invariant version.

In the present paper using our new idea of restricted convergence domains we extended
the applicability of the results in [14]. That is we find a more precise location, where the
iterates are located than in [14]. This way the majorant functions are tighter leading to the
advantages as already stated in the abstract of this study. These advantages are obtained
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under the same computational cost, since the new majorant functions are special cases of the
majorant functions used in [14].

The organization of the paper is as follows. In “Preliminaries” section, we give the pre-
liminaries and in “Semilocal Convergence” section, we establish the semi-local convergence
of inexact Newton’s method. In “Numerical Examples” section, the advantages of the new
approach are justified with a numerical example.

Preliminaries

Let U(w, &), U(w, &), be the open and closed balls in X, respectively, with center w € X
and of radius £ > 0. A set valued mapping 7 : X = Y is called sublinear or convex process
when its graph is a convex cone, i.e.,0 € T(0), T(Ax) =AT(x), A>0, T(x+x)2
T(x)+ T(x'), x,x" € X, [8,18] and [19]. The domain and range of a sublinear mapping T
are defined, respectively, by domT :={d € X : Td # W} and rgeT :={y €Y :y e T(x)}
for some x € X. The norm [8] of a sublinear mapping 7 is defined by ||T|| := sup{||7d]|| :
d € domT, ||d| < 1}where | Td| :=inf{||v] : v € Td}for Td # . We use the convention
ITd|| = 4+ooforTd =@, Td+ @ =Wforalld ¢ X.LetS, T: X =YandU :Y = Z
be sublinear mappings. The scalar multiplication, addition and composition of sublinear
mappings are sublinear mappings defined, respectively, by (@ S)(x) 1= aS(x), (S+T)(x) :=
SX)+T(x),andUT (x) : U{U(y) : y € T(x)}, forall x € X and o > 0 and the following
norm properties there hold [|aS|| = [«|[|SI, IS+ T < ISI+ 1T and |[UT|| < ||UIIT]-

The linear map F(x) : X — Y denotes the Fréchet derivative of F : D — Y atx € D.
Let C C Y be a nonempty closed convex cone, z € D and Tz : X = Y a mapping defined
as

T.d := F'(z)d — C. (7

It is known that the mappings 7, and TZ_1 are sublinear with closed graph, domT, =
X, |IT;|| < 400 and, moreover, rgeT, = Y if and only if 1T~ < +oo (see [8]). Note
that 7, 'y :={d e X : F/(z)d —y € C},ze D,y € Y.

Lemma 1 (c.f., [8]) There holds Tz’lF’(v)Tv’lw - Tz’lw,for allv,ze D, weY. Asa
consequence, | T, ' [F'(y) = F')]| < 1T, F' )T, [F/(y) — F'(0)]]l.

Semilocal Convergence

The semilocal convergence of the inexact Newton’s method is based on the hypotheses (H):
Let X, Y be Banach spaces, X reflexive, D € X an open set, F : D — Y a continuously
Fréchet differentiable function.

(ho) The function F satisfies the Robinson’s Condition at xg € D if rge Txo = Y, where
Txo : X = Y is a sublinear mapping as defined in (7).

(h1) Let R > 0 be a scalar constant. There exist continuously differentiable majorant
functions fy, f : [0, R) — R ata point xo € D for F such that

1T TF (v) = F' o)l < fo(lly = xoll) — £5(0) (3)
for all y € B(xg, R) and for each x, y € Dy = D N U(xg, R)
T " LF'(p) = F' 1 < £/(lx = xoll + lly — xI) = £/(llx — xolD. )
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(h2) fo0) > 0, f3(0) = =1, £(0) > 0, f'(0) = —1, fo(t) < (1), f§(t) < f'(2) for
t e (0, R).

(h3) fyand f’are convex and strictly increasing.

(hg) f(t) =0 forsomer € (0, R).

(hs) U(xo, 1) < D.
We also need the following condition on the majorant condition f which will be
considered to hold only when explicitly stated.

(he) f(t) <Ofort e (0, R).

Note that the condition /¢ implies the condition /4. The sequence {z;} generated by inexact
Newton’s method for solving the inclusion F(x) € C with starting point zo and residual
relative error tolerance 6 is defined by:
k1 = 2k + di,
dic € argmin{id|| : F(zx) + F'(zi)d + 1 € C},
(S

max | IT M < 01T [-F@olll}, k=0.1,...
k

we{—rg,r,
Next we state the main result under the (H) hypotheses.
Theorem 1 Suppose that (H) hypotheses hold. Let C C Y a nonempty closed convex cone
and R > 0. Suppose that xo € D, satisfies ||Tx31[—F(x0)]|| < f(0). Let B := sup{— f(¢) :
— —(f(D+2p)
t €[0,R)}. Take 0 < p < B/2 and~deﬁne the constants Kk, 1= supp<~t<R @) Ap 1=
sup{t € [p, R) 1k, + f'(t) < 0},6, := zf“’{p. Then for any 0 € [0, 0,] and zo € B(xo, p),
the sequence {z1}, is well defined, for any particular choice of each dy, || TZEI [—F @zl <
k

#) [f(0)+2p], {zx} is contained in B(zq, A,) and converges to a point x4 € B[xq, A,]
such that F (x,) € C. Moreover, if
(h7) Ap < r—p,
then the sequence {z;} satisfies, fork =0,1,2, ...,

lzk — zk+1ll < eucllzke — zk—1ll < Brllzk — zk—1l (10)
D™ f'(x
where i = on(f', f). and ap = ex(fy. f) = PEGISERREEE D Iz — el +
2|J;4f(6)\0\i;)p|)]' If, additionally, 0 < 6 < [—2(k, + 1).|.\/4(Kp + 12+ Ky (4 + kp)1/[44k,]
Jo(*p

then {zi} converges Q-linearly as follows limy_, oo sup % < %[# + i—e], k =
* &, P
0,1,....

Remark 1 (a) Theintroduction of the center-Lipschitz-type majorant condition (8) (i.e, func-
tion fy) leads to the introduction of restricted Lipschitz-type majorant condition (9). This
introduction was not possible before [14], since only the condition

175 TF () = F'elll < f1lx = xoll + Ily = xI) — £{(llx = xol) an

for each x, y € D was used instead of (9). Notice, that

fo) < () 12)

and

' < fi® (13)
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hold foreacht € [0, R) since Dy C D.If fi(t) = f'(t) = f{(¢) foreachr € [0, R), then
our results reduce to the corresponding ones in [14]. Otherwise (i.e, if strict inequality
holds in (12) or (13)) then, we obtain advantages as already stated in the abstract of this
study. Indeed notice that by (10), (12) and (13) ax < Br < yx where yx = a(fl/, fl’). Let
 be the smallest zero of function f; on (0, R). We can assume without loss of generality
that f(¢) < fi1(¢). Then, we have f(7) < fi(f) = 0and f(0) > Osof < . It is also
worth noticing that these advantages are obtained under the same computational cost as
in [14], since in pratice the computation of the function f| requires the computation of
functions fp and f as special cases (see also the numerical examples).

(b) If f'(r) < f(;(t) and f(t) < fo(t), then the results obtained here hold with fj replacing
f

(c) Clearly, our results improve the specializations of Theorem 1, [10,12], if we take 6 = 0
or O = 0, respectively.

Next we present some auxillary results needed for the proof of Theorem 1. First, we need
a Banach-type perturbation result.

Lemma 2 Let S = sup{t € [0, R) : f'(t) < 0} and suppose x € U(xq,1),t € (0, S). Then
the folowing hold:

dom[T'F'(xo)) = X, rgeT, =7,

1T F (xo)|| < o and | T 'F/ (o)l <2+ f{@).

1
Tho =770
Proof Use the needed (8) instead of the less precise (11) employed in ([10], Prop.12), (12)
and (13). ]

Remark 2 If fj(t) = f'(t) = f|(t), we obtain the corresponding results in [14]. Otherwise,
. . 1 1 1

our results are tighter, since BF0) S—7m = “Fo-

Proof of Theorem 1 Simply notice that the iterates z; lie in Dy which is a more accurate

location than D used in [14]. Then, employ the proof of Theorem 2 in [14] but use f or f(;

instead of f; and Lemma 2 in places, where the old Lemma was used. O

Numerical Examples

Remark 3 Although the advantages of our approach have already been shown in general,
we specialize operator F in such a way that fp, f, f1 can be defined and satisfy (h7), (12)
and (13) as strict inequalities, so that the advantages will hold, when Ty, = F'(xp). Sup-
pose that Lipschitz conditions hold: || F'(xo) ™ (F'(x) — F'(xo))|| < Lollx — xoll, x € D,
IF (o)™ (F'(x) = F'O)Il < Llix = yll, x.y € Do, IIF o) (F'(x) = F'O)I <
Li|lx — y|l, x,y € D and define functions

0.2

L
Jo®) = 71‘ —t+Db,
L2
f@) = Et —t+b,

Ly,
fit) = 7t —t+b.
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Let

81 : =1 —+/2bL1)/(1 ++/2bLy)

and
8:=(1—+~2bL)/(1 ++/2DL).

Then the range for 6 given in [14] is defined by 0 < 6 < §;. However, inourcase 0 <6 < §
which is a better interval, if L < L.

Example 1 Let us consider the example on X = Y = R, D = U(xo,1 — p), p €
(0,1/2), xo = 1 and define function F on D by F(x) = x3 - p. Then, we have that
b= %(l—p), Lo=3—p, L1 =2Q2—p)andL = 2(1+ﬁ).NoticethatLo <L < Ly,
so fo() < f(t) < fi(®).

(a) The results in [12,14,17] cannot be used since 2bL; > 1 for all p € (0, 1/2). Notice
that majorant function f; has no real roots and the range for 6 does not exist even if
6 = 0. However, our results can apply, since 2bL < 1, for all p € [0.461,0.5) and &
is well defined, so we can choose 6 € [0, §]. It is worth noticing, that for 6 = 0, we
have Newton’s method, but if & € (0, 8], we have the inexact Newton method. Hence,
we have shown that our results can be used where as the ones in [12,14,17] cannot be
used in both the Newton’s and inexact Newton’s case.

(b) Let us assume p € (0, 1). Choose in particular p = 0.6. Then both the results in [14]
and our results apply butin [14],0 <6 < §; = 0.073 andinourcase0 <6 < § = 0.07,
so the range for 6 is improved under our approach. Moreover, oy < fr < Y. Hence, the
error bounds are also improved.

Similar advantages are obtained when the majorant functions specialize to the ones given
in Smale’s alpha theory [20] or Wang’s y-theory [21].

Remark 4 1t is worth noticing that inexact Newton methods do not include only Newton’s
method as a special case but also many popular single step methods such as Stirling’s method
or the so called Newton-like methods [1,4,5,8,11,14,19]. Therefore, the applicability of the
technique introduced in this paper by far surpasses Newton’s method. Clearly the benefits
extend also in the case of these methods.
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