
Original Article

Generalized optimization procedure for
rotational magnetized direction
permanent magnet thrust bearing
configuration

Siddappa Iranna Bekinal1 , Mrityunjay Doddamani2,
Mohan Vanarotti1 and Soumendu Jana3

Abstract

Optimization of rotational magnetized direction permanent magnet thrust bearing configuration is carried out using

generalized three-dimensional mathematical model. The bearing features namely axial force and stiffness are maximized

using in-house developed mathematical expressions solved using MATLAB. The design variables selected for the opti-

mization are axial offset, number of ring pairs, air gap and inner radius of inner and outer rings. The maximized axial force

values of the optimized configuration are validated with the finite element analysis results. To overcome the high

computational cost associated with three-dimensional equations, generalized method of optimization is sucessfully

demonstrated using plots representing variation of optimal design variables as a function of air gap with respect to

bearing’s outer diameter. Simple and useful method of using the generalized plots for the process of optimization is

presented by dimension optimization of representative bearing configuration with a particular aspect ratio. The proposed

optimization using mathematical model and generalized approach assists designer in selecting optimized geometrical

parameters of rotational magnetized direction thrust bearing configurations easily for variety of high-speed applications.
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Introduction

Increase in the utilization of permanent magnet (PM)
bearings for both low1–4 and high-speed5–8 applica-
tions drives the researchers for detailed and critical
analysis in design and optimization of bearing char-
acteristics alongside the ease of manufacturing them.
Many authors contributed towards the design in
terms of two-dimensional (2D) analytical equations
for bearing features using dipole9–12 and Amperian
methods.13 Neverthless, curvature effect of rings is
not addressed in their investigations. This necessitates
the development of semi-analytical14–18 models by
incorporating the curvature effect. Lijesh and
Hirani19 modified 2D equations by considering the
influence of the geometrical parameters on force and
stiffness using statistical analysis and presented the
optimization for radial load in a single-layer axially
polarized radial permanent magnet bearing (PMB).
Optimization of axially magnetized stack structured
radial passive magnetic bearing is carried out by the
Moser et al.20 for maximum stiffness in a given

control volume using 2D finite element analysis
(FEA). The PM thrust bearings made of axially polar-
ized multi-rings are optimized for maxiumum stiffness
as well as axial force in Bekinal et al.21 for a given
control volume using 3D equations. Xu et al.,22

Marth et al.,23 Yoo et al.,24 Safaeian and Heydari,25

and Bekinal et al.26 used 2D equations to optimize the
conventional as well as Halbach PMB configurations.
In the recent past, optimization is carried out by
Beneden et al.27 for all topologies of the PM thrust
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bearing using 2D analytical equations for the max-
imum force. Outcome of observations from the exist-
ing literature on optimization of PMB are: (i) 2D
FEA and 2D analytical expressions lack precision
compared to 3D equations in cases where mean
radius is not large enough as compared to the air
gap and the PM thickness are used, and (ii) assump-
tion of equal radial thickness ((R2�R1)¼ (R4�R3)) of
inner and outer rings in the PM bearings resulting in
partial optimization. Complete optimization of the
rotational magnetized direction (RMD) configuration
PM thrust bearings in a given control volume is yet to
be addressed. Pragmatic optimization of axially
stacked radial PMBs for the maximum radial load
using 3D equations is presented in our earlier
work.28 The optimization of different PMB configur-
ations: monolithic, conventional, and RMD is carried
out based on the constraints, constants, and bounds
of the dimensions obtained from published literature.
The optimization of RMD configuration PM thrust
bearing in a given control volume has not been
addressed yet using 3D equations and there is need
for generalizing the optimization procedure. These
facts demand for the use of 3D equations for complete
optimization of RMD configuration PM thrust bear-
ings and generalizing the same in a given control
volume and is dealt in the present work.

Three-dimensional equation for an axial force in
PM bearings made up of n number of ring pairs18 is
generalized and adopted for the optimization process.
The generalized equation is solved in MATLAB to
conduct optimization for selected design variables in
a given control volume. Axial force values of the opti-
mized configuration calculated using proposed 3D
equations are validated with FEA results. Optimized
results are utilized to present the plots establishing the
relationship between optimal design variables and air
gap with respect to bearing outer diameter. Further,
the usage of generalized plots for optimization of the

PM thrust bearing is demonstrated using a suitable
representative example. Finally, optimization results
of conventional and RMD configuraions are com-
pared and conclusions are summarized.

PM thrust bearing configurations

RMD thrust bearing configurations made up of two
and multiple ring pairs are presented in Figure 1(a)
and (b), respectively. The geometrical dimensions of
both the configurations for which the same cylindrical
volume is assumed is depicted in Figure 1. For maxi-
mization of the axial force and stiffness, chosen design
variables are, axial offset (z), number of ring pairs (n),
inner radius of inner rings (R1), inner radius of outer
rings (R3), and air gap (g). The values of these vari-
ables are optimized for maximum values of bearing
features using 3D mathematical model. An aspect
ratio (L/2R4) of 0.5 is selected for both the configur-
ations under investigation. Geometrical dimensions
selected for both the configurations in optimization
are listed in Table 1.

Mathematical model

Three-dimensional equations for force and stiffness in
axially, radially, and RMD stack structured PM bear-
ings with n number of ring pairs are presented in
Bekinal and Jana.18 In RMD configuration, the
total axial force exerted by the outer rings on inner
one is due to the interaction between (i) axial–axial,
(ii) radial–radial, and (iii) axial–radial or radial–axial
polarized rings. The generalized equation for an axial
force is presented in this article. The interaction
between only axial–radial polarized rings is shown
in Figure 2, whereas interaction between axial–axial
and radial–radial polarized rings are presented in
Bekinal et al.5 Figure 2 shows the PM bearing with
uth rotor and vth stator ring. The rotor on which uth

R1

R2

R3

R4

D4

L

Inner ring magnets

Outer ring magnets

g

h=L/2

R1

R2

R3
R4

Inner ring magnets

Outer ring magnets

h

g

L

D4

(a) (b)

Figure 1. Constant control volume RMD thrust bearing configurations with: (a) two and (b) multiple ring pairs (stack structured

configuration).
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ring is mounted is free to move in Cartesian coordin-
ate system with respect to vth stator ring. The length
of both inner and outer rings is h in the axial direc-
tion. The fictitious charged surfaces of rotor and
stator magnets are 1, 2, 3, and 4, respectively.

The resultant axial force generated on the inner
rings in RMD thrust bearing configuration made up
of n number of ring pairs arranged in XYZ coordinate
system is expressed as

FZ ¼
B2
r

4��0

Xn
u¼1

Xn
v¼1

X2
k¼1

X4
l¼3

Xm
p¼1

Xm
q¼1

Spku Sqlv

R3
pkuð Þ qlvð Þ

� Zqlv � Zpku

� �
�1ð Þ kþlð Þ

�1ð Þ að Þ

ð1Þ

where m is the number of discrete elements on stator
and rotor, Spku is the surface area of pth element
located on kth surface of uth rotor ring, Sqlv is the
surface area of qth element located on lth surface of

vth stator ring. The positions of the elements on the
faces of rotor and stator are expressed as follows.

For odd values of u and v

Xpku ¼ xþ rmr cos�ð Þ i Xqlv ¼ rms cos�ð Þ i

Ypku ¼ yþ rmr sin �ð Þ j Yqlv ¼ rms sin�ð Þ j

Zpku ¼ zþ u� 1ð Þ lð Þk Zqlv ¼ v lð Þ k
ð2Þ

For even values of u and v

Xpku ¼ xþ R2 cos�ð Þ i Xqlv ¼ R4 cos�ð Þ i

Ypku ¼ yþ R2 sin �ð Þj Yqlv ¼ R4 sin �ð Þ j

Zpku ¼ zþ lmð Þ k Zqlv ¼ lmð Þ k

lm ¼ l g� 1ð Þ þ j� 1ð Þ l
N1
þ l

2N1

ð3Þ

where g¼ u or v, and u¼ 1, 2, 3,. . .,n, v¼ 1, 2, 3,. . .n,
N1 is the number of element divisions on the polarized
surfaces of rings and j¼ 1, 2, 3,. . .,N1.

The expression for a in equation (1) is calculated
based on the following combination:

If u is even and odd and (uþ v) is even

a ¼
uþ vð Þ

2
� u

� �
ð4Þ

If u is even and (uþ v) is odd

a ¼
uþ vþ 1ð Þ

2
� u

� �
ð5Þ

If u is odd and (uþ v) is odd

a ¼
uþ v� 1ð Þ

2
� u

� �
ð6Þ
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Figure 2. PM thrust bearing with stator and rotor rings: o – stator ring magnet center, o0 – rotor ring magnet center, e – eccentricity

of rotor center from stator center in meter, � – inclination of line joining the element on the stator surface and center o with the

horizontal, and � – inclination of line joining the element on the rotor surface and center o with the horizontal.

Table 1. Geometrical dimensions of the PM

thrust bearing.

Paramater Value

Inner radius of inner rings, R1 (m) 0.009

Inner radius of inner rings, R2 (m) 0.014

Inner radius of outer rings, R3 (m) 0.015

Outer radius of bearing, R4 (m) 0.02

Air gap, g (m) 0.001

Axial length, L (m) 0.02

Magnetic polarization, Br (T) 1.2

Aspect ratio, AR¼ L/2R4 0.5

Bekinal et al. 2565



The axial stiffness of the stack structured PMB is
given by

Kz ¼ �
dFZ

dZ
¼ �

1

2�Z
FZ Zþ�Zð Þ � FZ Z��Zð Þ½ �

ð7Þ

Equations (1) and (7) are solved in MATLAB to
carry out the optimization.

Optimization

To maximize the characteristics of the PM thrust
bearings, optimization of several relevant design vari-
ables such as axial offset, number of ring pairs, inner
and outer radii of inner and outer rings, air gap
and axial length of each ring pair selected for the
given cylindrical volume is necessary. Optimization
is carried out by considering two different cases of
single-objective functions: (i) maximizing force and
(ii) maximizing stiffness in a given control volume.
The objective functions, constraints, constants, and
bounds are written in the following format.

Objective function: Maximize either an axial force
or axial stiffness i.e. (Fz)max or (Kz)max

Constraint:

n � h ¼ L

where n is the number of ring pairs, h is the axial
length of each ring pair, and axial length of a bearing
(L) can be fixed by choosing the aspect ratio and outer
diameter (D4).

Constants: Br¼1.2 T

D4 ¼ 40mm, L ¼ 20mm are fixed for

an aspect ratio L=D4ð Þ of 0:5

Bounds: [D1, D2, D3, z]

04D1424mm

4 4D3438mm

D2 ¼ D3 � 2g

0:254g42mm in steps of 0:25

� hþ 2ð Þ4z40mm

The steps followed in the optimization process are
as given below.

STEP 1: Variables R4 and L are fixed to define
constant cylindrical volume.

STEP 2: Variables axial offset (z), number of ring
pairs (n), and air gap (g) are considered to be the most
imporatant one among others due to their greater
effect on bearing characteristics.21 To understand the
effetct of an axial offset, the axial force and stiffness
are calculated for the selected configuration (Table 1)
using developed 3D equations by increasing the
number of ring pairs. Maximum force is generated
at an axial offset of z¼�h (approximately) and h
value depends upon the number of rings in the control
volume. The axial stiffness is maximum at zero axial
offset for all number of ring pairs. The axial offset
value at which stiffness is maximum is independent
of number of ring pairs.

STEP 3: For each air gap (0.25 to 2mm insteps of
0.25mm), the optimized value of the number of ring
pairs (nopt) is determined by varying the rings on the
rotor and stator in the control volume.

STEP 4: Optimized values of R1 are determined by
fixing R3 and nopt for all values of air gaps.

STEP 5: R3 is optimized by knowing the optimized
values of z, n, and R1 for different air gaps.

For the selected configuration, estimated axial
force and stiffness values for different air gaps are
presented in Figure 3 and are listed in Table 2.
The optimization results show that the optimum
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Figure 3. Optimum number of ring pairs for different air gaps at maximized values of: (a) axial force and (b) stiffness.
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values of the number for ring pairs increase with the
decrease in the air gap.

Based on the optimized values of axial offset (zopt)
and the number of ring pairs (nopt) in the previous

step, variables R1 and R3 are optimized. Optimized
values of R1 are plotted in Figure 4 with respect to
air gap for maximum axial force and stiffness. Both
maximal force and stiffness values increase with R1

(shaft radius) up to a certain value and reaches their
peak followed by abrupt decrease with further
increase in the shaft radius. Lower influence of air
gap on R1 is noticed for both maximum stiffness
and force. Results of Figure 4 depict approximate
values of R1 at which maximum force and stiffness
are 0.006 and 0.009m, respectively. Procedure
adopted for the optimization of R3 is similar to that
of R1. The axial force and stiffness values are graphed
in Figure 5 with respect to R3 for different air gap
values. Results reveal that the optimized values of
R3 are 0.016 and 0.0165m respectively with negligible
effect of air gap.

Optimized values of design variables calculated for
1mm air gap in the selected configuration are listed in
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Figure 4. Optimum values of R1 for different air gaps for maximized: (a) axial force and (b) stiffness values.
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Table 2. Optimum number of ring pairs for different air gaps.

Air gap

g (mm)

(n)opt for max.

axial force

(n)opt for max.

axial stiffness

0.25 10 24

0.5 8 20

0.75 8 14

1 8 12

1.25 6 11

1.5 6 10

1.75 6 9

2 6 9
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Table 3. Maximized force and stiffness values of opti-
mized bearing along with values of two ring pairs for
aspect ratio of 0.5 at 1mm air gap are shown in
Figure 6. The calculated maximum values of axial
force and stiffness in the optimized configuration are
2.75 (771.49N) and 6.29 times (588,737.2N/m)
respectively as compared to the two ring pairs on
the bearing in a given control volume.

Validation of maximized values of an
axial force

The selected RMD thrust bearing configuration with
optimized geometrical dimensions (Table 3) is mod-
eled and analyzed using 3D FEA in ANSYS V13.
Neodymium iron boron (NdFeB) magnet rings (N35
grade) are selected on stator and rotor with magnetic
properties as Br¼ 1.2 T, Hc¼ 868 kA/m, and mr (Br/
m0Hc)¼ 1.1. The ring pairs in bearing configuration
are modeled using 471,252 solid97 elements having
142,463 nodes by polarizing them in axial and radial
directions (Figure 7(a)). The axial force (Figure 7(b))

acting on inner by outer rings is determined using
magnetic virtual displacement method. Results of
FEA along with mathematical model values for the
optimized configurations are presented in Figure 7(c).
Good agreement (10.75%) between optimization and
FEA results is observed as depicted in Figure 7(c).

Generalization of optimization
procedure

Optimization of RMD thrust bearing configuration is
carried out for an aspect ratio of 0.5. In this section,
an attempt has been made to obtain generalized plots
representing optimized values in terms of bearings’
outer diameter with respect to an air gap. The
obtained generalized plots can be used for selecting
the optimized parameters of the PM thrust bearing
of any aspect ratio. In addition, it is shown that the
ends of the permanent magnet cylinders make con-
stant contribution to the maximal axial force and stiff-
ness values irrespective of the aspect ratios of the
bearing in Moser et al.20 and Bekinal et al.21

This section describes the procedure to assist
designers for sizing rings of PM thrust bearing.
Sizing is done in a control volume for PMB with a
maximal axial force (zero stiffness) or a maximal axial
stiffness (zero force). The designer has to select the
parameters: external diameter of outer rings (D4),
the air gap (g), and the aspect ratio (AR) to compute
the optimum number of rings (nopt), optimum values
of D1 and D3. Value of D2 is to be estimated based on
the values of air gap and D3. This method is useful for
all the values of aspect ratio and D4 for an air gap
range of 0.25–2mm.

The relationship between the optimized parameters
and the ratio of air gap to outer diameter (g/D4) is
used to present the generalized optimization
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Figure 6. Maximized values of optimized bearing configuration along with results of configuration with two ring pairs: (a) axial force

and (b) stiffness.

Table 3. Optimum values of design variables in RMD config-

uration PM thrust bearing.

Parameters

Optimized values

for maximum

axial force

Optimized values

for maximum

axial stiffness

z (m) 0.0025 0

n 8 12

R1 (m) 0.006 0.009

R2 (m) 0.015 0.0155

R3 (m) 0.016 0.0165

R4 (m) 0.02 0.02
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procedure for PM thrust bearings. The generalized
procedure can be used directly in the industry by the
designers to select the optimum dimensions of multi-
rings thrust bearing for generating the optimum bear-
ing features. The plots representing ((h)opt¼L/n)/D4

vs. g/D4, ((D1)opt/D4) vs. g/D4 and (D3)opt/D4 vs. g/D4

are presented in Figures 8 to 10. In addition, the opti-
mum values of D3/D4 for different values of g/D4 for
optimum features are shown in Figure 11.

Based on the results of the relationship between the
generalized variables, the following observations are
noted for air gap ranging from 0.25 to 2mm.

. For maximum force and stiffness, increase in the
air gap increases the optimum value of the ring
axial thickness (Figure 8).

. The optimum value of the inner diameter of rotor
rings ((D1)opt) is constant for a certain value of air
gap and then decreases abruptly with the increase
in the air gap for both force and stiffness maximiza-
tions (Figure 9). Optimum value of shaft diameter
decreases with the increase in the air gap.

. The optimum value of the inner diameter of stator
rings is almost constant in both force and stiffness
maximizations, which indicates that the influence
of air gap on the optimum value of the inner diam-
eter of stator rings is zero (Figure 10).

The procedure of referring to the generalized plots
(Figures 8–10) for determining the optimum design
variables in the PM thrust bearing is given below
for designers reference. For RMD configuration, the
PM thrust bearing has an aspect ratio of 0.75 i.e.
L¼ 0.0375m, g¼ 1mm, and D4¼ 0.05m, and the
steps to be followed to calculate the optimized
values of dimensions are:

1. The outer diameter of the bearing, D4¼ 0.05m.
2. g¼ 0.001m and g/D4¼ 0.02.
3. For g/D4¼ 0.02, the optimum values of the design

varaiables for selected configuration for the max-
imum bearing characteristics are presented in
Table 4.

(a) (b)

Figure 9. Optimized inner diameter of inner ring values as a function of air gap for the maximized values of: (a) axial force and (b)

stiffness.

(a) (b)

Figure 10. Optimized inner diameter of outer ring values vs. air gap for the maximized values of: (a) axial force and (b) stiffness.
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4. The maximized values of bearing characteristics in
the optimized PM thrust bearing along with the
results of two ring pairs in the selected control
volume are presented in Figure 12. Results show
that the axial force and stiffness generated in the
optimized configuration is 7.6 (2151.86N) and
15.34 (1,436,864.08N/m) times the two ring pairs
configuration results, respectively.

Comparison of the optimized results

Comparison of the results of the RMD configuration
with the results of the conventional one as presented
in Bekinal et al.,21 optimized in the control volume
with an aspect ratio of 0.5 is presented herewith.
The results of comparison are provided in Table 5.
It is observed that the maximized values of the axial
force and stiffness in the RMD configuration are 1.98

(a) (b)

Figure 11. Optimized inner diameter of outer rings values as a function of air gap for maximized values of: (a) axial force and (b)

stiffness.
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Figure 12. Optimized PM thrust bearing configuration results for: (a) axial force vs. axial offset and (b) axial stiffness vs. axial offset.

Table 4. The optimum values of the design variables.

RMD configuration thrust

bearing for maximum axial force

RMD configuration thrust bearing

for maximum axial stiffness

Figure 8(a) (h)opt/D4¼ 0.0625 !

(h)opt¼ 0.003125 m, ! i.e. n¼ 12

Figure 8(b) (h)opt/D4¼ 0.0375 !

(h)opt¼ 0.001875 m !i.e. n¼ 20

Figure 9(a) (D1)opt/D4¼ 0.3 !(D1)opt¼ 0.015 m Figure 9(b) (D1)opt/D4¼ 0.45 ! (D1)opt¼ 0.0225 m

Figure 10(a) (D3)opt/D4¼ 0.8 ! (D3)opt¼ 0.04 m Figure 10(b) (D3)opt/D4¼ 0.825 !(D3)opt¼ 0.04125 m
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(771.49N) and 1.89 (588737.2N/m) times that of the
conventional one, respectively. The optimum number
of rings at which force and stiffness are maximum in
RMD is twice as compared to the conventional con-
figuration. The volumes of magnet required to gener-
ate maximized force and stiffness in RMD are 0.94
(20,920 mm3) and 0.97 (18,030 mm3) times that of
the conventional configuration in the control volume
for an aspect ratio of 0.5.

Conlusions

MATLAB codes are developed to solve the general-
ized 3D equations of the axial force in RMD thrust
bearing configuraion made up of n number of ring
pairs for optimization in a given cylindical volume.
Axial force values of the optimized configuration
computed using proposed 3D equations are validated
with the FEA results. The use of generalized plots
for the optimization are very handy and useful as
compared to 3D equations in optimizing the PM
thrust bearing of any geometry. Such an approach
shall pave away useful guidelines for industrial prac-
tices in adopting the proposed methodology with
much ease.
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