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1 Introduction

Let E be a real Banach space with its dual space denoted by E∗. The norm of E and
E∗ are represented by ‖ · ‖. We also write 〈u, j〉 instead of j (u) for j ∈ E∗ and
u ∈ E . In this paper we discuss the problem of approximately solving the non linear
ill-posed equation

F(u) = f, f ∈ E, (1.1)

where F : D(F) ⊆ E → E is anm-accretive, Fréchet differentiable and single valued
nonlinear mapping. The Fréchet derivative of F at u is denoted by F ′(u). Note that F
is an m-accretive and single valued in E means, F has the following properties [8,22]

1. 〈F(u) − F(v), J (u − v)〉 ≥ 0, where J is the dual mapping on E .
2. R(F + λI ) = E for each λ > 0 where R(F) and I denote the range of F and the

identity mapping on E, respectively.

Therefore, if F ism-accretive, then for any fixed f ∈ E and for all α > 0 the equation

F(u) + α(u − u0) = f (1.2)

has a unique solution uα [1–7,22] where u0 is the initial guess of the exact solution û
(which is assumed to exist) for (1.1). But in practice, one has to deal with noisy data
f δ instead of f with,

‖ f δ − f ‖≤ δ −→ 0. (1.3)

So (1.2) must be changed to a practical form given by,

F(u) + α(u − u0) = f δ. (1.4)

The above equation has a unique solution uδ
α as F is m-accretive in E. This unique

solution uδ
α is called the Lavrentiev regularized solution [9,10,15,18,20,21] of (1.1).

In earlier studies such as [2,5,6,8,22,23], the order of convergence for ‖uδ
α − û‖

is obtained under the assumption

u0 − û = F ′(û)z, (1.5)

for some z ∈ E . In this study we consider the Hölder type source condition

u0 − û = F ′(u0)νz 0 < ν ≤ 1, (1.6)

where z ∈ E and obtain an error estimate for ‖uδ
α − û‖ in a Banach space setting.

Since F is nonlinear, most of the solution methods for (1.4) are iterative. In this study
we look at the iterative method considered in Xiao and Yin [16] for approximating
solution û of the equation F(u) = 0, where F : Rn → R

n, is properly modified to
approximate uδ

α. In [17], Xiao and Yin considered the method defined iteratively for
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k = 0, 1, 2, . . . by

vk = uk − aF ′ (uk)−1 F (uk)

wk = uk − 1

2

{(
1

a
F ′ (vk) +

(
1 − 1

a

)
F ′ (uk)

)−1

+ F ′ (uk)−1

}
F (uk) ,

uk+1 = wk −
{
1

a
F ′ (vk) +

(
1 − 1

a

)
F ′ (uk)

}−1

F (wk) .

In [17], Xiao and Yin proved that the method defined above is well defined and
converges cubically to û.

Recall that a sequence uk in E with lim uk = û is said to be cubically convergent
to û, if there exists positive reals C and γ such that for all k ∈ N

‖ uk − û ‖≤ Ce−γ 3k . (1.7)

For a detailed discussion of convergence rates, see [11,13].
Wemodified the above method of Xiao and Yin [17] to solve the ill-posed Eq. (1.1).

Precisely, we consider the iteration defined for each k = 0, 1, 2, . . . by

vk = uk − aR′
α (uk)

−1 Rα (uk) , (1.8)

wk = uk − 1

2

{(
1

a
R′

α (vk) +
(
1 − 1

a

)
R′

α (uk)

)−1

+ R′
α (uk)

−1

}
Rα (uk) ,

(1.9)

uk+1 = wk −
{
1

a
R′

α (vk) +
(
1 − 1

a

)
R′

α (uk)

}−1

Rα (wk) , (1.10)

where,

Rα(u) := F(u) + α(u − u0) − f δ, (1.11)

R′
α(.)h := F ′(.)h + αh, (1.12)

where α > 0 is the regularization parameter and the scalar parameter a will be defined
later.

In this study we use assumptions only on the first Fréchet derivative of F to obtain
the error estimate for ‖uk − û‖ under the general source condition (1.6) for 0 < ν ≤ 1.
The advantage of the source condition (1.6) is that it depends on the known u0.

The rest of the paper is organized as follows. The convergence analysis of the
iterative scheme is given in Sect. 2. Error estimate using Hölder-type source condition
is given in Sect. 3. In Sect. 4 we present an algorithm for implementing the adaptive
rule. Section 5 contains a numerical example. The paper ends with a conclusion given
in Sect. 6.
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438 C. D. Sreedeep et al.

2 Iterative method and convergence analysis

In order for us to present the convergence analysis, it is convenient to introduce some
notations. Let,

ek = uk − uδ
α, (2.1)

êk = vk − uδ
α, (2.2)

ēk = wk − uδ
α. (2.3)

Let r = ‖û − u0‖ and r0 ≤ 2r + 1. Next, we define some scalar parameters: For

0 < k0 <
√
17−3
4 , let

R̂ = 1

1 − k0r0
, Ck0,a = |1 − a| + ak0 + ak0 (1 + k0) R̂,

C = k0[Ck0,a + |1 − a|]
a

, R̄ = 1

1 − Cr0
,

C̃ = k0 + (1 + k0)

(
R̄C

2
+ R̂k0

2

)
and

� = C̃C R̄
(
1 + k0C̃

)
+ k0C̃

2.

The preceding constants depend on k0, r0 and a.We shall replace them with constants

depending on k0 and a which constitute part of the initial data. Choose r0 ∈
(
0, 1

2k0

)
.

Then, R̂ ≤ R̂1 := 2. Define

Ck0,a
1 = |1 − a| + ak0 + 2ak0(1 + k0),

C1 = k0[Ck0,a
1 + |1 − a|]

a

and

R̃1 = 1

1 − C1r0
.

Then, we have
Ck0,a ≤ Ck0,a

1 and C ≤ C1. Choose r0 ∈
(
0,min

{
1
2k0

, 1
2C1

})
. Then, we have

R̄ ≤ R̃1 ≤ R̂1 = 2.

Moreover, define C̃1 = k0 + (1+ k0)(C1 + k0) and �1 = 2C̃1C1(1+ k0C̃1) + k0C̃2
1 .

Then, we have

C̃ ≤ C̃1
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and

� ≤ �1.

Hereafter, we assume that

δ ∈
(
min

{
α,

α

k0
,

α

C1
,

α

C̃1
,

α

�1

}
, α0

)
, (2.4)

for some α0 > min
{
α, α

k0
, α
C1

, α

C̃1
, α

�1

}
. Moreover, we assume that

0 < a <
2

2k20 + 3k0 + 1
. (2.5)

Furthermore, we assume that

r < r1 := 1

2
min

{
1 − δ

α
,
1

k0
− δ

α
,
1

C1
− δ

α
,
1

C̃1
− δ

α
,
1

�1
− δ

α

}
, (2.6)

where δ is as in (2.4). Notice that r1 depends only on the initial data α, a, k0.

Remark 2.1 Note that by (2.5) and (2.6) we have

r0 < r̄0 := min

{
1,

1

k0
,
1

C1
,
1

C̃1
,
1

�1

}
and Ck0,a

1 < 1. (2.7)

We shall assume that

0 < r0 < min

{
2r1 + 1, r̄0,

1

2k0
,

1

2C1

}
. (2.8)

Notice that r0 depends on α, a and k0. Next, we see that the Lipschitz-type constant
k0 depends on D(F) which is part of the initial data.

By B(w, d), we denote the open ball in E with center w ∈ E and radius d > 0.
The ball B̄(w, d) denote the closure of B(w, d). The following assumption is used to
prove the results in this paper.

Assumption 2.2 (c.f. [2,10,15,20,21]) There exists a constants 0 ≤ l0, l1 <
√
17−3
4

such that for every u1, u2 ∈ D(F) and v ∈ E there exists an element�(u2, u1, v) ∈ E
such that [F ′(u2) − F ′(u1)]v = F ′(u1)�(u2, u1, v), ‖�(u2, u1, v)‖ ≤ l0‖v‖‖u2 −
u1‖, ‖ d

dv
�(u2 + tv, u2, v)‖ ≤ l1‖v‖ for t ∈ [0, 1] and B(uδ

α, r0) ⊆ D(F).

Let k0 = max{l0, 2l1}. Notice that k0 = k0(D(F)), i.e., k0 depends on the initial
data. Then, knowing the rest of the initial data a andαwe can compute all the preceding
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440 C. D. Sreedeep et al.

introduced parameters. Since F is m-accretive and Fréchet differentiable on E, for
any real number α > 0 and u ∈ E , F ′(u) + α I is invertible (see [22]),

‖(F ′(u) + α I )−1‖ ≤ 1

α
(2.9)

and
‖(F ′(u) + α I )−1F ′(u)‖ ≤ 2. (2.10)

Let,
Rα(uk) = F(uk) + α(uk − u0) − f δ (2.11)

and 	 = F ′(uδ
α) + α I. Then since Rα(uδ

α) = F(uδ
α) + α(uδ

α − u0) − f δ = 0, we
have by Assumption 2.2,

Rα (uk) = F (uk) − F
(
uδ

α

) + α
(
uk − uδ

α

)
=

∫ 1

0
F ′ (uδ

α + tek
)
ekdt + αek

= [
F ′ (uδ

α

) + α I
]
ek +

∫ 1

0

[
F ′ (uδ

α + tek
) − F ′ (uδ

α

)]
ekdt

= 	{ek + 	−1
∫ 1

0

[
F ′ (uδ

α + tek
) − F ′ (uδ

α

)]
ekdt}

= 	{ek +
∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt}. (2.12)

Differentiating (2.12) with respect to ek we obtain,

R′
α(uk)(h) = 	

{
I + d

dek

{∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt

}}
(h). (2.13)

Let Mk(ek) = ∫ 1
0 	−1F ′(uδ

α)φ(uδ
α + tek, uδ

α, ek)dt and M̄k = d
dek

Mk(ek), then

R′
α(uk)(h) = 	

{
I + M̄k

}
(h). (2.14)

Suppose that uk ∈ B(uδ
α, r0). Then, we have

‖M̄k‖ =
∥∥∥∥
∫ 1

0

d

dek

{
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt

}∥∥∥∥
≤

∫ 1

0

∥∥∥	−1F ′ (uδ
α

)∥∥∥
∥∥∥∥ d

dek

{
φ

(
uδ

α + tek, u
δ
α, ek

)∥∥ dt}
≤ 2l1‖ek ‖≤ k0‖ek‖
≤ k0r0 < 1. (2.15)
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The last inequality follows from (2.8) and Assumption 2.2. Therefore (I + M̄k) is
invertible and its inverse is given by

(
I + M̄k

)−1 = I − M̄k + M̄2
k · · · . (2.16)

So by (2.14), we have

R′
α(uk)

−1 =
(
I − M̄k + M̄2

k · · ·
)

	−1. (2.17)

Now by replacing ek by êk and uk by vk in (2.13) we get

R′
α(vk)(h) = 	

{
I + d

dêk

{∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + t êk, u
δ
α, êk

)
dt

}}
(h). (2.18)

We obtain again by (1.8),

êk = ek − aR′
α(uk)

−1Rα(uk)

= ek − a

{{
I − M̄k + M2

k · · ·
}

	−1	

{
ek +

∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek , u
δ
α, ek

)
dt

}}

= (1 − a)ek − a
∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek , u
δ
α, ek

)
dt + aM̄k

(
I − M̄k + M̄2

k · · ·
)
ek

+ aM̄k

(
I − M̄k + M̄2

k · · ·
) ∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek , u
δ
α, ek

)
dt.

Therefore, we have

‖êk‖ = ‖(1 − a)ek − a
∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt

+ aM̄k

(
I − M̄k + M̄2

k · · ·
)
ek

+ aM̄k

(
I − M̄k + M̄2

k · · ·
) ∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt‖

≤ |1 − a|‖ek‖ + ak0‖ek‖2 + a‖ek‖ ‖M̄k‖
1 − ‖M̄k‖

+ ako‖ek‖2 ‖M̄k‖
1 − ‖M̄k‖

≤ |1 − a|‖ek‖ + ak0‖ek‖2 + a‖ek‖2k0 R̂ + ako‖ek‖3k0 R̂
≤ ‖ek‖

{
|1 − a| + ak0 + ak0(1 + k0)R̂

}
= ‖ek‖Ck0,a

1 . (2.19)

In the last, but one step we use the fact that ‖ek‖ ≤ r0 < 1. Therefore by (2.19) and
(2.7) we get vk ∈ B(uδ

α, r0).
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Let Nk(êk) = ∫ 1
0 	−1F ′(uδ

α)φ(uδ
α + t (êk), uδ

α, êk)dt and N̄k = d
dêk

Nk(êk). Then,

R′
α(vk)(h) = 	{I + N̄k}(h). (2.20)

We also have,

‖N̄k‖ =
∥∥∥∥
∫ 1

0

d

dêk

{
	−1F ′ (uδ

α

)
φ

(
uδ

α + t êk, u
δ
α, êk

)
dt

}∥∥∥∥
≤

∫ 1

0

∥∥∥	−1F ′ (uδ
α

)∥∥∥ ∥∥∥∥ d

dêk

{
φ

(
uδ

α + t êk, u
δ
α, êk

)∥∥ dt}
≤ 2l1‖êk‖ ≤ k0‖êk‖.

Let Hk = 1
a R

′
α(vk) + (1 − 1

a )R′
α(uk).

Then,

Hk = 	

{
1

a
{I + N̄k} +

(
1 − 1

a

)
{I + M̄k}

}

= 	

{
I + 1

a
N̄k +

(
1 − 1

a

)
M̄k

}
= 	 {I + Pk} (2.21)

where Pk = 1
a N̄k + (1 − 1

a )M̄k . Now,

‖Pk‖ = ‖1
a
N̄k +

(
1 − 1

a

)
M̄k‖

≤ ‖êk‖k0
a

+ |a − 1|
a

‖ek‖k0

≤ ‖ek‖
{
k0C

k0,a
1 + |a − 1|k0

a

}

< r0
k0

[
Ck0,a
1 + |1 − a|

]
a

= r0C1 < 1. (2.22)

The last inequality follows from (2.7). This implies Hk is invertible and its inverse is
given by:

H−1
k =

{
I − Pk + P2

k . . .
}

	−1. (2.23)
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From (1.9) we have

ēk = ek − 1

2

{
H−1
k + Rα (uk)

−1
}
Rα (uk)

= ek − 1

2

{{(
I − Pk + P2

k · · ·
)

+
(
I − M̄k + M̄2

k · · ·
)}

	−1	

×
{
ek +

∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt

}}

= −
∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt + 1

2
Pk

(
I − Pk + P2

k · · ·
)
ek

+ 1

2
M̄k

(
I − M̄k + M̄2

k · · ·
)
ek

+ 1

2
Pk

(
I − Pk + P2

k · · ·
) ∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt

+ 1

2
M̄k

(
I − M̄k + M̄2

k · · ·
) ∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + tek, u
δ
α, ek

)
dt.

Thus

‖ēk‖ ≤
∫ 1

0
‖	−1F ′ (uδ

α

) ‖‖φ (
uδ

α + tek, u
δ
α, ek

) ‖dt + 1

2
‖ek‖ ‖Pk‖

1 − ‖Pk‖
+ 1

2
‖ek‖ ‖M̄k‖

1 − ‖M̄k‖
+ 1

2

‖Pk‖
1 − ‖Pk‖

∫ 1

0
‖	−1F ′ (uδ

α

) ‖‖φ (
uδ

α + tek, u
δ
α, ek

) ‖dt

+1

2

‖M̄k‖
1 − ‖M̄k‖

∫ 1

0
‖	−1F ′ (uδ

α

) ‖‖φ (
uδ

α + tek, u
δ
α, ek

) ‖dt

≤ ‖ek‖2
{
k0 + 1

2
C1 R̃1 + 1

2
k0 R̂1 + k0

1

2
C1 R̃1 + 1

2
k20 R̂1

}
= C̃1‖ek‖2. (2.24)

Therefore, by (2.24) and (2.7) we get wk ∈ B(uδ
α, r0).

Next, using the preceding notation we prove our main result of this section.

Theorem 2.3 Let Rα be as in (1.11) and suppose that uk, vk and wk ∈ B(uδ
α, r0).

Further let the first derivative of F exists in B(uδ
α, r0). Then uk+1 ∈ B(uδ

α, r0) and
the iteration defined in (1.8)–(1.10) converges cubically to uδ

α. Moreover

‖uδ
k+1,α − uδ

α‖ = O
(
e−γ 3k

)
,

where γ = −ln(‖e0‖).
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444 C. D. Sreedeep et al.

Proof Since, u0 ∈ B(uδ
α, r0), by (2.19), (2.24) and Remark 3.2, we have v0, w0 ∈

B(uδ
α, r0). Suppose uk ∈ B(uδ

α, r0). Then by (2.19), (2.24) and Remark 3.2, we have
vk, wk ∈ B(uδ

α, r0). Then from (1.8)–(1.10), we have

ek+1 = ēk − {Hk}−1 Rα (wk)

= ēk −
{
I − Pk + P2

k · · ·
}

	−1	

{
ēk +

∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + t |ēk |, uδ
α, ēk

)
dt

}

= −
∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + t |ēk |, uδ
α, ēk

)
dt} + Pk

(
I − Pk + P2

k · · ·
)
ēk

+Pk
(
I − Pk + P2

k · · ·
) ∫ 1

0
	−1F ′ (uδ

α

)
φ

(
uδ

α + t |ēk |, uδ
α, ēk

)
dt.

Thus,

‖ek+1‖ ≤ k0‖ēk‖2 + ‖ēk‖ ‖Pk‖
1 − ‖Pk‖ + k0‖ēk‖2 ‖Pk‖

1 − ‖Pk‖
≤ k0C̃

2
1‖ek‖4 + ‖ek‖3C̃1C1 R̄ + k0‖ek‖5C̃2

1C1 R̃1

≤ ‖ek‖3
{
C1C̃1 R̃1

(
1 + k0C̃1

)
+ k0C̃

2
1

}
= �1‖ek‖3. (2.25)

Therefore by (2.25) and (2.7) we get uk+1 ∈ B(uδ
α, r0).

Repeated application of (2.25) above leads to

‖ek+1‖ ≤ �
3k−1
2

1 ‖e0‖3k = �
3k−1
2

1 e−γ 3k , (2.26)

where γ = −log‖e0‖. �

3 Error estimates using Hölder type source condition

Let uδ
α and uα be the unique solution of (1.4) and (1.2) respectively. The following

results can be found in [22],

‖uδ
α − uα‖ ≤ δ

α
(3.1)

and
‖uα − û‖ ≤ ‖u0 − û‖. (3.2)

By (2.1), F ′(u) is positive type, so for 0 < ν < 1, we have (see [12, p. 287]),

F ′(u)νw = sin πν

πν

∫ ∞

0
tν(F ′(u) + t I )−2F ′(u)wdt. (3.3)
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Lemma 3.1 (c.f. [14]) Let F : E → E be a Fréchet differentiable and monotone
operator. Then for u ∈ E and 0 < ν < 1,

‖α(F ′ + α I )−1F ′(u)ν‖ ≤ 4
sin(πν)

πν

(
ν

1 − ν

)ν

αν. (3.4)

Proof By (3.3) we have

(F ′ + α I )−1F ′(u)νw = sin πν

πν

∫ ∞

0
tν(F ′(u) + α I )−1(F ′(u) + t I )−2F ′(u)wdt

= sin πν

πν
[
∫ ρ

0
tν(F ′(u) + α I )−1(F ′(u) + t I )−2F ′(u)wdt

+
∫ ∞

ρ

tν(F ′(u) + α I )−1(F ′(u) + t I )−2F ′(u)wdt]

= sin πν

πν
[H1 + H2], (3.5)

where H1 = ∫ ρ

0 tν(F ′(u)+α I )−1(F ′(u)+t I )−2F ′(u)wdt and H2 = ∫ ∞
ρ

tν(F ′(u)+
α I )−1(F ′(u) + t I )−2F ′(u)wdt. So, by (1.11) and (1.12) we have

‖H1‖ =
∥∥∥∥
∫ ρ

0
tν(F ′(u) + t I )−2(F ′(u) + α I )−1F ′(u)wdt

∥∥∥∥
≤

∫ ρ

0
tν‖F ′(u) + t I )−1‖‖F ′(u) + t I )−1F ′(u)‖‖(F ′(u) + α I )−1w‖dt

≤ 2
∫ ρ

0

tν−1

α
‖w‖dt = ρν

να
‖w‖ (3.6)

and

‖H2‖ =
∥∥∥∥
∫ ∞

ρ

tν(F ′(u) + t I )−2(F ′ + α I )−1F ′(u)wdt

∥∥∥∥
≤ 2

∫ ∞

ρ

tν−2‖w‖dt

= 2
ρν−1

1 − ν
‖w‖. (3.7)

Thus by (3.5), (3.6) and (3.7), we have

‖(F ′ + α I )−1F ′(u)νw‖ ≤ 2
sin(πν)

πν

[
ρν

να
+ ρν−1

1 − ν

]
‖w‖.

Now the result follows by taking minimum of the right side of the above expression(
i.e., ρ = να

1−ν

)
. �
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Remark 3.2 Note that for ν = 1, we have by (2.10),

‖α(F ′(u) + α I )−1F ′(u)‖ ≤ 2α. (3.8)

Therefore, by Lemma 3.1 and (3.8), for 0 ≤ ν ≤ 1 we can write

‖α(F ′(u) + α I )−1F ′(u)ν‖ = O(αν). (3.9)

Theorem 3.3 Let Assumption 2.2 and (1.6) hold. If 6k0r < 1, then

‖uα − û‖ ≤ Ĉαν,

where Ĉ =
{
4

sin πν
πν

( ν
(1−ν)

)ν‖z‖
1−3k0r

0 < ν < 1
2‖z‖

1−3k0r
ν = 1.

≤ Ĉ1 :=
{
8 sin πν

πν
( ν
(1−ν)

)ν‖z‖ 0<ν <1
4‖z‖ ν =1.

Proof We have

F(uα) − F(û) + α(uα − u0) = 0.

Thus by mean value theorem of integral calculus, we have

(F ′(u0) + α I )(uα − û) = α(u0 − û)

−
∫ 1

0
[F ′(û + t (uα − û)) − F ′(u0)](uα − û)dt.

Therefore by (1.5), (3.9), Assumption 2.2, (3.2), we have in turn

‖uα − û‖ ≤ ‖α (
F ′ (u0) + α I

)−1
F ′ (u0)ν v‖

+‖ (
F ′ (u0) + α I

)−1
∫ 1

0
[F ′ (û + t

(
uα − û

)) − F ′ (u0)]
(
uα − û

)
dt‖

≤ Ĉαν + 2
∫ 1

0
‖ϕ (

û + t
(
uα − û

)
, u0, uα − û

)
dt‖

≤ Ĉαν + 2k0

(
‖û − u0‖ + 1

2
‖uα − û‖

)
‖uα − û‖

≤ Ĉαν + 2k0

(
‖û − u0‖ + 1

2
‖u0 − û‖

)
‖uα − û‖

≤ Ĉαν + 3k0‖û − u0‖‖uα − û‖
≤ Ĉ1α

ν + 3k0r‖uα − û‖. �

Combining Theorems 2.3 and 3.3, we have the following:
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Theorem 3.4 Let uk be as in (1.8) and let the assumptions in Theorems 2.3 and 3.3
be satisfied. Let

kδ := min

{
k : e−γ 3k ≤ δ

α

}
. (3.10)

Then we have the following;

‖uk − û‖ ≤ C̄1

(
αν + δ

α

)
, (3.11)

where C̄1 = max

{
�

3k−1
2

1 + 1, Ĉ1

}
.

Note that the error αν + δ
α
in (3.11) is of optimal order if αδ := α(δ) satisfies,

α1+ν
δ = δ. That is αδ = δ

1
1+ν . Hence by (3.11) we have the following Theorem.

Theorem 3.5 Let the assumptions in Theorem 3.4 holds. For δ > 0, let α := αδ =
δ

1
1+ν . Let kδ be as in (3.10). Then

‖uk − û‖ = O(δ
ν

1+ν ).

In order to obtain the above order, without knowing ν, we use the adaptive selection of
the parameter strategy considered by Pereverzev and Schock [19], modified suitably
for the situation for choosing the parameter α. For convenience, take ui := uki . Let
i ∈ {0, 1, 2, . . . , N } and αi = μiα0 where μ > 1 and α0 > δ.

Let

l := max

{
i : αν

i ≤ δ

αi

}
< N and (3.12)

k := max

{
i : ‖ui − u j‖ ≤ 4C̄1

δ

α j
, j = 0, 1, 2, . . . , i − 1

}
(3.13)

where C̄1 is as in Theorem 3.4. Now we have the following Theorem.

Theorem 3.6 (cf. [10]) Assume that there exists i ∈ {0, 1, . . . , N } such that αν
i ≤ δ

αi
.

Let assumptions of Theorem 3.4 be fulfilled, and let l and k be as in (3.12) and (3.13)
respectively. Then l ≤ k; and

‖û − uk‖ ≤ 6C̄1μδ
ν

1+ν .

123



448 C. D. Sreedeep et al.

Proof To prove l ≤ k, it is enough to show that, for each i ∈ {1, 2, . . . N }, αν
i ≤

δ
αi

�⇒ ‖ui − u j‖ ≤ 4C̄ δ
α j

, ∀ j = 0, 1, 2, . . . i − 1. For j < i, we have

‖ ui − u j ‖ ≤ ‖ ui − û ‖ + ‖ û − u j ‖
≤ C̄1

(
αv
i + δ

αi

)
+ C̄1

(
αv
j + δ

α j

)

≤ 2C̄1
δ

αi
+ 2C̄1

δ

α j

≤ 4C̄1
δ

α j
.

Thus the relation l ≤ k is proved. Observe that

‖ û − uk ‖≤‖ û − ul ‖ + ‖ uk − ul ‖,

where

‖ û − uδ
l ‖≤ C̄1

(
αv
l + δ

αl

)
≤ 2C̄1

δ

αl
.

Now since l ≤ k, we have

‖ uk − ul ‖ ≤ 4C̄1
δ

αl
.

Hence

‖ û − uk ‖≤ 6C̄1
δ

αl

It follows again, since αδ = δ
1

1+ν ≤ αl+1 ≤ μαl , that

δ

αl
≤ μδ

αδ

= μδ
ν

1+ν . �

4 Implementation of adaptive choice rule

Finally the balancing algorithm associated with the choice of the parameter specified
in Theorem 3.6 involves the following steps:

• Choose α0 > 0 such that δ < α0 and μ > 1.
• Choose αi :=μiα0, i = 0, 1, 2, . . . , N .
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4.1 Algorithm

1. Set i = 0.
2. Choose ki := min

{
k : e−γ 3k ≤ δ

αi

}
.

3. Solve ui := uki by using the iteration (1.8).
4. If ‖ui − u j‖ > 4C̄1

δ
α j

, j < i, then take k = i − 1 and return uk .
5. Else set i = i + 1 and go to 2.

5 Numerical examples

We apply the algorithm by choosing a sequence of finite dimensional subspace (VM )

of L2(0, 1) with dim VM = M + 1. Precisely we choose VM as the linear span of
{v1, v2, v3, . . . , vM+1} where vi , i = 1, 2, . . . , M + 1 are linear splines in a uniform
grid of M + 1 points in [0, 1].
Example 5.1 (see [15, Sect. 4.3]) Let F : D(F) ⊆ L2(0, 1) −→ L2(0, 1) defined by

F(u) :=
∫ 1

0
k(t, s)u3(s)ds,

where

k(t, s) =
{

(1 − t)s, 0 ≤ s ≤ t ≤ 1
(1 − s)t, 0 ≤ t ≤ s ≤ 1

.

Then for all u(t), v(t) : u(t) > v(t) :

〈F(u) − F(v), u − v〉 =
∫ 1

0

[∫ 1

0
k(t, s)(u3 − v3)(s)ds

]
× (u − v)(t)dt ≥ 0.

Thus the operator F is monotone. The Fréchet derivative of F is given by

F ′(u)w = 3
∫ 1

0
k(t, s)u2(s)w(s)ds. (5.1)

Note that for u, v > 0,

[F ′(v) − F ′(u)]w = 3
∫ 1

0
k(t, s)u2(s)

[v2(s) − u2(s)]w(s)ds

u2(s)

:= F ′(u)�(v, u, w)
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where �(v, u, w) = [v2−u2]w
u2

. Observe that

�(v, u, w) = [v2 − u2]w
u2

= [u + v][v − u]w
u2

and

‖ d

dw
�(u + tw, u, w)‖ =

∥∥∥∥∥ d

dw

[
2tuw + t2w2

]
w

u2

∥∥∥∥∥
=

∥∥∥∥4tuw + 3t2w2

u2

∥∥∥∥
≤

∥∥∥∥4tu + 3t2w

u2

∥∥∥∥ ‖w‖.

So Assumption 2.2 satisfies with k0 ≥ max
{∥∥∥ u+v

u2

∥∥∥ , 2
∥∥∥ 4tu+3t2w

u2

∥∥∥}
. In our compu-

tation, we take f (t) = 6 sin(π t)+sin3(π t)
9π2 and f δ = f + δ. Then the exact solution

û(t) = sin(π t).

We use

u0(t) = sin(π t) + 3
[
tπ2 − t2π2 + sin2(π t)

]
4π2

as our initial guess, so that the function u0 − û satisfies the source condition

u0 − û = ϕ
(
F ′ (û0))

(
û2

4u20

)

where ϕ(λ) = λ. Thus we expect to obtain the rate of convergence O
(
(δ)

1
2

)
.

We choose a = 1.5, α0 = μδ and μ = 1.01. The results of the computation are
presented in Table 1. The plots of the exact solution and the approximate solution
obtained are given in Fig. 1.
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Fig. 1 Curves of the exact (lower curve) and approximate (upper curve) solutions with M = 1024

6 Conclusion

In this paper we are producing an extended Newton iterative scheme that converges
cubically to the solution which uses assumptions only on first Fréchet derivative of the
operator. We obtained an error estimate under a general Hölder type source condition.
Also we considered the adaptive parameter choice strategy considered by Pereverzev
and Schock [19], for choosing the regularization parameter.
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