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ABSTRACT

Many problems that arise in various fields of study can be modeled into equations
that are well-posed/ill-posed (linear or nonlinear). Especially in science and engineer-
ing, most of the inverse problems are ill-posed. The first half of the thesis focuses on
finite dimensional realization of regularization methods for ill-posed problems. The
second half deals with iterative methods for solving well-posed nonlinear equations.

It is proved in the literature that the Fractional Tikhonov regularization method
(FTR) reduces the over smoothing of the solution compared to the usual Tikhonov reg-
ularization method for ill-posed problems. In Chapter 2 of the thesis, the FTR method
in the finite dimensional setting is studied. The regularization parameter is chosen using
Raus and Gfrerer type discrepancy principle in this Chapter.

The choice of regularization parameter and suitable source condition plays an im-
portant role in a regularization method. In Chapter 3, an efficient new parameter choice
strategy is introduced. The advantage is that this parameter choice strategy computes
the regularization parameter before computing the approximate solution and is depen-
dent on the given data of the problem. This new parameter choice also provide the
optimal order. The proposed parameter choice strategy is depending on a new source
condition.

Higher order iterative methods are used to solve nonlinear equations. The conver-
gence order of these methods uses Taylor’s expansion and assumptions on the higher
order Fréchet derivative of the operator. In Chapter 4 and Chapter 5, we have elimi-
nated the use of Taylor’s expansion and hence assumptions on the higher order Fréchet
derivatives of the operator in the problem. Moreover, the desired convergence order of
the iterative method is obtained without using assumptions on the higher order Fréchet
derivatives and hence the applicability of these iterative methods are extended to prob-
lem which were not posible using earlier studies. These iterative methods are also
applied to solve nonlinear ill-posed problems.

Keywords: ill-posed problems, Tikhonov regularization method, Discrepancy principle,
Convergence rate, nonlinear ill-posed equations, finite dimension, Lavrentiev regular-
ization, a new parameter-choice strategy, iterative methods, Newton’s midpoint method,

Cordero’s method, order of convergence, Taylor series expansion, Fréchet derivative.
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CHAPTER 1

INTRODUCTION

The concept of inverse problems (IPs) has been widely recognized in contemporary
Applied Mathematics and Engineering. The direct problems have been studied widely.
The IPs are relevant in current research and have to be investigated further. There is no
proper Mathematical definition for IP in the literature. One can find effects from causes
in the direct problems. Conversely, IPs can be used to find an unknown cause from the
observed effect. The most inverse problems are the problems that consist of finding an
unknown property of an object from the observation of its response of it to a probing
signal. Keller (1976), a well-known American Mathematician, gave a broad definition
for IP with his oft-quoted statement that "We call two problems inverses of one another
if the formulation of each involves all or part of the solution of the other" in Keller
(1976). Many research problems in image processing, machine learning, medical image
segmentation, oceanography, geophysics, and many other fields are inverse problems.

In general, one can model these IPs into an operator equation of the form
F(x) =y, (1.0.1)

where .7 : 2~ — % is a linear or non linear operator between appropriate normed lin-
ear spaces 2 and %. In practical cases, the difficulty that arises about this operator
equation is to find a solution x in .2 for a given y € %'. These kind of problems usu-
ally leads to the formulation of ill-posed problems (definition is given in the following
paragraph), which does not guarantee a unique solution continuously depends on avail-
able data. The first half of this research work focuses on ill-posed problems. Ill-posed
problems are problems that do not satisfy Hadamards’s postulates (Hadamard (1953)).
According to Hadamard (1953), the problem of solving the operator equation is
said to be well-posed if the following conditions hold:

(i) Existence: For each y € %/, there exists a solution x € 2" of (1.0.T).
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(ii) Uniqueness: The solution x is unique.
(iii) Stability: The dependence of x upon .# is continuous.

In brief, the operator equation ({1.0.1|) is well posed if and only if the operator .7 is
bijective and the inverse operator .% ~! : ' — 2" is continuous. An operator equation
of the form which is not well-posed is known as an ill-posed problem. First, we
look into the linear ill-posed problems which had been widely studied in the literature
(Engl et al. (1996); |Groetsch! (1984)). We use the notation 7 in the case of linear ill-
posed problems in this report. Also, we assume that 2 and ¢ are Hilbert spaces.

Throughout this thesis we use the following notations;

* Let (,) and |||, respectively stand for inner product and norm.

D(T),R(T) and N(T) denote the Domain of 7, Range of 7, Null space of T

respectively.

B(Z %) denote the set of all bounded linear operators from 2" to %.

* B(x,r) denote the open ball centered at x with radius r > 0.

T* denotes the adjoint of an operator 7.

1.1 LINEAR ILL-POSED PROBLEM

A most common example for the linear ill posed problem is Fredholm intergral operator

equation of the first kind defined by

b
(Tx)(s):/a K(s,)u(t)dt = y(s),a <5< b (1.1.1)

where x,y € L?[a,b] and k(s,t) is a non-degenerate kernel. Next we discuss examples

of the linear ill-posed problems.

Example 1.1.1. (Interpretation of measurement data) (Kabanikhin (2008)). The opera-
tion of many measurement devices that register nonstationary fields can be described as
follows; a signal q(t) arrives at the input of the device, and a function f(t) is registered

at the output. In the simplest case, the functions q(t) and f(t) are related by the formula

/Olg(t— )q(t)dT = f(0). (1.12)
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In this case, g(t) is called the impulse response function of the device. In theory, g(t) is
the output of the device in the case where the input is the generalized function §(t), i.e.,
Dirac’s delta function: [ g(t —1)8(t)dt = g(t). In practice, in order to obtain g(t),
a sufficiently short and powerful impulse is provided as an input. The resulting output
function represents the impulse response function.

Thus, the problem of interpreting measurement data, i.e., determining the form of the
input signal q(t) is reduced to solving the integral equation of the first kind . For

a linear device, this has the form

[ Kt maeae = 1),

This model describes the operation of devices that register alternate electromagnetic
fields, pressure and tension modes in a continuous medium, seismographs, which record

vibrations of the Earth’s surface, and many other kind of devices.

Example 1.1.2. (Steady State Heat Distributions)(Groetsch (2007)). Consider the prob-
lem of determining the temperature flux (cause) on the left edge of a semi - infinite strip
from observation of the temperature on that face (effect) when the temperature in the

strip is at steady state. The problem can be stated mathematically as follows. Let
Q={(x,y):x>0,0<y<m}

and suppose u = u(x,y) is a function defined on the closure of Q and satisfying

P P,
oxz  dy?

in Q and u(x,0) = u(x, ) = 0 for x > 0. Suppose we wish to determine the temperature

Sflux
@

fy) =

85Qwﬁ<y<ﬂ
y)=

given the temperature distribution g( u(0,y). By elementary seperation of variables

techniques,

o3}

u(x,y) = Z ape” "™ sinny.

n=1
Then we will get,

) = Y (—nay)sinny

n=1



hence,

2 (7 )
an=-2 [ f(&)sinntat
while,
gly) = Zsmny
= 2 lnﬂ/ {)sinnd{ sinny
= [Tk or0ne
where

2 a1
k(y,)=——) —sinnysinn(.
(6= X sinnysinng
Again the inverse problem is modeled by an integral equation of the first kind.

The operator equation (1.0.1)) has a solution if and only if y € R(T). If y ¢ R(T),

then we look for an element x € .2 such that Tx is close to y. i.e,

Definition 1.1.3. (Nair (2009)) Let T : & — % be a bounded linear operator and
T(x) =y, (1.1.3)

wherex € 2 andy € % . Then x € 2 is called least residual norm solution (LRN) or
least square solution of equation (1.1.3)) if

[|[Tx—y|| =inf{||Tz—y||,z€ Z}.

Note that if y € R(T'), then every solution of 7x =y is an LRN solution. If y ¢ R(T),

then LRN solution need not exist. For example, consider 2" = (Cla,b],|||,),% =

(Lz[avb]7||||2)

|x—yl2,¥x € 27,¥y € # . Since C[a, b] is dense in L*[a, b], there exists a sequence (x;,)

in 2" converges to y. Therefore, we get, inf{||Tx —y||»,x € 2 } = 0. But there does not
exists ax € 2 such that T'(x) = y. The following theorems give characterizations of the
LRN solution.

Theorem 1.1.4. (cfINair (2009), Theorem 4.2) Let T : 2~ — % be a linear operator.
Let P: % — % be the orthogonal projection onto cIR(T), the closure of R(T). For
y € ¥, the following are equivalent.

(i) The equation Tx =y has an LRN solution.
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(ii) yER(T)+R(T)*.
(iii) The equation Tx = Py has a solution.

Theorem 1.1.5 (cf. Nair (2009), Theorem 4.5). Let T € B(Z %), andy € R(T) +
R(T)*. Then x € % is an LRN-solution of ifand only if T*Tx =T"y.

Note that an LRN solution need not be unique. If x is an LRN solution, then x + x’
is also an LRN solution for all x' € N(T'). Therefore, if T is injective and y € R(T') +
R(T)™, then only (1.1.3) has a unique a LRN solution. We denote the set of all LRN

solution of (I.1.2) by

Sy={xe 2 :|Tx—y| = inf |Tz—y]}.
y={x |Tx =yl = inf || Tz—yll}

By Theorem One can see that Sy = {x € 2" : T*Tx = T*y}, whenever T €
B(Z,%),and y € R(T) +R(T)*. By using continuity and linearity of T, one can
prove that S, is a closed convex set. Since closed convex set in a Hilbert space has
unique element of minimal norm (cf. Groetsch| (1977), Theorem 1.1.4), the set Sy has a

unique minimal norm element, say X.

Definition 1.1.6. Let T € B(2 , %) andy € R(T)+R(T)*. Then £ € 2 is called best
- approximate solution of (1.1.3)) if £ € S, and

1]} = inf{[lx[| - x € Sy }.

Definition 1.1.7. Let T € B(2 ,%). The operator T' : D(TY) CY — 2, where
D(TT) = R(T) +R(T)*, defined by Ty = %, where % is the best approximate solu-
tion of the equation (1.1.3), is called Generalized inverse or Moore - Penrose inverse
of T. And % = Ty is called the generalized solution of .

1.2 REGULARIZATION

Our goal is to approximate the generalised solution £ = Ty of equation for a
particular y in the situation that the exact data y is not known precisely, but that only an
approximation y‘S with

ly—»° <3, (1.2.1)

is available. In general, in equation (1.1.3) if y € R(T'), then one can say that y is
attainable, and if not one consider the generalized solution Ty instead of the actual
solution x of (1.1.3). But if R(T) is not closed, then T'" does not exists and the problem

5



becomes ill-posed. Even though a generalized inverse T exists, T%y% need not be a
good approximation of Ty, because of the discontinuity of 7.

One can not make an unstable problem stable and so has to use the regularization
techniques. Regularization is the procedure of approximating an ill-posed problem by a
family of neighboring well-posed problems. Generally, a regularization method consists
of two steps; (i) choosing a regularization operator Ry and (ii) choosing an appropriate
regularization parameter . Thus, we use the regularization method to obtain an ap-
proximation of £, say xg = Ryy?, such that xg — % as 6 — 0 and with a suitable choice
of o > 0.

Definition 1.2.1. (Engl et al|(1996)) Let T € B(% , %) and satisfies (1.1.3),
and o € (0,+o0|. For every a € (0,0), let the set {Ry} be a regularized family such
that if for all y € D(T") there exists a parameter choice rule oo = a(8,y°) satisfies

limsup{|[Rey® — TTy|| : 3% € Y, ||y —»°|| < 8} =0. (1.2.2)
5—0

Here the parameter choice rule is a function, ot : R™ x % — (0, o) such that

limsup{a(8,y°) :y° €, |ly—y°|| < 8} =0. (1.2.3)
0—0
For a particular y € D(TT), a pair (R, @) is called a regularization method if (1.2.2)
and (1.2.3)) hold. A choice o of the regularization parameter can be made in either an
apriori or a posteriori way (Groetsch! (1993)).

Definition 1.2.2. (Engl et al.|(1996))) Let & be a parameter choice rule according to the
definition . If o depends only on &, i.e., a = a(98), then o is called an a-priori
parameter choice rule. Otherwise, i.e., o depends on 8 and y°, then it is called an

a-posteriori parameter choice rule.

In a posteriori parameter methods, the parameter « is determined during the compu-
tation of xg. There are many posteriori parameter choice rules in the literature of linear
ill-posed problems (Engl et al. (1996); Tautenhahn and Jin| (2003)).

The well known regularization method to solve linear ill-posed problems is Tikhonov
regularization (Engl and Neubauer (1985b)); Engl| (1987a,b); Engl et al. (1996))

(Engl and Neubauer| (1987); Groetsch| (1984)); (George and Nair| (1998))). The unique
minimizer x5 € 2" of the Tikhonov functional

Ja(x) = ||Tx—y°| >+ a||x]|*,x € X, 00 > 0 (1.2.4)
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i1s known as Tikhonov regularized solution of linear ill posed problem (1.1.3) when
the available date is y5. It is known that if T is a bounded linear operator, the unique

minimizer xg is the solution of the well-posed equation

(T*T 4 ad)xd = T*y® o0 > 0, (1.2.5)

and if x € R(T*T)Y,0 < v < 1, then

0
bl e e ().
where ¢ and ¢; are constants (Nairi (2009)). Recall Engl et al.|(1996); |Groetsch) (1984);
Nair (2009), if a(8) = 871, then

12— §0<52%>, (1.2.6)

and this is the best possible error estimate of Tikhonov regularization. But since V is
unknown, this choice of & = a(0) is not practical. Therefore one needs to consider
a-posteriori parameter choice strategy, i.e., @ = (9, y‘s) to choose a suitable parameter
o. We use discrepancy principles for this purpose. (i.e., choose o as the solution of
the equation given in the discrepancy principles). Next we list some of the discrepancy

principles from the literature.

1. Morozov (Morozov|(1968); Groetsch| (1983)) | TxE — 9| = 8.
2. Arcangeli (George and Nair| (1998)) ||Txg —y9| = \%.

3. Schock (Schock (1984bla))  [|TxS —y3| =2 p>0,9>0.

o4

4. Engl (Engl (1987alb); Engl and Neubauer| (1987))
|IT*Tx&, =T =% p>0,4>0.

ad

1.3 FRACTIONAL TIKHONOV REGULARIZATION

Tikhonov regularization method over smoothens the regularized solution xg (Bianchi
et al. (2015), Hochstenbach et al.| (2015)), Reddy| (2018))), i.e., it may not contain all the
details of the exact solution X. Therefore several variations of Tikhonov regularization
schemes have been introduced to approximate the exact solution. Klann and Ramlau
(Klann and Ramlau| (2008)) introduced the Fractional Tikhonov regularization scheme
(FTR). Later Hochstenbach and Reichel had studied the FTR with a different approach.

7



In (Hochstenbach and Reichel (2011)), the regularized solution of FTR is the unique

minimizer, say xg’y, of the functional
— [|Tx |l 2 e 2 a>0
Jay(x) = [[Tx=y°[ly +a|x][",x € 27,00 >0,

where ||y||w = ||[W'/2y||s with W = (TT*)"~1/2 for some parameter 0 < y < 1. Note
that, W is the generalized inverse of 77" when ¥ < 1. Also one can see that x‘gm, is the

solution of the well-posed equation defined by
1 —1
(T*T)'T +al)x = (T*T)'7 T%7.

Gerth et al. (Gerth et al.|(2015)) studied Morozov’s parameter choice rule for frac-
tional Tikhonov regularization scheme and obtained the solution at a rate of conver-
gence 0(6#1) if £ € R((T*T)?) and 0 < v < 1. Reddy| (2018) has considered the Engl
type discrepancy principles for choosing the regularization parameter o and achieved
the optimal rate of converegence 0(5#1) if £ € R((T*T)?) with v = y+ 1.

Kanagaraj et al. (2020), considered the FTR method in the form (with = %‘)

1
xg,p — ((T*T)"*P +od)*l(T*T)ﬁT*y‘S,—E <B<o. (1.3.1)

The authors studied Schock type discrepancy principle (Schock (1984b)), for choosing
the parameter o and obtained optimal rate 0(5%) whenever, £ € R((T*T)").

We extended the work of Kanagaraj et al. in the finite dimensional settings using
the Raus and Gferer type of discrepancy principle (in Chapter 2). More about linear
ill-posed problems can be found in(Engl et al. (1996); Groetsch| (1984).

1.4 NONLINEAR ILL-POSED PROBLEMS
We are also interested in approximate a solution of the equation
H(u) =y, (1.4.1)

where 77 : % — % is a nonlinear, monotone, Fréchet differentiable operator defined

on a Hilbert space % . First, we introduced some basic definitions:

Definition 1.4.1. (cf/Alber and Ryazantseva (2006)))
Let & be an open subset of the Hilbert space % and 7 : & — % . If there exists a
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bounded linear operator L : % — % such that for ug € &

B || (uo + 1) — (o) — A (uo)h||
1m =
h—0 [|A]]

0,

then 7 is said to be Fréchet differentiable at uy and the bounded linear operator
H'(ug) := L is called the first Fréchet derivative of 7 at uy.

Definition 1.4.2. An Operator 7€ : D(5¢) C U — Y is said to be a monotone operator
if
(A (u) — A (v),u—v) >0,Yu,v € D(I).

Remark 1.4.3. Kabanikhin|(2008), In the Example , if we consider the relation-

ship between q(t) and f(t) is a nonlinear one :i.e.,

/OtK(thaQ)dT:f(t)a

then it is an example of a nonlinear ill-posed problem.

In the nonlinear case, it is always assume that the solution of (I.4.1) exists, however
it need not be unique. Therefore, we consider a general uy minimum norm solution

instead of best approximation solution.

Definition 1.4.4. (c¢f: Engl et al. (1996); [lautenhahn and Jin (2005)) A solution i is

called ug minimum norm solution if,
(i) H(4) =y and
(ii) ||d — up|| = min{||u — uo|| : 7 (u) = y}.

The choice of uy depends on certain selection criteria (Engl et al. (1989)). For a
nonlinear and Fréchet differentiable operator .7, the equation is ill-posed if the
inverse of .7'(.) is unbounded.

Lavrentiev regularization is one of the commonly used regularization technique
to approximate the solution of nonlinear ill-posed problem when the operator involved
in the ill-posed equation is monotone. The Lavrentiev regularized solution ug € A of
with y = y‘S is the solution of the equation,

A (u) + a(u—up) :y6,

where ug is an initial guess of the solution .

9
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To obtain an error bound for || — ug ||, one needs some additional smoothness as-

sumptions on the unknown #, with respect to the operator ¢ (&) or ' (ug). These
assumptions are generally called source conditions. The best optimal order of the
Lavrentiev regularization method is O (5 VLH> ,providedup—a € R(H'(4)V) orup—d €
R(H'(up)") where, 0 < v < 1. To achieve this, we can use a posteriori parameter choice
strategy. In a posteriori parameter choice strategy, the regularization parameter o (de-
pending on & and y?) is chosen at the time of computation of ug. Also, it is believed that
(Tautenhahn! (2002)) a priori parameter-choice strategy is not a good strategy to choose
a since the choice depends on the unknown V. In our work, we have introduced a new
parameter choice strategy for the regularization parameter o (depending on 6 and %)
and independent of v (in Chapter 3). We have compared the computational results with
the adaptive method in (George and Nair (2017)).

In the literature, Pereverzev and Schock have considered an adaptive method to
choose the regularization parameter . The procedure considered by |Pereverzev and
Schock! (2005) begins with a finite number of positive reals, 0, ¢, - -, &4y, such that

Qp <0y < -+ < Q.
Assume that there exist increasing functions ¢(«) and ¢ () for o > 0 such that

lim ¢(a) =0 = lim ¢(ax),

o—0

and 5
a—ud| < o(at) + ——

(@)

for all ¢ > 0,6 > 0. Note that the @(o) + ﬁ attains its minimum for the choice

o := Qg such that ¢(a) = %, Assume that there exists i € {0,1,2,--- N} such that

(o) < % and for some y > 1,
(p(ai)Snu‘p(al?l) VZ€{071727=N}

We also assume that,

max{i co(oy) < ﬁ} <N.

Let

k::max{i:||u?—uf||§4 ,j:0,1,2,---,i—1}.

o)
¢ ()

Then we choose @ = oy as the regularization parameter. We introduced a new source
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condition in our study to obtain the optimal error bound O (6 vLH) ,0 < v < 1(in Chapter
3).

1.5 REGULARIZED PROJECTION METHODS

We have mentioned that a stable approximate solution to ill-posed problems can be
obtained by using regularization methods. One needs regularization methods that can
be implementable in finite dimensional spaces for numerical calculations. We consider
a sequence

VicV,CcVaC...

of finite dimensional subspaces of .2~ whose union is dense in 2". We can consider

Xy = ThTy, where 7, = TP, and P, (h = %) , 1s the orthogonal projection onto V,,, is the
stable approximation of x in least squares projection method. It is proved that (Engl
et al| (1996)), {x,} converges to % if and only if {||x,||} is bounded. In the dual least

squares projection method, one can consider a sequence
UycUyCcUsC..

of finite dimensional subspaces of cIR(T) C ¢ whose union is dense in %. Then x,, is

defined as the best approximate solution of the equation

Thx = yn, Ty = OnT,yn = Qny; (1.5.1)
where Qy, is the orthogonal projection onto U,,. Then x,, is a stable approximation of X.

Theorem 1.5.1. (Engl et al.|(1996)) Let y € D(T") and let x, be as in . Then

Xn = PyX, where Py, is the orthogonal projection onto V,, = T*U,. Moreover,
X, —X as n—»oo.

The above projection method is useful to obtain the best possible approximation in
V,, in the noise free case. However, one has to combine the projection method with an
additional regularization method to approximate the solution of an ill-posed problem
with noisy data.

Pereverzev|(1995)) investigated Tikhonov regularization method combined with pro-

jections. Precisely, he considered the regularized solution xg , 18 defined as
5 * e )
Xgn = Ty Th+od) " T;'y°, (1.5.2)
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with

gE

,=1,= (sz — P2k71)TP22m7k + P TPZZm, (1.5.3)

k=1

where P; is the orthogonal projection onto the subspaces V;. Many studies have carried
out in this area, for example; (Engl and Neubauer (1985a)); Gfrerer (1987); George
and Nair| (1998); Nair and Rajan (2001)). In Chapter 2, we have considered the finite
dimensional realization of the FTR method using Raus and Gfrerer type discrepancy

principle.

1.6 REGULARIZED ITERATIVE METHODS

The iterative regularization method is another approach to approximate the solution X
of both linear and nonlinear ill-posed problems. There is a vast literature on iteration
methods for well-posed problems. Many studies have been carried out on iterative
methods, that have self regularizing property, and regularized iterative methods for ill-
posed problems (Landweber iteration, Accelerated Landweber methods, The v meth-
ods, Levenberg-Marquardth method, Gauss Newton method) (see Engl et al. (1996);
Hanke et al. (1995); Ramlau| (1999); Hanke| (1997); Bakrushinsky (1992)). Newton
type regularized iterative methods are the usual choice for approximating the solution
to nonlinear ill-posed problems. However, most of these methods involve the inverse of
the Fréchet derivative of the operator.
Ramlau| (2003)) has considered Tikhonov Gradient method (TIGRA) defined as

ul = ud + B[ (ud)* (v° — A (u3)) + o (ul — up)),¥n=0,1,2,...  (L6.1)
Later, Argyros et al.|(2014) modified (|1.6.1]) as follows,

Sy g =ud o — [ W) (Al 5) =)+ a(un ¢ —uo)],¥n =0,1,2,... (1.6.2)

where ug o = Uo and o is the regularization parameter was chosen using the adaptive

method in (Pereverzev and Schockl (2005))). The above method is free of the inverses
and the Frechet derivatives need to be computed at the initial point ug only.
Semenova (Semenova)(2010)) has considered a Lavrentiev regularized iterative method,

that is independent of Fréchet derivative of the operator involved, defined as,
Ui 1,0 = o = V(A (U ) + 1t g —110) =3°],Yn = 0,1,2, .. (1.6.3)
for fixed o, d by assuming that 7 is monotone, Lipschitz continuous with Lipschitz
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constant R and with y satisfying 0 < y < min{é, fx—g‘ + R?}. Later, |George and Nair
(2017) have investigated the iterative procedure , but with B independent on the
regularization parameter & and the Lipschitz constant R, instead of y. In Chapter 3, we
study finite dimensional realization of the derivative free regularized iterative method
considered in (George and Nair (2017)).

This thesis has divided into mainly two sections. The second and third Chapters
focus on the numerical realization of regularization methods for ill-posed problems. In
Chapter 4 and Chapter 5, we discuss iterative methods for nonlinear problems and their

applications in ill-posed problems.

1.7 ITERATIVE METHODS FOR NONLINEAR
PROBLEMS

Constructing higher order convergent (see definition iterative algorithm to solve
nonlinear equations in Banach spaces is a vital problem in Computational Mathemat-
ics. The importance of higher order convergent iterative methods has grown in recent
years because of its applicability in various fields. Numerous applications, including
chemical reactions, image processing, economics, population growth, electronic cir-
cuits, cryptography, and secure communications, need the simultaneous or sequential
solution of integral equations, partial differential equations, and boundary value prob-
lems. And those problems can be modeled as a nonlinear equation in Banach space
settings. Generally, there is no direct method to solve nonlinear problems. However,
the iterative methods use to approximate solutions of such problems numerically.

In the literature, one can see that there are mainly three types of convergence anal-
ysis such as local, semilocal, or global convergence. We commonly consider the basic
assumption that the solution of the nonlinear equation exists and the iterates are suffi-
ciently close to the solution. The global convergence ensures that the iterative method
converges to the solution irrespective of initial iterates. In the case of nonlinear prob-
lems, global convergence can not be guaranteed even though it is achievable for a linear
case under stringent conditions (Ortega and Rheinboldt (1970)). The local convergence
analysis uses information around a solution, whereas the semilocal convergence em-
ploys information provided at an initial approximation (Argyros and Magrefnan| (2016);
Argyros (2008)). Mostly, the local convergence analysis uses the expensive Taylor’s
expansion and assumptions on the higher order Fréchet derivatives of the operator to
obtain the order of convergence of the iterative scheme (Cordero et al. (2014} 2012,
2010); Fang et al.|(2008); |Sharma and Guptal (2014))). The domain of convergence of an
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iterative method is usually small. The choice of initial approximation and the behavior
of nonlinear functions around the solution plays a vital role in the convergence of an
iterative method.

In Chapter 4 and Chapter 5, we consider the following nonlinear equation,
Z(s) =0, (1.7.1)

where £ : Q C % — ¥ is an operator from % to ¥ and %, are Banach spaces. We
also assume that .Z is a Fréchet differentiable nonlinear operator and € is a nonempty
open convex set. Recall Kreyszig| (1989), the direct method involves a finite number of
arithmetic operations after which an exact solution has attained. Since there is no direct
method to solve the nonlinear problem (1.7.1)), we reformulate it into a fixed point
problem ¥ (s) = s and use iterative methods to obtain the exact solution Kelley| (1995).
A suitable initial value, an iterative function, and a stopping rule (numerical criterion
for deciding when to stop iteration) are required to perform the iterative method. In
Traub| (1964)), Traub categorized the Iterative methods as follows based on the values

used:

(i) One Point Iterative Function (LF.) : If s, = 9 (sy), sy is the kth iterate, we
call this one point iterative function. Newton iterative function by equation is an

example (see Chapter 4).

(ii)) One Point LF. with memory : If s;. 1 = Y (si;5%_1,---,5k—m), then ¥ is called
one-point iteration with memory as it reuses information of past iterations. The
semicolon separates the points at which new data are used from the points at

which old data are used. Secant method is an example.

Sk — Sk—1
Sk |:Sk—$ Sk ,Vk=0,1,2,...
: ) 20— ()
(iii) Multi Point LLF. : If 5, | is determined by new information at s, ; (si), ..., @, (sx)
and sg1 =9 (s, ©(Sk), -, Oy (k) ), the ¢ is called multi point L.F. The midpoint

Newton’s method is an example (see Chapter 5).

(iv) Multi Point LF. with memory : Iterative function ¢ is called multi point L.F.
with memory, if p; denoted n+ 1 quantities s, @;(sk), ..., ®,(sx) and sgy1 =
G (DK Pr—15 s Ph—m)-

One needs the concept of order of convergence to analyze the convergence speed of the

sequence of iterates {s;} to the exact solution s* in an iterative scheme.
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Definition 1.7.1. Recall Traub|(1964), If for a sequence {s;} converging to solution s*,
there exist some p € [0,00) such that the limit defined as

_ X
K, = tim 1511
% s 577

exists. Then, p is called the order of convergence of the sequence {s;}.

Ortega and Rheinboldt have discussed a more general concept of R-order and Q-
order in Ortega and Rheinboldt (1970). There is an equivalence between the above
definition, Q and R orders, with an additional condition 0 < K, < oo, in |PetkoviC et al.
(2014). We use the following R-order convergence definition in this study (Potra (1989)
Ezquerro and Hernandez| (2006)).

Definition 1.7.2. A sequence {s;} converges to s* with R- order at least p if there are
constants C and 3 € (0, 1) such that,

skt —s*|| < CBP',n=0,1,2,... (1.7.2)

Note that,
||Sk+1 —S*“ < CHS/C-H _S*Hpaé >0,n=0,1,2,.., (1.7.3)

for p € N implies (1.7.2), provided ||so —s*|| < 1. It can be shown as below,

IN

Cllsi—s"]1”

C (Cllse-1=s7II7)"
c(cy
c(cy

”Sk+1 —S*H

>~

[\
@

2
Isk—1 = 5™

~ 2 3
(C)F Ilsg— —s™|1"

IN

< CC)PEC)P ... (O |so—s "
~ ﬂ % pk+1
— (C)T7 |lso—s"|

~ 1=k " -
= | (C)Trlso—s"[| ) [[so—s""",

. 1=
where C = (C)ﬁ ||so —s*|| and B = ||so — s*||. We use the relation (1.7.3) as order of

convergence in our study.

The Bisection algorithm, Regula falsi, and Secant iterative scheme are some of
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the simplest methods to solve nonlinear equations. The well known efficient iterative
method used to approximate the solution of the nonlinear equation is classical Newton’s
method of order two (see Chapters 4 and 5).

In the earlier studies, the local analysis has proved by applying the Taylor expan-
sions that need assumptions on derivatives of higher order, which are quite expensive.
If the higher order derivatives are unbounded, these schemes have limited applicability.
For example, consider the equation . (¢) = 0, where . : [~1,3] — R defined by

tlog(t?) +1° —1t* t#0

0 t=0.

Z(t)=

Since the third order derivative of . is unbounded, the convergence analysis depends
on Taylor’s expansion cannot be applicable in this example. Our study introduces new
higher-order iterative schemes and eliminates Taylor’s expansion in the convergence

analysis of those methods.

1.8 RESEARCH OBJECTIVES

The overall objectives can be summarize as follows;

(i) Study the finite dimensional realization of Fractional Tikhonov Regularization
method.

(i) Propose a new parameter choice rule for nonlinear ill-posed operator equation.

(iii) Study the finite dimesnional realization of derivative - free iterative method for

nonlinear ill-posed equations.

(iv) Study the local convergence analysis of higher order iterative methods in Banach
space and use these methods to solve non linear ill - posed problem in Hilbert

space settings.

1.9 OUTLINE OF THE THESIS

The rest of the thesis has organized as follows;
Chapter 1, introduces the basic definitions and notations for the rest of the thesis.
Chapter 2, discusses the techniques developed to study the finite dimensional Frac-

tional Tikhonov regularization (FDFTR) method to approximate a solution of linear
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ill-posed problems. We studied Raus and Gfrerer type discrepancy principle for the
FDFTR method and compared the numerical results with other discrepancy principles
of the same type.

In Chapter 3, we have considered the derivative-free regularized iterative method in
(George and Nair (2017)) in the finite dimensional setting. We have introduced a new
parameter choice strategy to compute & before computing the approximate solution ug.
Also, we introduced a new source condition. The optimal order has been obtained using
this parameter choice strategy and source condition.

Chapter 4, discusses the Cordero - type iterative methods to solve nonlinear prob-
lems in Banach space. We studied Cordero’s higher order methods in (Cordero et al.
(2009, 2012)) of orders four and six without Taylor’s expansion. In this study, we
used assumptions only on the first order Fréchet derivative in the convergence analysis.
Moreover, we extended the Cordero method to a method having order of convergence
eight. We have applied these iterative schemes to ill-posed problems.

In Chapter 5, we have studied Newton’s midpoint iterative scheme and introduced
two extensions of Newton’s midpoint iterative scheme of order five and six. We did
the convergence analysis without Taylor’s expansion. This study used assumptions on
Fréchet derivative of order up to two.

Chapter 6, gives the conclusion of the thesis and future work.
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CHAPTER 2

FINITE DIMENSIONAL REALIZATION OF
THE FTR METHOD WITH RAUS AND
GFRERER TYPE DISCREPANCY
PRINCIPLE

2.1 INTRODUCTION

Fractional Tikhonov regularization method is studied in the setting of infinite dimen-
sional Hilbert space (Bianchi et al. (2015)); Bianchi and Donatelli| (2017); |Gerth et al.
(2015); Kanagaraj et al.| (2020); Hochstenbach and Reichel (2011); [Hochstenbach et al.
(20135); Huckle and Sedlacek| (2012)); Klann and Ramlau (2008); Morigi et al. (2017);
Reddy| (2018))). But, it is not easy to obtain theoretical results in the setting of finite
dimentional Hilbert space. In this Chapter, we developed the necessary techniques to
study FTR method in the setting of finite dimentional Hilbert space. In this chapter we
consider the FDFTR method and Raus and Gfrerer type discrepancy principle. We also
compare the numerical results of three similar type discrepancy principle for FDFTR
method.

The challenge of approximating the solution X of linear ill-posed operator equation

is of particular relevance to us. We consider the operator equation of the form
Tx=y, (2.1.1)

where T € L(Z",%/), the collection of all bounded linear operators from the Hilbert
space 2 to the Hilbert space % with non closed range R(T') and y € R(T) (Engl et al.
(1996)); \Groetsch| (1977, [1984)); |Guacaneme] (1988)); [Morozov| (1968))). Also, we con-
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sidered the available data y‘S
ly=»°ll < 8. (2.1.2)

We use regularization methods for approximating the exact solution X and one of the
commonly used regularization method is Tikhonov regularization, (Engl| (1987alb);
Engl et al.|(1996); [Engl and Neubauer (1985al|1987); Schock (1984b); [Engl and Neubauer
(1985b); |George and Nair| (1998, [1994); |Groetsch (1984, 1983); Schock (1984a)), in
which

XS = (T* T+ od)~'T7y°

is taken as an approximation for X. Here o > 0 is a regularization parameter. As we
mentioned in the introduction, if £ € R((T*T)Y), 0 < v < 1, then

0
I£=xo] <ecro¥ +c (ﬁ) :

Here and below c,cy,ca,... etc denote generic positive constants which may take

different values at different places.

It is observed that Tikhonov regularization method over-smoothen the solution %
of (2.1.1))(Bianchi et al] (2015); Bianchi and Donatelli| (2017); [Hochstenbach et al.
(20135)); [Krasnoselskii et al.| (1966); Louis| (1989); Reddy| (2018); Tikhonov and Arsenin
(1977)). So, many authors examined the fractional or weighted Tikhonov regulariza-
tion approach to reduce the over smoothening in the Tikhonov regularization method
(Bianchi et al.| (2015)); |Gerth et al.| (2015)); Bianchi and Donatelli (2017)); [Hochsten-
bach et al.| (2015)); Hochstenbach and Reichel| (2011)); Huckle and Sedlacek (2012);
Kanagaraj et al.|(2020); Klann and Ramlau/ (2008)); Morigi et al.| (2017)); Reddy| (2018]);
Reich and Tuyen (2022)). In this method, the approximate solution of £ is defined as
follows,

¥ = ((T°T)'F +al) \(T°T)' 7 7% 2.1.3)

where 0 < ¥ < 1. Reddy| (2018)), studied the following discrepancy principles
1) x oy LEL -1 s\ Lk 812 67
G(at,y°) :=|a((T*T) > +al)  (T*T)Z T*?| =750 >0

and 57
Gl(aays) = HT*Txg’y—T*y‘st:w, p>07q>07 a>0

for choosing the regularization parameter o for FTR method .

Later [Kanagaraj et al.|(2020) considered the FTR method (2.1.3) in the form (with
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B="3)
x g = ((T*T)"* P an)y (T T)PT7y°, (2.1.4)

with —% < B <0 and studied the Schock type discrepancy principle [Schock| (1984b);
5 . s _oy_9
Gla,y’):= HTxaﬁ—y ”:&’ p>0,g>0,00>0 (2.1.5)

for choosing the parameter « in (2.1.4). In this chapter, we study the finite dimensional
realization of the method (2.1.4) and Raus and Gfrerer type discrepancy principle (see
Section [2.3). Note that, the above discrepancy principles gives optimal order error
estimate

(| :0(52%>, (2.1.6)

provided p and g are chosen properly (i.e., p and g are chosen depending on the un-
known v and f3). Observe that, Raus and Gfrerer type discrepancy principle
(Gfrerer (1987); Raus| (1984, 19835))) is independent of parameters like p and g. In the
noise free case instead of xg pr We define

~1
Xop = ((T* T)4P 4 al) (T*T)PT*y (2.1.7)
and assume that the solution X satisfies the following condition
)EGR((T*T)V>, 0<v<1+48. (2.1.8)

We will be using the following proposition in the sequel.

Proposition 2.1.1. ((Kanagaraj et al., 2020, Proposition 2.1), see also (Klann and
Ramlau, 2008, Proposition 3.4.3)) Let xgﬁ and xq g be as in (2.1.4) and (2.1.7),

respectively. Let % satisfies (2.1.8]). Then

(i) [|£—xop]| < 20™F, 0 < v < 1+B.

In particular, we have

(iii) £ = x5 g < e1 — e aliP.

o 2(1+B)

The remainder of the Chapter is structured as follows. In Section 2.2, the error anal-

ysis of the finite dimensional FTR method is discussed and in Section 2.3 we studied

21



Raus and Gfrerer type discrepancy principle (cf.Girerer (1987); Raus| (1984, [1985)).
The numerical examples in Section 2.4 compared the error estimates derived by three

discrepancy principles. Section [2.5|concludes the Chapter with some remarks.

2.2 FINITE DIMENSIONAL FTR METHOD

Let (V,) be a sequence of finite dimensional subspace of X with V| C V, C ... such that
Unen Vo = X and let P,(h = 1) denote the orthogonal projection onto R(P,) = V,,. We
consider the finite dimensional version of the regularized solution (2.1.4), defined as

-1
Xop = (<Th*Th)l+ﬁ +0‘1) (T T)PTy°, 2.2.1)

where 7;, = TP,. Let
en:= [T =B

and assume that limj,_,( &, = 0. The above assumption is satisfied if, for example, P, —

point-wise and if 7" is a compact operator.

-1
Xy p = ((Th*Th)1+ﬁ +ocl) (T ;)P T y. (2.2.2)

Proposition 2.2.1. Let th’% and xg B be as in (2.2.1|) and (2.2.2)), respectively. Then

h,
o

5 o
B Xapll < ——

o 2(1+B)

Ix

Proof. Analogous to the proof of Proposition 2.1 in |[Kanagaraj et al. (2020) with 7},
in place of 7. U
Next, we obtain an estimate for ng’ 5 — Xqgll, we shall make use of the following
formula ((Krasnoselskii et al., 1966, Page 287));

inzwz [ ot ot
Bx = o Z/ £ [(B—I—tl)_lx—ﬁx—l—...-ﬁ-(—l)"ﬁBn_]x} dt
T 0 t Il
B anl
sinz |x  Bx bt 1)n_1 X xex,
T z z—1 z—n+1

where

0 if 0<r<1
o()=¢ ==
1 if 1<t<o
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for any positive self-adjoint operator B and for any complex number z such that 0 <
Re(z) < n. Taking z =1+ j3, —% < B <0, we have for any z € X,

1+ 1+ inm(12B) e
(@A e (P = B [ vy
—((T*T)? + 1)~ zdt
sinn(#

148 « _
= D [P (g

T
X ((T*T)> — (T} T;)>) (T*T)* +t1) "' zdr.
(2.2.3)

Proposition 2.2.2. Suppose X satisfies with y < v < 1+ B for some constant
Y>0,and B € (—%,0]. Let xa’B,th 8 be as in (2.1.7), (2.2.2)), respectively. Then, the

h En
%08 =%l =0< i >
o 2(1+B8)

Proof. From (2.2.2)), we have

following estimate holds.

Sy = (G +an)  (5;T)P Ty
— (( T)H—ﬁ—{—OCI) I(ThTh)ﬁTth
= (T T)1+ﬁ+a[) (Ty Th)Hﬁx“‘((T Th)1+ﬁ+a1) (Th*Th)ﬁTh*T(l—Ph))?a
Xqp = (( *T)1+B+a1) ( )BT*
and hence
g —xap = [(T;T)"P +an) N (1;1)"P = (1°7)"*F + an) ' (T7T) P )¢
(T T) P + ) (T )P PT T (1— Py,
So

| <D+ 1(TFT) P + a) " (T T)PT T (- PR, (2.2.4)
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where I' = [(T;T;,)"*P + o) (T T;) ' 7P — ((T*T)'*P + al) =" (T*T) ' +P]x. Further,

we have

1
(TP +an) (GLPTT-P)R < (TG T) P +an) (1 7)P 2|

TP
M e
< SUD T g | & £
reo(rit) [ AP+
£
< o, (2.2.5)
o 2(1+B)
and (See appendix [A])
1 X £
T <4 |Sest ITTs| 226)
Y 0 2(T+B)

Thus by (2.2.4), (2.2.3) and (2.2.6)), we have
1 % &y &
g —xapl < (cbd | Seat T Tles| ) 2 = ( 1 >-
Y o 2(1+B8) o 2(1+B)

Combining Proposition [2.2.1] and Proposition [2.2.2] we have the following theorem.

g

Theorem 2.2.3. Let x™ [3 and xq g be as in (2.2.1) and (2.1.7), respectzvely. Let X
satisfies (2 with y <v < 1+ B for some constant Yy > 0, and B € (—5 1.0]. Then,

h,8 0+ &,
H%ﬁﬁmmso( 1 )
o 2(1+B8)

In particular, we have

o+¢ v
le— x5 < ce TE | o, (2.2.7)

o 2(1+B8)

Remark 2.2.4. (cf. (Bianchi and Donatelli, 2017, Proposition 10)) Observe that, Lf"
o 2(1+B)

whereas aT*F i mcreasmg for B € (—5 1.0]. Therefore
o+¢,
1

is decreasing for B € (—%

0],
one has to choose B € (—%,0], such that — a™F in order to obtazn an optimal

o 2(1+B)
. o N6 . 5 2(1+p)
order error estimate for Hx—xaﬁ ||. In particular, for a = (8 + €,) 2v*T we have by

227 N
£ =Gl = O((8 + )71, (2.2.8)
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: . . S+e, IL o _2v
The above order is optimal in the sense that —1'— = '*F = (8 + €,)2v+1. But such

o 2(0+B)
a choice of B and o is not possible in practice, because v is unknown. Therefore, in

Section 2.3 we study Raus and Gfrerer-type discrepancy principle (cf. |Gfrerer (1987);
Raus| (1984, 1985)) for choosing o in , for a fixed 3.

2.3 RAUS AND GFRERER TYPE DISCREPANCY
PRINCIPLE (Gfrerer (1987); Raus (1984, 1985))

For u € Y, define
o(0,u) = [|od (T,17) P + at) 2. (2.3.1)

Theorem 2.3.1. For eachu €Y, the function & — ¢(a,u) for a > 0, defined in (2.3.1)),

is continuous, monotonically increasing and

li =0, I = .
lim 9(ou) =0, lim ¢(et,u) = [u]

Proof. Note that

3

@ ’ 3 w148 3
(T, TP + o llul| < o2||((ThT,) P +od) 2u|| = ¢ (o, u) < |ul.
h

So, ¢(ot,u) —> ||u|| as ¢ — +o0 and ¢ (a,u) — 0 as o« — 0. Also ¢ (@, u) is strictly
increasing and continuous. U
In addition to (2.1.2), we assume that

c8+dey < |y°||,c > 0,d > 0. (2.3.2)

Then by the intermediate value theorem, the succeeding theorem follows.

Theorem 2.3.2. If y° satisfies and . Then, there exists a unique o such
that

o (o, y%) = c6 + dey,. (2.3.3)
Furthermore, if y # 0, then o« — 0 as 6 + &, — 0.

Proof. Existence of a unique o = /(6 + &) follows from intermediate value the-
orem. Suppose o does not converges to 0 as 0 + &, — 0. Then there exists a sequence
(80 + €p,) with 8, +&,, — 0 and o, = (8, + €p,) > r > 0 as n — co. Using ([2.3.3))
we have

3 £\ 14B -3
O+ dep, = |06 ((Th, Ty, ) ™" + 0al) "2y ||.
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In particular, as o, + &, — 0, we get

~3/2

<(TT*)1+3 + rl> y

0> 32

and hence
—-3/2

FS/Z((TT*)H—B +r1) y:()’
implies y = 0. This is a contradiction. Thus @ — 0 as 6 + &, — 0. U

Remark 2.3.3. In view of the above Theorem, we assume that o satisfying is
bounded above, say by some 0.

Next, we shall show that if o = ot(6 +€;) satisfies (2.3.3), then ||£—xq g|| = O((0 +
eh)%). Our proof is based on the following moment inequality

1B x| < ||B'x||¥ ||x||'""F, 0<u<v, (2.3.4)

where B is positive self-adjoint operator.

Theorem 2.3.4. Let o = (S + €,) be the unique solution of (2.3.3) and (2.1.8) holds.
Then

2v
12 —xq Il < O((8 4 €4)2+T).

Proof. Letu =2v,v=1+2v, B=az((T*T)"*P +al)~2 (T*T)? and
x=o'" "V (T*T)"*B + a1)=(1=) z. Then, by (2.3.4), we have

£~ = Ja((T*T)"*P +an) " (T°T)"]

= [|B*x]

< B2V ] 5 ]

= o (T*T)3(T°T) P + aud) = 38]| 77 |27

< Jlod (7)1 P + al) TR ||

— o3 ((TT*) P 4 o1y~ 2y|| 251 ||z 7, (2.3.5)

where we used the relation T = U (T*T)% with unitary operator U. We have,

o3 (TT*)"*P +an)~3y|
< o2 [(TT)" P +an) s —(L,T7) P +an) 2y
(TT;) P +an) 3y

(
(

3
+|o2
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o2 (1)1 + aur) 3

<[(TT) P+ an)i — (TT)"P + an3|(1T%) P + ) 3y

e (TT) P+ an)

—are (2.3.6)

IN

where G; = ||a2 (T,T;) P + al) 2 [(T,T)'" P + al)2 — (TT*) P + al)?]
(TT*)'"*P + aI)~2y| and G, = o2 ((T,T77)' P + ol)~2y]|. So, first we shall obtain
an expression for ((ThTh*)Hﬁ + OCI)% —((TT*)"+P + OCI)%. Notice that by (2.2.3)), for
any £ € Y, we have

w

(BT +an)i — (7T +an)3g
= (L) +aD (LT + al)? — (TT)P +an)z)g
TP — (1T P (TT*) P 4 al) 28

— (@) P )| 1[I (oD (T (7))
< ((TT*)1+B + (a+u)1)—15du}

H@T) P (1) (T a)ie,
In particular for & = ((TT*)'*F + Ocl)_%y, we have
1 o]
61 = adlmm) P van [ [T P s en T
—(ThTh*)Hﬁ)zldu]

3 3
T+ (L) P + at) (1) P - (17%) P12,
<: [Tyl + T2l (23.7)

where, Zy = (TT*)"*P + (a+u)l) " (TT*)"*P+al) 2y, 2, = (TT*) P + D)Ly,

3
I = a2

(L) ol H | @ P+ @

< (TT*)*B — (1,177)1+P )zldu}

and

3 3 * *
02l = o2 |(TT) P + an) 2 (L T) P — (17%) P23
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One can prove (see appendix

148
2

sin7 3
I < 052 ey 426 77 e

and
sinﬂ(#)

3
T2 < (4&, 426, ||TT™||2)co.

Therefore, we have

sinz(1E)

w3
G (4€h+2£h||TT ||2)(Cg -I-Cg) = Cl0&,

and

3 N _3
Gy < |e2(LT)" P +an)2(y—y?)|
3 * _3
Hle2 (L) + an) 72y
< 6+C5—|—d8h.

Thus by (2.3.5)- (2.3.9), we have

2v 1
18— gl < [max{eio+d,1+c}(8 + )] 2 2] w51,

Hereafter, we assume that ¢ > 1 and d > cyg.

Theorem 2.3.5. Suppose, o = o.(0 + €,) is chosen as a solution of (12.3.3).

th:o((awh)z%).

o 2(1+B)

Proof. From our Discrepancy principle, we have

Stdey, = |od (LT P +an) 37|
< i (LT P +an) 1% —y)|
Hlo [(TT) - an) =2 — (17 a3
o2 (T7)*P +ar) =2y
< 8+Gi+af (TTY)'"F 4 a1) 3y
< St +od (TTHP +an) 3y,

28

(2.3.8)

(2.3.9)

Then

(2.3.10)



and hence

(c=1)8+(d—co)en < llo (TT")'*P +an)~3y|
o3 T((T*T)" P + al) 3%
e} u(rT) 2(T°T) P ar) s

< e ((T°T) P o) 2 (T°T) /24y
2v+1
< cppo2+p) (2.3.11)
Thus, by (2.3.T1),
o0+¢g < ‘11 az%m%)
h_min{c—l,d—clo} ’
S0,
T 1
v v v zny
6+]8h :(5_‘_8}1)#“ S;Fvih §(5+8h)23“( . 11 ) i
o 20+B) o 2(+B) mln{c— 1,d—C10}
(2.3.12)
O

By combining Theorem[2.3.2] Theorem [2.3.4)and Theorem [2.3.5] we obtain the follow-

ing Theorem.

Theorem 2.3.6. Suppose Assumptions in Theorem [2.3.2| Theorem and Theorem
hold and if oo = a(38 + €,) is chosen as a solution of . Then

It =2 =0 (8 +e)77T).
U

Remark 2.3.7. The above theorem shows that, we obtain the optimal order O ((5 +&,) 23%)
fory<v <1+, for some y> 0.

24 NUMERICAL EXAMPLES

In this section, the performance of FTFDR method is compared when the regulariza-
tion parameter ¢ is determined using the Raus and Gfrerer type discrepancy principles
(2.3.3) |Gfrerer] (1987); Raus| (1984, [1985)), Schock type discrepancy principle [Schock

(1984b))
(c8 +dey)P

h,é Sy _
|7y — 30 = 22

,p>0,4>0 (2.4.1)
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and Morozov’s discrepancy principle Morozov| (1968))
)
HTth’ﬁ —y0|| = c8 + dey, (2.4.2)

for some positive constants c¢,d. For the comparison, we pick up two examples whose
discrete version is taken from Regularization Toolbox by Hansen |Hansen (2007). We

take the singular value decomposition (SVD)
T=UxvT, (2.4.3)

where V = [vy, vo, ..., vy] e R and U = [uy, uy, . . ., u,] € R are orthogonal
matrices, and
Y =diag[h, Ay, . . ., Ay) € R™

whose singular values are ordered according to
M>H> A>Ahig=...=1,=0.

Substituting the SVD (2.4.3)) into (2.2.1), (2.3.3), (2.4.1)) and ((2.4.2)) yield

x, g =V(EPT 4 an) 1P HUT, (2.4.4)
o(at,y%) - || ?U (2B 1 an)32uTyo|| = ¢8 + dey, (2.4.5)
14
HaU(EZ(ﬁJrl) + al)*lUTy5H — % (2.4.6)
and
|aU (Z2BHD) 4 o)~ 'UTy0 || = 6 + dey, (2.4.7)

In order to solve above nonlinear equations for a with different values f3, 6 and g with
g, 5=l

[

are presented in the tables for different values of 8, n = 1000 (size of the mesh) and

g = p— 1, we used Newton’s approach. Relative errors ey g 1= ), and o

noise level §. In each figure, plot (a) contains the exact data and noise data; plot (b)
contains the computed solution (C.S) and exact solution ( exact sol.) when « is chosen
according to (2.4.2)); plots (c¢) contains the computed solution (C.S) and exact solution

(‘exact sol.) when « is chosen according to (2.4.1)) and plots (d) contains the computed
solution (C.S) and exact solution ( exact sol.) when « is chosen according to (2.3.3).
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Example 2.4.1. Consider Foxgood example from the Regularization Toolbox by Hansen
Hansen|(2007) with n points. It is defined as follows:

[Tx](s):= /01 Vs?+12x(t)dt = y(s), 0<s < 1 (2.4.8)

with noise free data y(s) = %((1 +52)3/2 — §3) and solution #(t) = t. We have introduced
the random noise level 8 = 0.1, 0.01 and 0.001 in the exact data and €, = 8% = nl—2
The exact data has been tainted by the addition of random noise level 6 = 0.1,8 =
0.01 and 6 = 0.001. In Table we present the relative errors as well as o values
using discrepancy principle , and for different values of B and §.
Plots of Foxgood example for different values of 8, and B are given in Figures[2.1H2.12]

with captions.

Example 2.4.2. We choose Shaw example from the Regularization Toolbox by Hansen
Hansen (2007) with n points. It is defined as follows:

[Tx](s) := /7r k(s,t)x(t)dt = y(s), —n <s<m, (2.4.9)

—T

where k(s,t) = (cos(s) +cos(t))2(%)2, u=n(sin(s)+sin(t)). The solution X is given
by #(t) = 2exp (—6(t —0.5)%) + 2exp (—2(t — 0.8)?). We have introduced the random
noise level § = 0.1, 0.01 and 0.001 in the exact data and €, = 8% = nLZ The exact data
has been tainted by the addition of random noise level § =0.1,6 = 0.01 and 6 = 0.001.
In Table (2.2), we present the relative errors as well as o values using discrepancy

principle ) and for different values of B and 8. Plots of Shaw
example for different values of &, and B are given in Figures|2.13 with captions.

2.5 CONCLUSION

In this Chapter, we studied, finite dimensional realization of FTR method with Raus
and Gfrerer type discrepancy principle for choosing the regularization parameter ¢ in
FDFTR method. As mentioned earlier, it is difficult to choose B € (—3,0] to obtain
a better error estimate, but we observe (see Table [2.1] and Table [2.2)) that the relative

I o3 5 g . .
eITorS ey g = (% <eqoi= (W) holds, when « is chosen according to the

Raus and Gfrerer type discrepancy principle, Schock-type discrepancy principle and
Morozov’s type discrepancy principle for § € (—%,0]. This demonstrates that the FTR
approach provides a better estimate of error than the standard Tikhonov regularization
method. The best feasible choice of 3 is still an open problem (Morigi et al.| (2017)).
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(a)

0.9 T T T T
exact data
0.8 | | = = = noise data . 'i
1
0.7 | L Ir.u '
I ' :|,|||||' ‘
1 1 g L R
06 | Y T EAT e
I 1 \ . Ly T*—ih‘l‘
] Il ! Ii I | Y l Y P .L "{“L[[-“ tl
1 T R
05 l-' IIIII I|| '. IIII o d' :Th-l ] r‘:‘.'r “ ‘11‘ " [ g
1k ol 7 T A ""‘i"j" 4 L bl
0.4 YOEnMEERUE XUN (IR BALRE Yy ||' Iy -
. \l _Hil-i.l‘*] h‘hm '[wl‘ 'yll J -]!"l 'I'l III I||
g v BT A L R
0.3 ,"hrﬂ.}u: ._ rﬂ t 1) g '”,“ d 1 1|| !| {1 |
$01 O TR
0.2 h g |h ‘ 1 Il lI I 1 1 R
R }- '
0.1 | il 4
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2.1 Data of Foxgood example with 6 = 0.1.

1 T T (b) T T

exact sol.

C.S.with $3=0.0. /
0.8 C.S.with 3=-0.15. g 1
C.S.with p=-0.2. '
C.S.with (3=-0.25

0.6 |

-0.2 I 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2.2 Solutions using Morozov’s type discrepancy principle with 6 = 0.1.
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(c)

1.2 T T T T
exact sol.
C. S. with 3=0.0.
1r C. S. with 3=-0.15.
C. S. with =-0.2.
C. S. with (3=-0.25.
0.8 i
0.6 i
04 r :

o
©
N

0.4 0.6 0.8 1

Figure 2.3 Solutions using Schock-type discrepancy principle with 6 = 0.1.

1.2 T T (d) T T

exact sol.

C. S. with 3=0.0.
C. S. with 3=-0.15.
C. S. with 3=-0.2.
C. S. with (=-0.25.

0 0.2 0.4 0.6 0.8 1

Figure 2.4 Solutions using Raus and Gfrerer type discrepancy principle with 6 = 0.1.
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0.65 . — @ .

exact data
= = = noise data

0.6

0.55

0.5

0.45

0.4

0.35

Figure 2.5 Data of Foxgood example with 6 = 0.01.

b
1 T T ( ) T T
exact sol.
0.9 C.S.with (3=0.0.
———C. S. with 3=-0.15.
0.8 | C.S.with (=-0.2.
C.S.with (=-0.25.
0.7 }
0.6 |
0.5 | . 1
0.4 | i 7
03 | / .
0.2 .
0.1} 1
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2.6 Solutions using Morozov’s type discrepancy principle with 6 = 0.01.
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(c)

1.2

0.8

exact sol.

C. S. with 3=0.0.
C. S. with B3=-0.15.
C. S. with p3=-0.2.
C. S. with 3=-0.25.

Figure 2.7 Solutions using Schock-type discrepancy principle with 6 = 0.01.

0.2 0.4

(d)

0.6

0.8 1

09 r

0.8

0.7 r

0.6

0.5 f

04 r

0.3 r

0.2

0.1

exact sol.

C. S. with 3=0.0.
C. S. with 3=-0.15.
C. S. with p3=-0.2.
C. S. with 3=-0.25.

Figure 2.8 Solutions using Raus and Gfrerer type discrepancy principle with 6 = 0.01.

0.2

0.4
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0.65 . — @ .

exact data

= = = noise data

0.6

0.55

0.5

0.45

0.4

0.35

0.3 : : : '
0 0.2 0.4 0.6 0.8 1
Figure 2.9 Data of Foxgood example with 6 = 0.001.
b
1 T T ( ) T T
exact sol.
0.9 r C.S.with j3=0.0.
C.S.with 3=-0.15.
0.8 C.S. with 5=-0.2.
C.S. with 3=-0.25.
0.7 |
0.6
05 | ' 1
04 7
0.3 7
0.2 [ 7
0.1 7
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2.10 Solutions using Morozov’s type discrepancy principle with 6 = 0.001.

36



(c)

1.2 T T T T
exact sol.
C. S. with 3=0.0.
1+F C. S. with 3=-0.15.
C. S. with 3=-0.2.
C. S. with (3=-0.25.
0.8 i
0.6 i

0 0.2 0.4 0.6 0.8 1

Figure 2.11 Solutions using Schock-type discrepancy principle with 6 = 0.001.

d
1 T T ( ) T T
exact sol.
0.9 C.S.with (3=0.0.
C. S. with p3=-0.15.
0.8 C. S. with 3=-0.2.
C. S. with p3=-0.25.
0.7 r
0.6
0.5 7
04 r 7
0.3 ’ 7
0.2 7
0.1 7
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2.12 Solutions using Raus and Gfrerer type discrepancy principle with 6 =
0.001.
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25

1.5

exact data
= = = noise data

0.5

0 0.2 0.4 0.6 0.8 1

Figure 2.13 Data of Shaw example with 6 = 0.1.

2.5 T T (b) T T
exact sol.

C. S. with 3=0.0.
C. S. with (3=-0.1.
2 r C.S.with 3=-0.15. 1
C. S. with B=-0.2.

1.5

| A\

0.5 | /
//

Figure 2.14 Solutions using Morozov’s type discrepancy principle with 6 = 0.1.
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2.5 T T T T
exact sol.
2+ C. S. with 3=-0.1.
C. S. with (=-0.15.
C. S. with 3=-0.2.
1.5
-1 - /
0.5
-
0 .
_05 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2.15 Solutions using Schock-type discrepancy principle with 6 = 0.1.

d
2.5 T T ( ) T T
exact sol.
C. S. with 3=-0.15.
2r C.S.with B=-0.2.
C. S. with 3=-0.25.
1.5
1+
0.5 |
O 1 1
0 0.2 0.4

Figure 2.16 Solutions using Raus and Gfrerer type discrepancy principle with 6 = 0.1.
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4 T T T T
35 ]
3 - -
25 | .
2 - -
1.5 - -
exact data
= = = noise data
1
0.5
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Figure 2.17 Data of Shaw example with 6 = 0.01.
b
2.5 T T ( ) T T

exact sol.

C. S. with 3=0.0.
C. S. with (3=-0.1.
C. S. with (3=-0.15. 7
C. S. with B=-0.2.

A

O 1 1 1
0 0.2 0.4 0.6

Figure 2.18 Solutions using Morozov’s type discrepancy principle with 6 = 0.01.
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(c)

2.5
exact sol.
2+ C. S. with 3=-0.1. <

C. S. with (=-0.15.
C.S.with (=-0.2.

. //“\/ f

=

-0.5

Figure 2.19 Solutions using Schock-type discrepancy principle with 6 = 0.01.

d
o (d)
exact sol.
C. S. with 3=-0.15.
2r C. S. with $=-0.2. 1
C. S. with 3=-0.25.
1.5 .
1 A \ 4
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2.20 Solutions using Raus and Gfrerer type discrepancy principle with = 0.01.
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4 T T T T
35 i
3 - -
25 -
2 - -
15 -
exact data
1 = = = noise data
0.5
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Figure 2.21 Data of Shaw example with 6 = 0.001.
b
2.5 T T ( ) T T
exact sol.
C.S. with 3=0.0.
C. S. with B=-0.1.
2r C.S.with 3=-0.15. 8
C.S. with 3=-0.2.

0.5 |

N

Figure 2.22 Solutions using Morozov’s type discrepancy principle with 6 = 0.001.
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(c)

2.5 T T T T
exact sol.
C. S. with 3=0.0.
2 F C. S. with 3=-0.1. i

C. S. with (=-0.15.
C. S. with 3=-0.2.

1.5

| ”\J/ \

0.5

-0.5 1 1 1 1

Figure 2.23 Solutions using Schock-type discrepancy principle with 6 = 0.001.

2.5 T T (d) T T

exact sol.

C. S. with 3=0.0.
C. S. with (=-0.15.
2r C. S. with 8=-0.2. 1
C. S. with B3=-0.25.

| \J/

Figure 2.24 Solutions using Raus and Gfrerer type discrepancy principle with 6 =
0.001.
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Table 2.1 Relative errors employing different discrepancy rules in the Foxgood example.

Morozov’s type method

Schock’s type method

Raus and Gfrerer type method

/B

0.1

0.01

0.001

0.1

0.01

0.001

0.1

0.01

0.001

eap

4.773800e — 03
1.006404¢ — 01

5.497968e — 03
1.154653¢ — 01

5.499283e — 03
1.149971e — 01

3.416657¢ — 03
8.429121e — 02

3.224783e — 04
3.634466¢ — 02

7.138374e — 04
3.570536e — 02

5.151365e — 03
1.299482¢ — 01

5.499240e — 03
1.151339¢ — 01

5.499896e — 03
1.151811e—-01

-0.15

wefm

4.792023e — 03
6.018369¢ — 02

5.498288e — 03
7.400377e — 02

5.499627e — 03
7.453973e — 02

3.416159¢ - 03
6.777801e — 02

3.389354¢ — 04
3.995668e — 02

7.252900e — 04
2.434411e — 02

5.187231e—03
2.225650e — 02

5.499252¢ — 03
8.053778e — 02

5.499970e — 03
7.441076e — 02

-0.2

€a.p

4.826014e — 03
6.298842¢ — 02

5.498266¢ — 03
7.183043e¢ — 02

5.499693¢ — 03
6.413678¢ — 02

3.447664¢ — 03
9.036714e — 02

3.261034e — 04
2.985094¢ — 02

7.024664¢ — 04
2.634077e¢ —02

5.134205e¢ — 03
1.225282¢ — 01

5.499292¢ — 03
6.064762¢ — 02

5.499980e — 03
6.394360e — 02

-0.25

€a.B

4.765742¢ — 03
1.042475¢ — 01

5.498398¢ — 03
5.779342¢ — 02

5.499743e — 03
5.484780e — 02

3.387352¢ — 03
2.011399¢ - 01

3.337148e — 04
5.512364e — 02

6.763532¢ — 04
1.581466¢ — 02

5.128512¢ — 03
9.344107e¢ — 02

5.499343¢ — 03
5.772382¢ — 02

5.499985e — 03
5.501765e — 02

Table 2.2 Relative errors employing different discrepancy rules in the Shaw example.

Morozov’s type method

Schock’s type method

Raus and Gfrerer type method

5/ B

0.1

0.01

0.001

0.1

0.01

0.001

0.1

0.01

0.001

NQ:@

5.494892¢ — 03
1.566804¢ — 01

5.499930e — 03
1.390961e — 01

5.499978e — 03
1.393482¢ — 01

3.342907e — 03
1.258053¢ — 01

3.485044¢ — 04
6.274838e — 02

4.940953¢ — 04
7.164926e — 02

5.497493e — 03
1.444955¢ — 01

5.499969¢ — 03
1.375854¢ — 01

5.499995e — 03
1.390921e — 01

-0.1

wﬁ,u

5.495304¢ — 03
1.118636e — 01

5.499930e — 03
1.213782¢ — 01

5.499982¢ — 03
1.229959¢ — 01

3.435283¢ - 03
1.211811e—01

3.304696¢ — 04
6.149359¢ — 02

5.909074e — 04
6.032795¢ — 02

5.497594¢ — 03
1.100015e — 01

5.499972¢ — 03
1.239868¢ — 01

5.499997¢ — 03
1.232654¢ — 01

-0.15

morm

5.495425¢ — 03
1.565930e — 01

5.499934¢ — 03
1.094870e — 01

5.499984¢ — 03
1.123341e — 01

3.241767¢ — 03
1.336406e — 01

3.239556e — 04
5.658549¢ — 02

6.348895¢ — 04
5.545215e¢ — 02

5.497589¢ — 03
1.598642¢ — 01

5.499974e — 03
1.121039¢ — 01

5.499998e — 03
1.130612¢ — 01

Co.p

5.495176e — 03
9.718942¢ — 02

5.499936e — 03
1.012614e — 01

5.499985e — 03
1.025344¢ — 01

3.252457e¢ — 03
1.002055e — 01

3.438961e — 04
5.198294¢ — 02

6.750084¢ — 04
5.195900e — 02

5.497466¢ — 03
1.195230e — 01

5.499972¢ — 03
9.552077¢ — 02

5.499999¢ — 03
1.015265¢ — 01

44



CHAPTER 3

A NEW PARAMETER CHOICE STRATEGY
FOR LAVRENTIEV REGULARIZATION
METHOD FOR NONLINEAR ILL-POSED
EQUATIONS

3.1 INTRODUCTION

Let 2 : D() C % — % be a nonlinear monotone operator (see Definition [1.4.2))
defined on the real Hilbert space % . We are concerned with finite dimensional approx-

imation of the solution of the ill-posed equation
A (u) =y, (3.1.1)

which has a solution # for exact data y. However, we have y6 € % for some 6 > 0, are
the available data, such that
ly—y°ll < 6. (3.1.2)

Due to the ill-posedness of (3.1.1), one has to apply regularization method to obtain
an approximation for . For (3.1.1)) with monotone .7¢, Lavrentiev regularization (LR)
method is widely used (George and Nair| (2008); Hofmann et al.| (2016); Janno and
Tautenhahn| (2003)); Mahale and Nair| (2013)); Tautenhahn| (2002)); Vasin and George
(2014)). In (LR) method the solution ug of the equation

)+ a(u—up) =2, (3.1.3)

is used as an approximation for 7. Here (and below) ug is an initial approximation of
i with ||ug — 1| < ro for some ry > 0. The solution of (3.1.3), with y in place of y? is
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denoted by ugy, i.e., (cf. Tautenhahn (2002))
J(ua) + (g —up) =y. (3.1.4)

Let ug and uy be as in || and lb , respectively. Then, we have the following
inequalities (cf. Tautenhahn| (2002)).

lug —all* < (uo— it ue — i),
o)
)
ug —ual < p (3.1.5)
and hence,
.S R 19)
la—ugl < lld-ual+_ (3.1.6)
and
|l —ue| < |[|d—uol (3.1.7)

For proving our result, we assume that, either %" (u) is self-adjoint or 7#” (u) is positive
type, 1.e.,
o (A" (u)) € [0,%)

and

(A (u) +sD) 71| < g, s > 0, for some constant ¢ > 0, u € B(ug,r)

(see Nair and Ravishankar (2008)). Here and below .%#” (u) is the Fréchet derivative of
A (u) (if 7' (u) is self-adjoint, then ¢ = 1).

Remark 3.1.1. [f 7' (u) is positive type, then
(" () +sD) ™ " ()| = 1T = s(A" () +sI) | < 1+e.
Further as in\George and Sabari (2018) (Lemma 2.2) one can prove
(2 (u) +sD) " ' ()| = O(s*), 0 < pu < 1.

So, the results in this paper hold for positive type operator F¢'(u) up to a constant.

Therefore, for convenience, hereafter we assume ' (.) is positive self-adjoint.

In earlier studies such as (Mahale and Nair (2013)); [Tautenhahn| (2002)); |Vasin and
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George (2014); George| (2010); |[Semenova (2010)), the following source condition:
wp— ="z ||l <p, 0<m <1 (3.1.8)
or
uo— it = A (uo)*z, ||z <p, 0<pp <1 (3.1.9)

was used to obtain an estimate for ||i# — uy||. In fact, if the source condition (3.1.8)) is
satisfied, then, we have |Tautenhahn| (2002)

14— ug|| = O(at)
and if (3.1.9) is satisfied, then, we have Hofmann et al.| (2016)
14— ug|| = O(a'®).
In this study, we introduce a new source condition,
uy—a=Az |z <p, 0<v<l, (3.1.10)

where p > 0 and A = fol ' (0 +t(ug — 4))dt. We shall use this source condition
(3.1.10) to obtain a convergence rate for ||l — uy|| and to introduce a new parameter-

choice strategy.

Remark 3.1.2. (a) Note that in a posteriori parameter-choice strategy, the regulariza-
tion parameter o, (depending on 8 and y‘S ) is chosen at the time of computing ug (see
de Hoog (1980)). The new source condition is used to choose the parameter
a (depending on 8 and y°) and independent of v, before computing ug (see Section
[3.2) and also it gives the best known convergence order (see Remark[3.2.3). This is the
innovation of our approach.

(b) Notice that, the operator A and A" are used to obtain an estimate for ||ii — uy|.

In actual computation of the approximation qul o (see Equation (3.3.7)) and o (see

Section we do not require the operator A or A .

Letz=v,and B= J'(.) in (2.2.3). Then, we have

sy sinz(V) X R -1 X
() x = { +/0 (A () +7l) " xdt /1 Tlvdr}. 3.1.11)

T \4
Note that, if #”(.) is positive self-adjoint, then, A is self-adjoint. Further, suppose
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A (.) is positive type, then we have

(A+sD7Y| = H(/Ol%’(ﬁ+t(uo—ﬁ))dt+sl)‘1)

- H(Al(%/(ﬁ+f(uo—ﬁ))+ﬂ)d’)1

IN

1
/0]|(%”’(ﬁ+t(uo—ﬁ))+sI)_1||dt

C
S —
S

Y

i.e., A is positive type. Next, we shall prove that (3.1.10) implies

A (ug) <pofor 0 1
uo_ﬁ:{ (u0)"1 &z, &l < pofor  O<vi<v< 3.112)

A (u0) &z 5 18z, 1| < p for v=1,

for some constants pg and p;. For this, we use the standard non-linear assumptions in
the literature (cf. Mahale and Nair| (2013, 2009)).

Assumption 3.1.3. For every u,v € B(ug,r) and w € %, there exists kg > 0 and an
element ®(u,v,w) € % with

[ () — A (v)]w = A (v)DP(u,v,w)

and
| (u, v, w) || < kol[w|[Ju—v||.

Suppose (3.1.10) holds for v < 1, then

uo—ﬁ = AVZ

= [AY = (u0)" )+ A (u0)"z
sinz(Vv)

- Y /Om V(A (o) + T1) " (A — " (o)) (A + ©1) "zt

+' (u9)" z,
so by the definition of A and Assumption[3.1.3] we have

up—i = [AY =" (up)")z+ A" (uy)"'z
_sinz(v)

- Ty /: e (A (o) + 1) !

X Al(%'(ﬁ+t(uo — ) — A (ug))dt (A + 1)\ zd
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+" (up)" z
sinz(v)

= — [)wrv(%/(uo)+fl)_]%/(M0>

1
x / (i -+ (o — 8),u0, (A + 1)~ 2)drdT + ' (uo)" 2
0

sinz(Vv)
T

= ' (up) {— /0oo V(A (up) + I) !

1
x / D(i+ (o — ), o, (A + T1) ' 2)dede| + 7 (uo)" 2
0
= H'(up)"&, vi <V,

where & = " (ug)' V1 (— 22 [0V (" (o) + 1) fy @ (i + 1(ug — ), u0, (A +
)~ 12)dt)dT 4+ " (o) V2. Further note that

Il < | (e o e

1
X/O cb<ﬁ+l(uo—ﬁ),uo,(A—i—‘L'I)_]z)dt) df“+||%/(u0)v—V1Z||

1 1
< ([ 21w o e o - e izjas
+ [T 1 ) (8 )+ 51) o 02‘ i onytapac)
L o)
i —q
< _(/ Tv_vl_ldfk()”uo MHHZH
T \Jo
1)) [ e a0 = e ) 4 1 o) e
L[ ) -
< — Hip = po.
e e L RY EL OB RS
Suppose,
u()—ﬁ = Az

= (A—%’(uo)+%/(uo))z
1
= (/0 (%,(ﬁ+t(u0—ﬁ))—f%al(uo))dt—ke%a/(uo))Z

= ' (up) (/OICID(ﬁ-l-t(uo—ﬁ),uo,z)dt-l-Z)
= ()&,
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where &, = fol (i +1(up — 1), up,z)dt + z. Observe that

ﬁ—uo ko}"o
&, < (mMH) lell < (7+ 1) b= pr.

So ug — it = Az implies ug — it = 7" (uo)&;,, |&;, || < pi i-e., (3.1.10) implies (3.1.12).
Similarly one can show that (3.1.10) implies

R ,%”’(ﬁ)"lﬁz, HéZH < p, for O<vi<v<l
uyg—u = R -
%/(u)ézn Hézl H < p; for v=1,

for some constant p;. Throughout the paper, we use the relation (Fundamental Theorem

of Integration),
H(u) — A (x) = [/Olji”'(x—i—t(u—x))dt (u—x)

for all x and u in a ball contained in D(.77).

Remark 3.1.4. In general, it is believed that (see Tautenhahn (2002))) a priori parameter-
choice strategy is not a good strategy to choose Q. since the choice is depending on the
unknown V. In this study, we introduce a new parameter-choice strategy which is not

depending on unknown v and gives the best known convergence order 0(5#1).

In some recent papers, the first author and his collaborators considered iterative
methods for obtaining stable approximate solutions for (see \George and Sabari
(2018); (George and Nair| (2017)). In most of the iterative methods Fréchet derivative of
the operator involved is used. [Semenova (2010) considered the iterative method defined
for fixed a, 8, by

ug—i—l,a = ug,a - 7[%(’/‘2,05) + a(”}ia —up) _)’5]- (3.1.13)
Note that, the above iterative method is derivative-free. Convergence analysis in (Se-
menova (2010)) is based on the assumption that .7 is Lipschitz continuous and the

Lipschitz constant R satisfies

1 2o
0<y<min{_, —“T L 3.1.14
TSNy 2R ( )
where 7 is a constant. Contraction mapping arguments are used to prove the conver-
gence in (Semenoval (2010)). (George and Nair] (2017) considered the method (3.1.13),

but with B independent on the regularization parameter ¢ and the Lipschitz constant R,
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instead of y. The source condition on ug — i in (George and Nair (2017)) depends on the
known ug and the analysis in (George and Nair| (2017)) is not based on the contraction
mapping arguments as in (Semenova (2010)).

The purpose of this Chapter is threefold: (1) introduce a new source condition, (2)in-
troduce a new parameter-choice strategy, and (3) apply the parameter-choice strategy to
the (finite—dimensional setting of the) method in (George and Nair| (2017)).

The remainder of the Chapter is organized as follows. In Section[3.2] we present the
error bounds under the source condition (3.1.10) and a new parameter-choice strategy.
In Section[3.3] we present the finite dimensional realization of method (3.1.13)). In Sec-
tion [3.4] we present the finite dimensional realization of (3.1.10). Section [3.5|contains

the numerical example and the conclusion is given in Section [3.6]

3.2 ERROR BOUNDS UNDER (3.1.10) AND A NEW
PARAMETER CHOICE STRATEGY

First we obtain an estimate for || — uy|| using (3.1.10).

Theorem 3.2.1. Let 3koro < 1, Assumption|3.1.3|and (3.1.10) be satisfied. Then,

< 2+ korg

a’|z]|.
— 3 —2koro Il

14— uol]|

Proof. Since 77 (it) =y and J (uq) + O (ug —up) =y, we have

I (ug) — () + o (ug — up) = 0,

i.e.,
H (ug) — A (i) + 0t (uq — 1) = & (ug — ), (3.2.1)
or
(Mo + o) (ug — it) = 0t (uo — i), (3.2.2)
where 1
My = / K (4 H(ug — ) dt.
0
Again (3.2.2)) can be written as

(Ag+al)(ug — i) = (Ag —Mgy) (ug — &) + ot (ug — i),
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where Ag = 5" (up). Thus, we have

ug —i = —(Ag+al) ' (Mg —Ao) (g — )+ ot (Ag+ol) " (up— i)
- —m0+an-{/quﬂ< () " u0)| ()l
+a(Ag+al)™ (ug— i)
= —(Ao+a1)1Ao/o D (h+1 (ug — i), ug, e — 1) dt
)

—I—OC(A()—f—OCI)*l (u()—ﬁ

and hence
. ug — Al | .
o=l <o |2 ool o ]
Fla (Ao + )™ (up— i)
3 . _ .
< Skorolua —all +al|(A+an) " (uo—a)|| by 17
+all[(Ao+al) ™ = (A+al) ) (ug—a)|
3 . _ .
< Skorollue — | +al|(A+an)~ (up— )|
+1[(A0 + o) "H(A — Ag) (A4 al) " (g — i)
3 . _ .
< Skorollue — | +al|(A+al)~ (up—a)|
1
+HA0(AO+a1)1/O B+ (o — i), o, (A -+ ol) ™ (g — )
3 . _ .
< Skorollue — | +al|(A+al)~ (up—a)|
kor
+2 2l + ) wo— )|
1.e.,

3 N kon _ R
(130 a1 < (1452 Jata+an -

2 — 3kor
S0 i ug|| < oA+ al) T AV Z| by GII0) (3.2.3)
2+ korg
< sup ||kl
< u Z
reo(a) | A+ o
< a[].
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Theorem 3.2.2. Suppose Assumption[3.1.3\and (3.1.10) hold. Then,

2+ kory
S ~ 070
I~ ) < max {1, 00 e (£ ).

1
In particular, if @ = 6V+1, then

v

|~ al) =0 (877).
Proof. Follows from (3.1.6) and Theorem [3.2.1] O

Remark 3.2.3. Note that the best value for g—i— aV is attained when % =aY, ie.,

o = 8v+1, and in this case the optimal order is O (6 V+1> . However, the above choice
of o is depending on the unknown v. In view of this, our aim is to choose o (not

iy

depending on v), so that we obtain ||ud, — ii|| = O (5 v

3.2.1 A NEW PARAMETER CHOICE STRATEGY
For u € 7%/, define

¢ (ot u) == || o (Ao + al) 2 (A (uo) —u)|, (3.2.4)
where Ag = 7 (up).

Theorem 3.2.4. For each u € % , and o. > 0 the function o@ — ¢ (o, u) is continuous,

monotonically increasing and

lim ¢(a,u) =0 and Olcl_rgo o(a,u) = || (up) — ull.

a—0

Proof. Note that

[[Aoll 4
o= [ (155 ) 1B o) -l

where E, is the spectral family of Ay. Note that for each A > 0,

o — o« \*
A+a

4 4
is strictly increasing and satisfies limg__.q (ﬁ) =0 and limg_ e (ﬁ) = 1.

Hence, by Dominated Convergence Theorem ¢ (¢, u) is strictly increasing, continuous,
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hmOC*)O ¢(a7u)
=0 and limge ¢ (t, 1) = || 52 (ug) — ul|. O

In addition to (3.1.2)), we assume that
c8 < || (o) =5°|. (3.2.5)

for some ¢ > 1. The following theorem is a consequence of the intermediate value

theorem.

Theorem 3.2.5. Let y0 satisfies (|3.] .2[) and (13.2.51). Then,

9(0t,)°) = 8 (3.2.6)
has a unique solution .

Next, we shall show that if o = ot(8,u) satisfies and hold, then ||&i —
el
=0(6 VLH) Our proof is based on the following moment inequality for positive type
operator B (see Krasnoselski et al.| (1966), p. 290)

1B x|| < ||B x||" ||x]|'"™¥, 0<u<v. (3.2.7)

Theorem 3.2.6. Let %koro < 1, Assumption and be satisfied. Let o0 =
a(8,up) be the solution of (3.2.6). Then,

|8 — ug| < O(8+T).

Proof. By takingB=a (A+ol) 'Aandx= o'~ (A+al)~(=V)zin (3.2.3) and then
using (3.2.7) withu = v, v= 1+ v, we have

- ug| < 8]
< |IBUY || x|
= Jo? (A+od) 2AMY || P ||g)
= Ja?(A+al) 2A(ug— )| 7 ||z||
= Jo&? (A+al) 2 (H (ug) —y)|| 7 ||z||
< (le?(A+an (A () —»°) (3.28)

v
1

_ jESY 1
o (a+an=(%=y)|) " 2T
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\4 1
= (B1+86)™ =]+,

where % = ||a? (A +al)~% (A (ug) —y%)|| and we used the inequality,

We have,

2

IA

la? (A+al) 2 (y° —y)|| < 8.

lo® (A+ D)~ (A (o) — y°) |

lo*[(A+ al) 2 = (Ag+ o)~ (A (ug) — °)

+a? (Ao + al) (S (ug) — )|

lo*[(A+ al)~> = (Ao + al) (A (o) —y°)|

+Ha? (Ao + al) (A (uo) — ¥0) |

P21+ o(a,y%), (3.2.9)

where 21 = || a2[(A+ad) "2 — (Ag+ al) =2 (A (o) —y®) |- Let w = a2 (Ao + ol ) ~2(H (o)

—y%). Note that,

D

<

lo*[(A+ al) > = (Ao + ) 2] (H (o) —y°)|

1A+ al) 2 [AF — A +20(Ag — A)w|

[(A+ D) 2[(A+Ag) +2ad](Ag — A)w|
[(A+al)"2[Ag—A+24+2ad](Ag — A)w||

I[(A+al)~" (A — A)Pw+2(A+ al) ' (Ao — A)w|

(1T 20T wll = (IT]* +2(T]) ¢ (e, 5°), (3.2.10)

where I' = (A + al) "' (Ag — A). By Assumption[3.1.3] we obtain

[ITx]

<

IN

I[(A+al)~" — (Ao +al)~'](Ag— A)x]|
+[[(Ao+al) ! (A9 — A)x|

I(Ao+ &)~ [Ag — A (A+ o)~ (Ag — A)x|
+[[(Ao+al) " (Ag — A)x|

H(A0+a1)—1AO

x /01 D(f + t(uo — ), 1, (A + o) (Ag —A)x)dtH

1
+H(A0+a1)—1AO/0 ¢((ﬁ—|—t(uo—ﬁ),uo,x)dtH
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< K0y R0y,
1.e.,
(1 _ @) ITx]| < Korolx[. (32.11)
and hence
By < {Zz_k(;;‘)m (221‘3{230 +2) + 1} 0 (a,y%) = 0(8). (3.2.12)
The result now follows from (3.2.9)—(3.2.12). O

Theorem 3.2.7. Suppose Assumption and (3.1.10) hold and if o = o(8,ug) is
chosen as a solution of (3.2.6). Then,

0 v
a =0 <8"+1) .
Proof. By (3.2.6), we have
8 = | (Ao+al) (A (o) —y°)|
< lo? (Ao + D)2 ( (o) — )|
+H|o2 (Ao +al) 2 (y—y2))]|
< o (Ao +ad) =2 (S (uo) — )| + 8,

SO

(c=1)8 < & [(Ao+al)? = (A+al)?] (A () —y)|
+Hlo? (A+al) "> (A (uo) — )|
= |(Ao+al)? [(A+al)*— (Ag+al)?]
x 0% (A+al)~> (A (uo) —y)|
+lle? (A+ D)2 (A (up) — ). (3.2.13)

Let w; = a? (A4 oI)~?(# (up) — y). Then, similar to (3.2.10), we have
(cr=1)8 < (ITal*>+2[Tull+1)llwi ], (3.2.14)
where I'1 = (Ag+ aI) "' (A — Ag). Note that,

ITwxll = [[(Ao+ad) ™" (A—Ag)xl|
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1
_ H(A0+a1)—1AO/ CI>(ﬁ+t(uo—ﬁ),u0,x)dtH
0

k
< Flluo—all|x|
koro
SO L
070
1] < - (3.2.15)

Therefore, by (3.1.10), (3.2.14) and (3.2.13)), we have

k 2
(c—1)8 < (07’0> Fhoro+ 1| [jwi]
[ koro 2 ] 2 _2 ~
= T +korg+1 HOC (A+(XI) A(uo—u)H
_ koro ? _ 2 —2 414V
= [(F52) +horo+1] > (4+an A"z
[ (koro\ _ 2 v
< |5 ) thorot1]fla”(A+al) " A%|
(koo \? [
< BN +hkoro+1| o HZ”7
or |
> — - 5. (3.2.16)
(4522 + koro+1] ]
Thus,

1
S _ st <L) o).

Combining Theorem and Theorem [3.2.7] we obtain:

Theorem 3.2.8. Let Assumption|3.1.3|and (3.1.10) be satisfied and let o« = o/(8,ugp) be
the solution of (3.2.6). Then,

gl = 0(87+7).
In|George and Nair|(2017)), the following estimates was given (see George and Nair
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(2017), Theorem 2.3)
[, — ud o || < ke, (3.2.17)

where o =1 —Bocand k > ro+1 with § = Boﬁ’ Bo > || (u)||, Yu € B(u,2(ro+1)).
Suppose
ngs:=min{n € N: aqgy <6}

Theorem 3.2.9. Let Assumption|3.1.3|and (3.1.10) be satisfied and let o = a(8,up) be
the solution of (3.2.6). Then,

u al| = 0(5+).

naﬁg,a -

Proof. Follows from the inequality

9 N 1) ) 5~
H“naﬁ,oc —i < H”na’g.,a —utg || + |ug — @],
Equation (3.2.17), Theorem and Theorem [3.2.§] O

3.3 FINITE DIMENSIONAL REALIZATION OF (3.1.13)

Consider a family {P, },~¢ of orthogonal projections of % onto the range R(P,) of P,.
Let there exists by > 0 such that

| (I = Py)ad|| := by, < by,

and let
r>212rg+max{||d|,1}+by) with ro:= ||l —ugl-

We assume that;
(i) B(Pyuo,r) € D(I7),
(ii) there exists By > 0 such that

the%ﬂ/(u)Ph” S ﬁ() V uc B(Phl/t(),r). (331)

(iii) there exists & > 0 such that
| (u) (I — Py)|| := &, (u) < &, < & YV u € B(Pyuo, 7). (3.3.2)
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Remark 3.3.1. (a) Suppose ' (u) is self-adjoint for u € B(Pyug,r). Then, || (u)
(I—R)| = |(I—=Py)A"(u)|, and by Assumption we have ' (u)v =
H' (Pyug) (v + @(u, Pyug,v)). Hence,

12 (u)(I = P)vll = [[( = Py) " (Pyuo) (v + @ (u, oo, v))|
17 = ) 7" (Pyuo) [[I[V]| + ko[ — Pyueo | [ V1]
< (I+kor)[| (1= Py) A" (Puo) [[[Iv]],

IA

so, | A" (u)(I = Py)|| < (1+ kor)||(1 — Py) 7" (Pauo)||-
Therefore, in this case, we can take, &, = (1 +kor)||(I — P,) 7" (Pyup)||.
(b) Suppose, 7' (u) is not self-adjoint for u € B(Pyuq,r). In this case, under the
additional assumption (see Kaltenbacher|(1997))
H'(u) = R, (Pyug), u € B(Pyug,r)

with ||[I — R,|| < Cgr||lu— Pyug||, we have

| () (I = Py)|| = [[Ru (Pauo) (I — By) |
IRl (Pyuo) (1 — Py) |
(L+Crr)||5" (Pouo) (I — Py) |-

IA

IN

Therefore, in this case, we can take, €, = (1 + Cgr)||7"' (Pyug) (I — Py)|].

From now on, we assume 6 € (0,d] and o € [8 + €,,a) with a > d + €. First we shall
prove that
(Phjfph) (I/l) + (XPh(I/t — Lt()) = Phy8 (3.3.3)

has a unique solution uﬁgé € R(P,), under the assumption
R(Py) CD(). (3.3.4)

Proposition 3.3.2. Suppose holds. Then has a unique solution u}&,é in
B(Pyuq, r) for all ug € % and y® € % .

Proof. Since .7 is monotone, we have
(Bo?By) (1) — (By A Fp) (v), u—v) = (H(Py(u)) — A (Pa(v)), Pi(u) — By(v)) = 0,
so P, P, is monotone and D(P,7¢P,) = % . Hence by Minty—Browder Theorem
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(see Alber and Ryazantseval (2006)); Deimling (1985)), Equation (3.3.3) has a unique
solution u’&"s for all uy € % and y® € % . Next, we shall prove that uﬁga € B(Pyug,r).
Note that by (3.3.3), we have

P (Puls®) + aP,(ul? — 2) — P (4) = P,O® —y) + aPy(ug— ). (3.3.5)
LetM = fol A (4 +t(Phu256 —i1))dt. Then by li we have

h,o A h,0 ~ ~
PuM(Pyudls® — ) + oPy (uls® — ) = P, (y° — y) + atPy (uo — ).

or
(PuMPy+ ol (g’ — Pyid) = Py(y® —y) + 0Py (1o — ) + PyM (I — By ).
So, we have
lug® — Pt = ||(PuMPy+ D)™
X [0tPy (1o — &) + Pu(y° —y) + (BuM(I — P,)) (@)
) Py(y° —y PM(I—Py)| |4
< B+ 1O 1BMU— R
o o
0 &llall
< rot—+—
o o
and hence
h,& ho . .
[te” — Pauol| < [Jug” — Puid|| + || Py (it — uo) |
d+¢
< 2+ max a1}
< 2rg+max{||d,1} <r, (3.3.6)
ie., uﬁg6 S B(Phuo,r). O

The method: The rest of this section, 5" (u), u € B(P,up,r) is assumed to be positive

self-adjoint operator. We consider the sequence {uﬁ:g} defined iteratively by

h,6 h,6 h,6 h,6
') o = Ui — BPaF Py(tin’a) + (i’ — o) —°), (3.3.7)
where |
h,8
u, " =Py and = .
()7(1 h0 ﬁ B()"’a

Note that if limnﬂoo{ufi;g} exists, then the limit is the solution uggs of (3.3.3).

Theorem 3.3.3. Let 6 € (0,d], a € [0 + &,,a), uﬁf and u, are solutions of and
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, respectively. Then

he s . €h 5 A
™ —ug | < llall— +bn +2|lug —al.

Proof. Note that by (3.1.3)), we have

Py (ud) + 0Py (u, — ug) = Pyy®. (3.3.8)

Therefore, by (3.3.3]) and (3.3.8)), we have

Py (%) — A ul)) + aPy(us® —ul) = 0. (3.3.9)

Let 7}, := fol %’(ui%—t(uﬁgé —u))dt. Then by (3.3.9), we have

h,0 h,0
PhTh(”(x _”g)+aph(”a —ug):()

or
PP (s — ud) + aPy (uls® —u) = BT, (1 — P ul. (3.3.10)

Notice that

e, + 2’ — u) = Puoll = [|(1 =) (ud, — o+ & — Pyuo) +1(uiGs” — Pyuao) |

= ||(1=0)[(ud — @)+ (I — Py)a+ Py — uo)]

+1(ugg® — Pyt |

(1= )|, — all + (= Py)a]| + [|Py(@ — uo) ]
e (s — P |

(1 =) [[Jud, — & + by + ro] +[|uls® — Pyuo)|

(1 —t)[(% +2r0) +bp] +1t(2ro+max{1, ||i] })
by (3.1.7) and (3.3.6)

T,

IN

IN

IN

IA

that is u + t(u}égs —u3) € B(Pyug, r). So, P,T;,P, is self-adjoint and hence by (3.3.10),

o i
u® —Puil|| = ||(PaTyPy+ o) "' PT,(I — Py)ul)|
< |PL T3 (1 — Py)ul|
= o

<

€y s
8
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Eh A .
< 5(Ilull+llu—u§||) (3.3.11)

and
(1= Pu)ud |l < 1(T = Py)a]| + [|ud, — . (3.3.12)

Since 2 <1, by and , we have

h,8 S h,6 S )
lug” —ugll < |lug” — Paug ||+ ||(1 — Py)ug||
1 €h § A
Hu||a+bh+2”ua—“”-

IN

]

Remark 3.3.4. If ab, < 6+¢&,and aa = (0 + 8h)$ then by Theorems |3 2. 2| and |3 3. 31

we have

|uly® = al| = O((8 + &) 7).

Theorem 3.3.5. Let 6 € (0,d] and o € [6 + €,,a). Then, {uZ:g} € B(Pyug,r) and

h,6
11mn—>oo Up, o

= ua . Further

o — | < Ky
where qo =1 —Ba, k > 2rg+max{1,||d| } and B := 1/(Bo + a).
Proof. We shall show the following using induction;
(@) ty'o, € B(Pyuo, 1),
(b) the operator
/ H'( ua +t un o —u}&a))dt
is positive self-adjoint, well defined and

h,6 h,0
(© [y, o — 1|l < (1= Bor)uina — u®|| ¥n =0,1,2,...

Clearly, ”07 o= Phuo € B(Phuo, r). Furthermore, we have by Proposition (3.3.2] ué’[ﬁ €

B(Pyuo,r), so by (3 Ah is a well defined and positive self-adjoint operator with
I1BALPL|| < Bo- So (a) and (b) hold for n = 0. Note that

he 6 _ hE b ho WS
Since,

h6 NV T EY h6
A3y — / A2 41 (S — i) S — i) = AY(ulS — )
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we have

?jﬁ —uy® = [1 - B(RALP, + al)] (uﬁ;ﬁ —ul%)]. (3.3.13)

Since PhAGPh is a positive self-adjoint operator ( cf. Nair| (2002)),

1= paataanl = s (11 = Bt — BRiAGRiu,u) |
= s (1—Ba)—B <phAgphu,u> |

and since ||P,ARP,|| < Bo and B = 1/(Bo +a), we have
0<p <PhAgphu,u> < B|lRALR,|| < BBo < 1 —BaVa € (0,a).

Therefore,
11— B(RALP, + )| < 1-Ba.
Thus, by (3.3.13)), we have
1)
|.

he  ho e hd a
luyq —ue” || < (1=Ba)lugy —ua" || < qonllPauto — g

Therefore, we have

h,0 h,6
Hul,a —Ug

| < CIa,h(zro—f—maX{l?HﬁH})a by 3.3.6) = KQa,h~

and

h,8

h,6 h,& h,8
||”1,a_Ph”0|| < ””1705_”05 |+ llug” — Phuo|

2| Pytto — uly®|| < 2(2rg +max{1, ||al|}) < r.

A

Thus, u}fg € B(Pyug,r). So, for n = 0, (a)—(c) hold. The induction for (a)—(c) is com-

pleted, if we simply replace u}fji,ugjz Zfl a,qug,

respectively. The result now follows from (c). [

in the preceding arguments with u

Theorem 3.3.6. Let § € (0,d), o0 € (8 + €,,a] with d + & < a. Let ul, and uy, be

solutions of (3.1.3) and , respectively. For 6 € (0,d]| and o € [8 + €,,a), let
o )

{un o} be as in (3.3.7). Let

Ngs =min{m € N: aqgy, <5+&} (3.3.14)
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and

ab, < 8+¢g,.
Then,
he . . . 0+¢g,
2y o=l = (4 1+ max{ ], 3}) (11d — ua + ). (3.3.15)
Proof. By Theorem [3.3.3|and Theorem [3.3.5] we have
h,0 ~ h,6 h,0 h,0 S S ~
[ty 50— 8l < ) 5.0 — e | 4 [lue” — ug | + [|lug — ]
En A .\
< gt lall + by + 3 — a (33.16)
En A 0 N
< Qo+ Il +bn 4302+ flua —al])
R R 0+¢
< (K+1+max{3,||u|y})(|\u—ua||+ ah>' (3.3.17)

Here, we used the fact that g, , < % for n = Ng.§ and by, < %. Thus, we obtain

the required estimate in the theorem. ]

Finite dimensional realization of (3.2.6) is considered next.

3.4 FINITE DIMENSIONAL REALIZATION OF THE
NEW PARAMETER CHOICE STRATEGY (3.2.6)

For u € % , define
0" (at,u) = || & (PudoPy + al) > Py( A (o) — ). (3.4.1)
The proof of the next theorem is similar to that of Theorem|3.2.4} so the proof is omitted.

Theorem 3.4.1. For each u € %, the function o — ¢"(a,u) for o > 0, defined in

(3-4.1), is continuous, monotonically increasing and

lim (ph(a?u) =0, lim (Ph(avu) = ||Ph(%(u0) _”>||'

a—0 o —»o0

In addition to (3.1.2), we assume that

c18 +dy&, < ||Pu( (ug) — )|, (3.4.2)
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2
for some c¢; > 1 and d; > I% + rg. The proof of the following theorem follows from

the intermediate value theorem.

Theorem 3.4.2. If y° satisfies and . Then,
0"(,y°) =18 +dig (3.4.3)

has a unique solution & = a(d,h,uy).

Next, we shall show that if & = a(8,h,u) satisfies (3.4.3)), then || — uy|| = O((6
—|—£h)vi+1). Our proof is based on the moment inequality I)

Theorem 3.4.3. Let Assumption(3.1.3|and (3.1.10) be satisfied and let o0 = a(8,h,ug)
satisfies (3.4.3). Then,

|8 — ua | < O((8 +&,)7T).

Proof. By (3.2.10), the result follows once we prove ||w|| = O(6 + €;,). This can be seen

as follows,

Wl = (Ao +ad) (A (ug) —5°)|
0% [(Ao + o) > — (PuAoPy + aPy) 2] (uo) = 3°) |
| o (PAo Py + o) 2Py (S (ug) — 0 |
(Ao + o) *[(PyAoPy + aPy)* — (Ao + al)?]
X (PyAoPy+ 0Py) (A (ug) — )| + €18 + dy &
= HOC (Ao+al)” [(PhAoPh) +20€PhA0Ph—(AO—|—206A0)—|—OC (P, —1)]
X (PyAoPy + 0Py) "2 (A (o) —y°)|| + 18+ dy &
= [la*(Ao+ &) [(PhAoPy + Ao) (PuAoPy — Ao) + 20 (PrAo Py — Ag)]
X (PyAoP, + aPy)™ ( (up) — )H +c16+d g,
= [la*(Ao+ o) [(PyAoPy — Ao) +2(Ag + ol )]
X (PyAoPy — Ao) (PrAoPy 4 o) 2 (A (ug) —y2) ||+ c16 + d &,
= | [[(Ao+ &)~ (PhAoPy — Ao)]* +2(Ao+ al) ' (PyAoPy — Ao)]
X 02 (PyAoPy + aPy) (A (1) = Y0)|| + 18 + dr g,
= | [[(Ao+ o) (PhAoPy — APy + AoPy — Ag)]?
+2(Ao + al) " (PyAP, — AoPy + Ao Py — Ao)]
X 02 (P AP, + aPy) "2 (A (uo) — y0)|| +¢16 + dy &,
= || [[(Ao+ &)~ (PuAoPy — AoP)]* +2(Ao + ol )~ (PyAGP, — AoPy)]
X 02 (PyAoPy + aPy) "> (A (o) —Y°) || + 18+ di g,

IN

IN
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< | [[(Ao+ )~ (P, — DAoP* +2(Ao+ o)~ (P, —I)AoPy)]
X(xz(PhA()Ph + OCPh)_z(jf(uo) —y6)|| +c10+dig,
< <[ —}—2] + 1) (c16 +d&), (3.4.4)

where, we used (P, —I)P, = 0. Next, we shall show that 2 is bounded. Note that,

c18+digy, = | a*(PAGP,+ o) 2 Py (ug) — )|

| (PyAoP, + al) 2 By(y —y°)]|

| (PuAoPy + o) 72 Py (A (o) —y)|
S+ || o (PyAGP, + o) "2 PyA(ug — )|

S + || (PhAoP, + ol ) 2 Py(A — Ag) (g — 1)
+||o? (P, AP, + o) 2 PyAg(ug — 1) |

IN

IN

IN

|
6+ Haz(PhAOPh + al)_zphAo/ O (il 4t (up — i), uo, o — ﬁ)H
0

+lo? (P, AP, + o) 2 PLAG [Py + 1 — By)) (g — i) |

IN

!
6+ HOCZ(PhAoPh +a) 2 PyAo[Py +1—Ph]/0 D(f+t(up — i), ug, uo — ﬁ)“

+]|0* (PyAoPy + o) 7 PyAo [Py +1 — Py]) (uo — i) |

IN

5+ (a+ \|A0(I—Ph)||)H /Olcb(ﬁ+t(uo—ﬁ),uo,uo—ﬁ)dtH
(o +[|Ao(I = Py) ) [luo — |

8-+ (+-65) 2 g —

+(a+&,)||luo — |

kor? kor2
S+ (220 ) g+ (294 )
2 2
so, we have

kor kor? kor?
(dl— (07-1—1’0))8;, < (C1—1)6+ <d1— (07%-1-1’0))8;, < (OTrO-i-I’()) (04

and hence

IN

IN

£ MnLr
L2 =, (3.4.5)
o dy — <OTr0—|—V0>

Now, the result follows from (3.4.4)) and (3.4.5). O

Theorem 3.4.4. Suppose Assumption|3.1.3\and (3.1.10) hold and if o = o&t(8,h,ug) is
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chosen as a solution of . Then,

o+¢g, —0
(04

((8+en™).

Proof. By (3.4.3), we have

c18+dig, = | (PyAoP,+ ol) 2Py (ug) —yO)|
< |l (PyAOPy + o) 2Py (S (1) — )|
+||a? (P,AGP, + o 1) 2Py (y — y9))|

< |l (PiAoPy+ o) 2Py(H (o) —y) || + 8,
SO
(ci—1)6+d1g < H(X2 (PhAOPh—l—OtI)szh(c%”(uo) —y)|
< |l&® [(PAoPy+aPy) 2 — (A+al) 2] (A (uo) — )|

+Ha? (A+al) (A (ug) — )]

|(PyAoP, + aPy) 2 [Pu(A+ al)? — (PuAoPy + o l)?]

x o (A+al) "> (A (ug) — )|

+Ho? (A+ad) (A (ug) — ). (3.4.6)

Let wy = a? (A4 o I)~2(# (ug) — y). Then, similar to (3.2.10)), we have
(c1 =18 +dign < (T2l +2/| T2l + 1) |wi ], (34.7)
where I’y = (P,AoP, + al)~ ' (P,A — P,AgP,). Note that,
IT2xll = [[(PhAoPy+ al) ™' [Pu(A —Ao) + PrAo(I — Py)]x|
< |(PyAGP, + o I) " Py (A — Ag)x|| + || (PhAoPy + 1) ' B Ao (I — By)x||
1
- H(PhAoPh+a1)1PhAo/ (a-+ (0 — ), w0, )dr |
0
+[|(PyAGP, + o) " P A (I — By)x||
1
_ H(PhAoPh+a[)—lPhAO[Ph+I—Ph)]/() (ID(ﬁ—H(uo—ﬁ),uo,x)dtH
+|(PrAoPy+ oud) ™ Py Ao (I — Py)x]|

&\ k £
< (1) Pluo-al + 2 1

ki
< arenncy
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SO
k
T2 < (1+Cro)70ro+Cr0 := CT,. (3.4.8)

Therefore, by (3.1.10), (3.4.7) and (3.4.8), we have

(c1 = 1)8 +di&, < [CE,+2Cr, + 1] [[wi]|
= [CE, +2Cr, + 1] [ o* (A+ al) A (ug — )
= [CE, +2Cr, + 1] [ a* (A+al) 2A V|
< [CE,+2Cr, + 1] |[o*(A+al) 'AZ]|
< [CF, +2Cr, + 1] &'V |I2]),

or
gty _mife—Ldi} oo (3.4.9)
€2, +2Cr, +1] |l
Thus

O

By combining Theorem Theorem [3.4.3] and Theorem [3.4.4] we have the fol-

lowing Theorem.

Theorem 3.4.5. Suppose Assumption|3.1.3|and (3.1.10) hold and if o = (8, h,ug) is
chosen as a solution of (3.4.3). Then

2y o~ = O ((8+8n)7T).

Remark 3.4.6. Note that in the proposed method a system of equation is solved to
obtain the parameter o and used it for computing ui’lf&a. Whereas in the classical
discrepancy principle one has to compute o and uﬁ'lf&a in each iteration step. This is

an advantage of our proposed approach.

3.5 NUMERICAL EXAMPLES

The following steps are involved in the computation of uz 65 o

Step I Compute & = (8, h,up) =: 0.(8,€,) satisfying (3.4.3).

Step II Choose n such that qu,h =(1—-Ba(s,&))" < a(?;?;)

Step III Compute qu&a using (3.3.7)).
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To compute uﬁjg, consider a sequence (V,,), of finite dimensional subspaces, where
Vin = span{vy,va, ..., Vi1 } with v;;i =1,2,... . m+1 as the linear splines (in a uni-

form grid of m + 1 points in [0, 1]), so that dimension V,, = m + 1. Since uﬁjg € Vi,

u,, a = Z’”H vl, Ai,i=1,2,...m+ 1 are some scalars. Then, from (3.3.7), we have

m+1 m+1 m+1

Z A"y, = ) A= BP A (Y M)+ Y (A =20 —y?), 35

where P, := P, is the projection on to V,, with A, = % In this case one can prove as
in Groetsch et al.|(1982) that |7 (u)(I — P,)|| = (i) So we have taken g, = # in

our computation. Since B, 77 (Zm“ Al )v,) € Vin, Pmy € V,,, we approximate

m+1 m+1 m+1 m+1

P, ﬁf ):Al z:t%? 2:‘1 h Vi, Bpy _'2:)7 h Vi,

i=1 i=1

where l‘i,i =1,2,...,m+ 1 are grid points. So A1) — (7Ll(n+1),2,2("+1),...,QL,EZ;I))T
satisfies (3 , 1f 7L("+1) satisfies the equation
QY — ] = B[ — (A + (2" = A1),
where
0= (vi,vj))ij,i,j=12,...m+1,
2= (°(1).5°(12), -y (tms1))
and
m+1 m+1 m+1
A= (Y. 2 (0), 2 ) (0 ZA Ytms1))

i=1 i=1
To compute the o satisfying (3.4.3)), we follow the following steps:

Let 7 = (PyAoP,, + o) =2 Py (ug) — ) Thenz €V, s0z= Zm+1 &;v; for some
scalars &;,i=1,2,...m+ 1. Note that (PonPm + o)z = Py (A (u9) —y°) or (PrAoPr+
al)Z = Py (A (uo) —y®), where Z = (P, AoPy, + ol )z.

Since Z € V,,, we have Z = Z;”jl] Givi. Further ¢ = (61,6,...,Gns1)! and & =
(&1,80,. ., &y 1)T satisfies the equations

(M +aQ)s = 0B,

and

(M+aQ)& = Qg,
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respectively, where
M= ((oni,vj)),-J,i,j =1,2,..m+1
and

B= (A (uo) =y°)(11), (A (uo) =°) (12), -, (5 (u0) = ¥°) (tm+1)) "

We compute « in (3.4.3), using Newton’s method as follows. Let f(o) = Oc4||z||2 —
(C15—|—d|8h)2. Then
() = 402 |l2||* +4at(z,22),

where ZZ = (PyAoPy + ) 73 Py (A (ug) —y°). Let ZZ = Y1 O
The ® = (0,,0,,...,0,,,1)" satisfies the equation

(M +00)0 = Q¢
So,
fla) = a*8T 08 — (18 +di&y)*
and
f'(0) =40°ET & +4a*eT 0O,
Then, using Newton’s iteration we compute the (k4 1)/" iterate as; 04| = o — %.

In our computation, we stop the iterate when | — o < 107>. We consider a sim-
ple one dimensional example studied in (Tautenhahn| (2002); Nair and Ravishankar
(2008); Hotmann and Scherzer (1994); |Groetsch| (1993) to illustrate our results in
the previous sections. We also compare our computational results with that adaptive
method considered in (George and Nair| (2017); Pereverzev and Schock (2005)). Let us
briefly explain the adaptive method considered in (George and Nair (2017))). Choose
oy = 8 + €&, & = p’ap. For each j find n; such that n; = min{i : q’('x’h < p—lj} Then,
find k such that

1,6 1,5

k := max{i: ””n,-,&a,- —Uy 5 .q

1
| <450 =01 i1},

Choose @ = oy, as the regularization parameter.

Example 3.5.1. Let ¢ > 0 be a constant. Consider the inverse problem of identifying
the distributed growth law u(t),t € (0,1), in the initial value problem

dy _

o = u(t)y(t), y(0)=c, t €(0,1) (3.5.2)
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from the noisy data y5 (1) € L2(O, 1). One can reformulate the above problem as an
(ill-posed) operator equation 7€ (u) =y with

[ (W)](1) = celo (@48 e 12(0,1), 1 € (0,1). (3.5.3)
Then ' is given by
LA (WA () = [ () (1) /0 "n(6)de. (3.5.4)

It is proved in (Nair and Ravishankar (2008)), that ¢ is positive type (sectorial) and
spectrum of 7€' (u) is the singleton set {0}. Further it is proved in (Tautenhahn, (2002)))
that A’ satisfies Assumption and that it — uy € R('(4)) provided u* := il —ug €
H'(0,1) and u*(0) = 0. Now since fi — ug = "' (i))w, we have

t

a—ult) = @) [ wo)de

= ceféﬁ(e)de/ w(0)do
0

Jo celolittuo—)(©)d0 g (1, 6)d6
T eilEa-a1()d8 g7

= [Aw] (),

w
f()l ef(t)[‘r(uo—ﬁ)](e)dedT :

where w = This shows the source condition (3.1.10) is satisfied. For

12
our computation we have taken i(t) = t,up(t) = 0 and y(t) = e7. In Table ,j'—ll we
122 5 o=l

h,8
[

adaptive method considered in (George and Nair (2017)) for different values of 0 and

present the relative error Eq = , and o values using a new method (|3.4.3|) and

n. Furthermore, we provide computational time (CT) for both the methods mentioned
above. The relative error obtained for our a new method (3.4.3) is lesser than that
the adaptive method in (George and Nair (2017)). As the relative error decreases the
accuracy of reconstruction increases. The solutions obtained for different 6 values
(6 =0.01,0.001,0.0001) for n = 500 are shown in Figures[3.1H3.6] and for n = 1000
are shown in Figures 3.7H3.12] respectively. The exact and noisy data are shown in
subfigure (a) of these figures and the computed solution is shown in subfigure(b) (C.S-A
priori denotes the figure corresponding to the method (3.4.3)).The computed solution

for the new method is closer to the actual solution.
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3.6 CONCLUSION

We introduced a new source condition and a new parameter-choice strategy. The pro-
posed a new parameter-choice strategy is independent of the unknown parameter v and
it provides the optimal order O(S%H), for0<v <.

a
1.7 T T @ T T

noise data
exact data

0 0.2 0.4 0.6 0.8 1

Figure 3.1 (a) Data with 0 = 0.01 and n = 500.
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1 T T (b) T T

exact sol.
C. S.-Adaptive
CS-Apriori

0.9 r

0.7

0.6

04 r

0.3

0.1 r

Figure 3.2 (b) Solution with 6 = 0.01 and n = 500.

(a)

1.7 T T T T

noise data
exact data

0 0.2 0.4 0.6 0.8

Figure 3.3 (a) Data with 6 = 0.001 and n = 500.
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0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

(b)

exact sol.

B C. S.-Adaptive
CS-Apriori

0 0.2 0.4

Figure 3.4 (b) Solution with 6 = 0.001 and n = 500.

(a)

0.6

0.8

T T

noise data
exact data

0.2 0.4

Figure 3.5 (a) Data with 6 = 0.0001 and n = 500.
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(b)

1 T T T T

exact sol.
C. S.-Adaptive
CS-Apriori

0.9 r

0.7

0.6

0.5

04 r

0.2 r

Figure 3.6 (b) Solution with 6 = 0.0001 and n = 500.

a
1.7 T T @ T T

noise data
exact data

Figure 3.7 (a) Data with 6 = 0.01 and n = 1000.
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(b)

1 T T T .

exact sol.
09 r C. S.-Adaptive
CS-Apriori

0.7

0.6 r

0.5 r

0.4

0.2

Figure 3.8 (b) Solution with 6 = 0.01 and n = 1000.

(a)

1.7 T T T T

noise data
exact data

0 0.2 0.4 0.6 0.8

Figure 3.9 (a) Data with 6 = 0.001 and n = 1000.
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1 T T (b) T T

exact sol.
C. S.-Adaptive
CS-Apriori

0.8

0.7

0.5

04 r

0.2 r

0.1 r

Figure 3.10 (b) Solution with 8 = 0.001 and n = 1000.

a
1.7 T T @ T T

noise data
exact data

0 0.2 0.4 0.6 0.8

Figure 3.11 (a) Data with 6 = 0.0001 and n = 1000.
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0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Figure 3.12 (b) Solution with 6 = 0.0001 and n = 1000.

(b)

exact sol.

C. S.-Adaptive
CS-Apriori

0.2 0.4
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CHAPTER 4

EXTENDING THE APPLICABILITY OF
CORDERO TYPE ITERATIVE METHOD

4.1 INTRODUCTION

In this Chapter, the main goal is to obtain convergence order of the iterative method
studied in (Cordero et al. (2012)) without using assumptions on the higher-order deriva-
tives. Throughout this chapter %/, 7 denote Banach spaces and Q C %/ is a convex set.

We are interested in approximating the solution s* of the equation
L(s) =0, (4.1.1)

where .2 : Q C % — ¥ is a nonlinear operator that is Frechet differentiable. A consid-
erable number of nonlinear problems of the form (4.1.1]) that arise in physics, chemistry,
biology, finance, and mathematics are modeled on principles of symmetry. In general,

the classical Newton method of second-order defines Vk = 0,1,2,..., by
Skl = sk — Ly L (sx), (4.1.2)

where %, = Z"(s¢), is considered to be the most efficient iterative method to solve
(4.1.1). Cordero et al.| (2012) modified the classical Newton method by employing
Adomian polynomial decomposition and obtained a fourth-order iterative scheme. The
iterative scheme in (Cordero et al. (2012)) is defined Vk =0,1,2,..., by

o= si—%, L(s)
Skel = zk—(zcz{v;'—cs,ﬂs;lcgﬂ,k%j)z(rk), (4.1.3)
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where .4, = .2 (t;). This new fourth-order Cordero method has better stability than the
classical Newton method with higher-order convergence.

A new technique was introduced by Cordero et al.| (2012) to improve the conver-
gence order of an iterative method from g to ¢ + 2 by combining it with the classi-
cal Newton method. By using this technique, we modified the fourth-order iterative
method to a sixth-order iterative scheme that is defined Vk = 0,1,2,..., by

L, = sk—,%zl,,g(sk)
we = -2 (2142, ZL )
skel = we— L L (uy). (4.1.4)

However, the disadvantage of the convergence analysis conducted by (Cordero et al.
(2012) is that they use Taylor expansion which involves the Fréchet derivative of the
function up to order six.

In this Chapter, we could obtain the sixth-order convergence for the method (.1.4)
without using Taylor expansion. We have used the assumptions based on the Fréchet
derivative of order one. The novelty of our approach is that it does not require higher-
order Fréchet derivatives of the operator and Taylor expansion in the convergence anal-
ysis. Thus, we enhance the method’s utility. We also modify the last step of the method
and obtain a new eighth-order iterative scheme that is defined Vk = 0,1,2,...,
by

o= si—2 ' L(s)
w = -2 Q-4 ZLx)
Skl = we— L L (w), (4.1.5)

where £, = " (uy).

Parhi and Sharmal (2021), proved the convergence of the method without
using Taylor expansion. However, they could not obtain the sixth-order convergence
theoretically for method (4.1.4).

In this Chapter, we also estimate the radius of convergence of the methods {.1.4)
and (@.1.5) under assumptions on first-order Fréchet derivative and compute the effi-
ciency indices. We numerically demonstrate that the radius of convergence in our study
is superior to the estimates of Parhi and Sharma. We also considered the analogous iter-
ative methods of these two iterative schemes to solve an ill-posed problem in a Hilbert
space.

The convergence analysis of methods (4.1.4)) and (4.1.5)) is provided in Section 4.2}
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The radius of convergence and Approximate Computational Order of Convergence
(ACOC) is computed numerically in Section [4.3] A numerical example of an ill-posed

problem is given in Section 4.4]and the paper concludes in Section[4.6]

4.2 CONVERGENCE ANALYSIS OF d.1.4) AND

The following definition and assumptions are used to prove our results.

Assumption 4.2.1. 3 {; > 0 such that Vs,t € D(.Z),
12" ()" (L' (1) = Z" ()| < Gulle = s]l-
Assumption 4.2.2. 3§, > 0,p > 0 such that Vs,t € B(s*,p),
12" ()7 2" ()] < &

The local convergence is based on functions ¢;, y;,i = 1,2, which are defined as
follows. Let @ : [0,00) — [0, ) be defined by

C
91(7) = (1641 +485 + 87 e+ §ir’]e
and
vi(7) = ¢1(7) —
We observe that y;(0) = —1 and y;(7) — o as T — . So, by intermediate value

theorem v (7) = 0 has a minimal zero p; > 0. Similarly, define ¢, : [0,00) — [0,00) by

po(r) = & L (142D a2

and
ya(7) = 92(7) —
Furthermore, let p, > 0 be the minimal zero of y»(7) = 0. Let

2
szin{a,Pl,Pz}- (4.2.1)

Then, 0 < ¢1(7),$2(7) < 1,VT € (0,p). Let el = ||s, — s*||, €}, = ||t — 5|, and
—s*||,Vvn=0,1,2,...

Theorem 4.2.3. (Existence and Uniqueness) Let p be as in (#.2.1). Then {s;} defined
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by with so € B(s*,p) — {s*}, converges to s* with order of convergence six, i.e.,

eiJrl S C(€i>6,

where C = Cl <1~|— T ) (1681 + 485 +8CPp + £ p?) . Suppose that (4.1.1) has a sim-

ple solutlon in the set S = QN B(s*,p). Then s* is the unique solution of equation
Z(s) =0 in the set S, provided that {1p < 2.

Proof. (Existence Part) By induction, we shall prove the following inequalities:

Gi (s
Z e,

1 (ep)en,
C(e)®.

n

tn € B(s*,p), €,
Up € B(S*ap)v 6%

Sn+1 € B(S*7p)7 eiHrl

IN

IN

For s € B(s*,r), by we have,
to—s" = sog—s" —i”sg] (Z(s0) — Z(s))
1
= (—,ngl/o L'(s" 4+ 1(s0—5%)) —%Odf) (s0—s%).

So by Assumption4.2.1} we obtain,

e < 2L(ep)?. (4.2.2)

By (4.2.1)), %( ) < %p2 < p, so we have 1y € B(s*,p). Again, from the second step

s = f—s"— (Ly' Q- %y 2y") (L)~ ZL(5)
= L (Lylto—s) — @~ L, L")

sol
x /0 L(s* +1(to— 57)) (10 — 5)d)
= 4 [ o5~ oo 5T
~ 21~ %2, /$/S+T(f0—s))(t0—s)d
= 2 [ b0 )~ L) b0 5")dn
0
M2y~ 202, ([ 216 -0 5ae)
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By adding and subtracting the term I' = fol L' (s*+1(tg — 5*))dT we get,

1
up—s = —.2;01/0 (L' (s" +1(to —57)) — Ly, ) (8o — s")dT)
_D%EI(D%O—FF_F_ZO)

X (.Zfl (/1.Z’(s*+T(t0—s*))(t0—s*)d’c))
- ( / cfsodr) (to— 5

L (S ~T) L3 Tty —5°)
Z! (F—/Ol.ﬁf,odr) LTty — )
-] (r—/ol.fsodr) (I-%Z,'T) (to—s%)
2! ( -/ léﬁodr) LTty ")
_ < /g d’L’) (L —T)(to —5*)
- (xg'zoczﬂ,;l (r—/o zodr))ogag'r(zo—s*).

Therefore, by (#.2.2), Assumptions [4.2.Tand #.2.2] we obtain

& < G+ 50) et 92 (e

- ¢ <(€5)2+eo€6+( % )eo+%< 0%
2 2

< @@+ e+ i) Lo+ L2 (SLar)

4 372
= S (16 8E16h + E(ep)”) (eb)* + S ()

3
= 5L (16 +483+ 8876+ L)) (e’ @23)
= @1(ey)ep < ep-

Thus, up € B(s*, p). By the third step of (4.1.4) we have,

si—s* = ug—s"— L (L) — L(s"))

Io

1
_ _gto—'/o (L (s* + (o — %)) — L ) (o — s)d.
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Again, by using Assumption [4.2.1] (.2.2) and {.2.3)) we get,

eu
i < b(o+d)a

6 (5 e+ 55 (166 +483 + 887+ Gt) ()

IN

3
§_12 (1661 +483 +8¢7eh + &7 (e6)?) (ed)*

= 8 (145 (16044 802+ )

(161 +483 +8¢Pe5 + G (eh)) (e3)°

. CS ¢1(es) 32 S\ (53
- & (1+%2) Bt

= M(ep)ep- (4.2.4)

Note that,

hiey) = o ( 0l ))<¢ ()(e})?

4 1€
CS 91(ep) G2\
- 6_2 <1 i Cl—eo) <16C1 +443 +8¢7eh + Cf(€0)2> ().

So by (4.2.4), we get,

g8 ¢1(ep) s s
e = é(l‘F Cleo)(1651+4§2 +85160+C13(60)2) (ef)°

< C(ep)”.

Further, since ¢ (¢ef)) < 1, we have s; € B(s*, p). The induction is complete, by replacing
50,20, U0, S1 BY Sy, 1y, Uy, sy + 1,, respectively, in the preceding arguments.

(Uniqueness Part) Let 5 be another solution of in the set S.

LetT = fol L' (s*+1(s—s"))dt. By using Assumption we have

1
_ gl/ T|[5—s*||dt
&1

< Jp<l

1
1" ()T =L () < Cl/o Is*+7(s —s7) —s7|ld7

Therefore, by using Banach lemma |Argyros| (2008), one can conclude that 7 is invert-
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ible. Hence 5 = s* follows from 0 = .Z(5) — Z(s*) =T (s — s¥). O
Next, we prove the convergence of method (4.1.5). Let ¢ : [0,00) — [0,0) be defined

by

$2(7) = %¢1(7)74-

Again, by intermediate value theorem W (7) = ¢»(7) — 1 = 0 has a minimal zero g5 > 0.
Let us define 5

Theorem 4.2.4. Let p be as in . Then {s; } defined by with so € B(s*,p) —
{s*}, converges to s* with the order of convergence eight. i.e.,

e <C(e)’,

where C = %. Furthermore, s* is the unique solution of (4.1.1) in the set S =

QN B(s*,p) provided that {1 p < 2.

Proof: By the third sub-step of (4.1.5), we have
s1— s =ug—s*— L (L (up) — ZL(s))

uo

so, by (4.2.3)), we get

é < Sy
3 2
< 5 (5 (s +agg +8gies + Ge”) ()
_ Cl (Pl(es) s

= $a(eg)e < ep-

From (#.2.6), we get

Ci101(P)
ST
= C(ep)*.

The rest of the proof proceeds in the same manner as in Theorem 4.2.3]

Remark 4.2.5. Note that by [{.2.3), we obtain the convergence order four for the
Cordero method ({.1.3).

87



4.3 ESTIMATION OF RADIUS OF CONVERGENCE
AND COMPUTATIONAL ORDER

We estimate the radius of convergence p and p to validate the theoretical results.

Example4.3.1. Let % =¥ =R,s50=1,Q=[so— (1 —k),s0+ (1 —k)],k € (2—+/2,1)
and F : Q — & be defined by
ZL(s) =5~k

We have, ”9%51 | = 3.

_ 1
12,1 (L7 () = L)l = §II(3S2—3)II
< ls 4 Tifls — 1)
= (3-k)(1-k).
By using Banach Lemma,
7

12" ()~ < =
1= [1Z5 12" (s) 1|

1
3(1-(B—k)(1-k)

Thus,

12" ()" (L7 (1) = Z"(s))l

IN

1Z" ()71 [[1136% = 357
3(t+5)(t —s)
3(1=(B—=k)(1—k))

2(2—k)

IN

= G-c-nu-ml
Therefore, | = %
12 2" O] < 126 12" 0]
61
= 30-G-R-k)
2(2—k)
:C2-

(1-B—=k)(1-k))

Set k= 0.85, we then get, {i = {» ~ 3.3948,p; ~0.1899, p, ~0.2092, 2 = 0.35,

p= min{%,pl,pz} ~0.1899. Furthermore, we have P> ~0.4409 and p = min{%,pl,p}} =
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0.1899. Using the convergence analysis in Parhi and Sharma (2021)), we obtain the ra-
dius R =0.1123.

Example 4.3.2. Let % =V =R3,Q = B[0,1],50 = (0,0,0)7 . Define function £ on Q
fors = (s,t,u)" by

T
Z(x)= (e“—l,gtz—i—t,u) .

2
Then,
e 0 0
L'x)=1 0 (e=1t+1 0
0 0 1

Thus, {; = e—1 and {, = e. Furthermore, we get, % ~ 1.1639,p; =~ 0.4510,p, ~

0.4779 and the radius of convergence p = min{%,pl,pz} ~ 0.4510. Furthermore, we
have P, ~ 0.7154 and p = min{%,pl,ﬁz} ~ 0.4510. Parhi and Sharma \Parhi and
Sharmal (2021)) considered this example and obtained the radius R = 0.133649.

Remark 4.3.3. We observe that, p = p in the above examples. Furthermore, note that

we can obtain a better radius of convergence than that of in (Parhi and Sharma,(2021))).

4.4 COMPUTATIONAL ORDER AND COMPUTATIONAL
EFFICIENCIES OF ITERATIVE METHODS

One can ensure the order of convergence of the iterative methods computationally. We

can use the following definitions to validate the theoretical results computationally.

Definition 4.4.1. Computational Order of Convergence (COC) of an iterative sequence
{sk }is defined in (Weerakoon and Fernando| (2000)), as

In <Hﬁk+1—sl*||‘)
Sp—s*
Yo =

SN U
in ()
Te1—T

where sy 1,5, and sy are three consecutive terms near to the root s*.

Definition 4.4.2. Approximate Computational Order of Convergence (ACOC) of an
iterative sequence {sy} is defined in (Petkovic et al.|(2014)), as

In <||Sk+1*5k“>
5 = lsi—si—1]l
In ( Ase=siil ’
[lsk—1—Sk—2]|
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where Sii 1,5k, Sk—1 and sx_p are four consecutive terms near to the root s*.

To ensure the methods (.1.4) and (4.1.3) attain the order of convergence computa-
tionally, we calculated the Approximate Computational Order of Convergence (ACOC)

of these iterative methods. We consider the following functions and stopping criterion,

L(ay,ay,a3) = (eal—l,egla%+a2,a3> , 4.4.1)
Llay,a) = (a} —4ay+a3,2a) —a3—2), (4.4.2)
ZLlay,a0) = (at+a3—1,a7—a5+0.5), (4.4.3)
L(ay,ap) = (a% — az,ag —ap), 4.4.4)
Llar,ay) = (Batar—a3,a} —3aa3—1). (4.4.5)

Stopping criteria: |[sg1 —sg| + |- (sx11)]| < 10710

Table 4.1 ACOC for methods , and

Eq. No. S S0 21 (N) 21 (N) Zl (N)
CM | CMI | CM2

(4.1.3) | @.1.4) | (@4.1.5)

@4) (0,0,0) (0.5,0.5,0.5) | 4.3(4) | 62(4) | 7.6(4)
(1.1,1.1,1.1) | 3.7(5) | 5.9(5) | 6.4(4)

442) [ (0.3542,1.1364) | (0.6,0.7) | 3.5(5) | 5.8(4) | 8(4)
443 (1,43 (0.35,0.5) | 3.9(5) | 6.3(4) | 8.4(4)
(0.9,1) | 3.4(4) | 5.4(4) | ND®3)

144 (1,1) (1.1.,0.75) | 3.7(5) | 5.8(4) | 9.5(4)
445 (—1, -3 (—0.4,—1) | 4.2(7) | 5.2(8) | 7.9(5)

Note that the oscillatory nature of the approximations and slow convergence in the
initial stage present the main disadvantages in the computation of ACOC in higher-
order iterative methods. In Table [d.1] we observe that the choice of a suitable initial
approximation plays a vital role to achieve the maximum order of convergence (see
(#.4.1) and @.4.3). Furthermore, it requires at least four iterations to compute ACOC
(see (4.4.3)). Specifically in Table 4.1 we provide ACOC for nonlinear equations using
Cordero’s fourth-order method (CM) (@.1.3), first extension (CM1) and second
extension (CM2) . Here, N,s*, and sy denote the number of iterations, root, and
initial value, respectively.

One of the challenging tasks is to minimize the computational cost of higher order

iterative methods. By limiting the number evaluations of functions, higher order Fréchet
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derivatives and matrix inversions in each iteration, one can reduce the computational
cost. One can use informational efficiency or computational efficiency to obtain an

estimate on the computational cost of an iterative method.

Definition 4.4.3. The informational efficiency I is defined in (Traub (1964)), as

I=—,
q
where R is the order of convergence of the method and q is the number of functions (and

derivative) computed.

Definition 4.4.4. Recall that (Ostrowski| (1973)), efficiency index or computational
efficiency is defined as
cr= Ré.

The efficiency index and informational efficiency of the fourth-order Cordero method
are ¢y = 41/4 = 1.41 and I = 4/4 = 1,, respectively, which coincide with that
of the Newton method. Whereas ¢y = 6'°=1431=6 /5 = 1.2 for the sixth-order
method ll andcy = 81/6=1.41,1=8/6 = 1.33 for the eighth-order method .

4.5 APPLICATION TO ILL-POSED PROBLEM

We consider the ill-posed problem replacing the variable u with s. We use
Lavrentiev regularization method with o > 0 (see |George et al.| (2023) for details),
1.e.,

F(s)+a(s—s0) =, (4.5.1)

to approximate the exact solution § of (4.5.1). Let
ZL(s)=H(s)+a(s—so)—y=0.

We consider the following analogous iterative methods (4.1.2),(@.1.3)), @.1.4) and @.1.3)
defined Vk =0, 1, ..., by

skt = sk — (Lo +al) (L (sx) + asg — s0) —»°),

e = si— (Lo +al)  (Ls) +als—s0) —°)
skl = = QL +al) T = (L +an)!
(L +al) (L +al) " (L () + alte —s0) —°))),
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e = sp— (Lo +al) (L (se) + alsk —s0) —y°)

(
u, = t— (% +OCI> ](21—(6%,(4-06])
(Lo +al) (L (1) + alty —s0) —°)
St = e~ (L +al) " (L () + o(ur — s0) —¥°),

and
e = si— (& tal)” l(iﬂ(sk)ﬂLO‘(Sk—SO)—yé)
U, = tk—(.i”skJral) 1( ($k+a1)
(L + o) ™)L () + ate—s0) —°)
Sk+1 = Mk—(iﬂuk+a1)_1($(uk)+0‘(“k—S0)—y6)=
respectively.

Remark 4.5.1. We choose a apriorily which satisfies the following condition;
P(a,y?) = Ha2 (A (s0) + ) (%”(so )H —d5 4.5.2)

for some d > 1 with d§ < |7 (so) — °|| (see Chapter 3 for details).

2
For computation we have taken s*(f) =t,50(¢) =0 and y(t) = ¢~ . Tableprovides

the relative error £y = Hc‘fsjﬁ H of each iterative method, where CS is the computed

solution. We choose « according to the parameter strategy (4.5.2). The accuracy of
reconstruction increases as the relative error decreases.

For 6 =0.001,0.0001, the exact and n01sy data are shown in Figure (4.1) and Figure
4.3) the computed solution is in Figure (4.2) and Figure (4.4).

4.6 CONCLUSION

We studied the convergence analysis of a three-step Cordero type method of order six
and modified it to a new eighth-order iterative method. The convergence analysis of
these methods was studied without using Taylor’s expansion. We use assumptions based
only on the first-order Fréchet derivative. We computed the radius of convergence and
computational efficiencies of these methods. Furthermore, we considered analogous it-
erative methods to solve an ill-posed problem in a Hilbert space. The developed process
can also be applied to any other method using inverses of linear operators with the same

benefits. This represents the topic of our future study.
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Relative Errors for methods (4.1.2), (4.1.3),(4.1.4), and (4.1.5)

1.7 T T T T
noisy data

= = = exact data

0 0.2 0.4 0.6 0.8 1

Figure 4.1 Data with 6 = 0.001.

1 T T T T

- === exact sol.
C.S. CM2
08+ C.S. CM1 i
C.S.CM
C.S. NM

0 0.2 0.4 0.6 0.8 1

Figure 4.2 Solution with 6 = 0.001.
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Figure 4.3 Data with 6 = 0.0001.
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Figure 4.4 Solution with 6 = 0.0001.
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CHAPTER 5

ON NEWTON’S MIDPOINT-TYPE
ITERATIVE SCHEME’S CONVERGENCE

5.1 INTRODUCTION

In this paper, we consider a nonlinear equation of the form
Z(s)=0, (5.1.1)

where .Z : Q C % — ¥ is an operator between Banach spaces % and 7. Here we
assume that . is a Fréchet differentiable nonlinear operator and Q is a nonempty open
convex set.

The best known single point iterative method used to approximate a solution s* of
(5.1.1) is Newton’s method, which converges quadratically. The classical Newton’s
iterative method (CN) is defined Vk = 0,1,2, ... by

skt =5k — L (s) ' L (s), (5.12)

where £ (sy) is first order Fréchet derivative of the operator . evaluated at sy.

To attain the third order convergence, some efficient modifications of classical New-
ton’s method have been introduced. Well known such iterative methods are Arithmetic
Newton Method (AN) (also known as Trapezoidal Newton’s method)(Weerakoon and
Fernando| (2000); Ozban| (2004); [Frontini and Sormani| (2003); Regmi et al.| (2020)),
Harmonic mean Newton’s method (HN)(Ozban| (2004))and midpoint Newton’s method
(MNM),(Ozban| (2004); Frontini and Sormani| (2003, [2004)). Computation of higher
order derivatives is not required in these methods unlike other third order classes of
Chebyshev-Halley-like iterative procedures (Gutiérrez and Hernandez (1997); Zheng
and Robbie| (1995)).
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The convergence analysis of higher order iterative methods used to solve nonlinear
equations in Banach space required assumptions on the higher order Fréchet deriva-
tives. Frontini and Sormani developed a third order iterative method, known as the
midpoint Newton method (MNM) (Frontini and Sormani (2003} 2004))), from classical
Newton’s method by employing midpoint integration. Moreover, the convergence anal-
ysis of MNM only requires the Fréchet derivative of order up to two, but that of the
Arithmetic Newton method in (Weerakoon and Fernando (2000)) relies on the assump-
tions involving third order Fréchet derivatives. MNM method requires the computations
of one function, two first order derivatives, and inversions of two matrices. In (Frontini
and Sormani| (2003))), Frontini and Sormani proved that Midpoint Newton’s method and
Arithmetic Newton’s method are the most efficient iterative methods among the class of
Newton quadrature formula iterative methods. The midpoint Newton’s iterative method
is defined Vk = 0,1,2,... by

e = si—ZL" (s1) L (s)

-1
Sr 1
kel = sk—g'( "2 ") 2 (sx). (5.1.3)

To enhance the applicability of iterative methods in practical cases, we extended
midpoint Newton’s method to the following two three step methods of order five and

six, respectively. The fifth order iterative method defined for k =0,1,2,... by

no= si—Z ()" ZL(sw)

-1
u, = Sk—g/(Sk—zi—tk) .,?(sk)

Skl = u— L' (1) L (wy), (5.1.4)

and the sixth order iterative method defined for k =0,1,2,... by

o= si—ZL (s1) ' L sw)

~1
u = sk—.,iﬂ/(sk;tk) L (sx)

Sk+1 = uk—.f'(uk)*l.f(uk). (5.1.5)

Mostly, the convergence analysis of higher order iterative methods in Banach space
uses Taylor’s expansion and assumptions on the Fréchet derivatives of higher order.
If the higher order derivatives are unbounded, then the assumptions on the higher or-

der derivatives reduce the applicability of these methods. The primary advantage of
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our convergence analysis is that, we do not use Taylor’s expansion and hence, we do
not need assumptions on higher order (more than two order) Fréchet derivatives of the

operator involved.

Suppose the sequence {s,} converges to s*. Then, the Taylor expansion (and higher

order derivative) is used to prove;
skt — 5% < Cllsg —s*||7, (5.1.6)

where p is called an order of convergence of the sequence and C is called an asymptotic
error constant or rate of convergence. The novelty in our approach is that we obtain the
relation (5.1.6) without using Taylor expansion.

The remainder of the Chapter is laid out as follows: We provide the convergence
analysis of methods (5.1.4) and (5.1.5) in section[5.2] A Trade off between the compu-
tational efficiency and radius of convergence discussed in section The numerical
examples are given in section [5.4]and Section [5.5| contains the basin of attractions. Fi-

nally, Section [5.6] concludes the Chapter.

5.2 LOCAL CONVERGENCE ANALYSIS OF (5.1.4)
AND (5.1.5)

Assume that Fréchet derivative of . satisfies the following assumptions.
(A1) s*is a simple solution of (5.1.1) and ' (s*) ™' € L(¥,%).
(A2) There exists C; > 0 such that for every s,7 € Q,

1" ()L (1) = L' ()| < Cu it —ul.

(A3) There exists a constant C > 0 such that for every t € Q,

1L ()~ L") < Ca.

(A4) There exists C3 > 0 such that for every ¢ € Q,
1L ()1 (L (1) = " (s)]| < st —s7].
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Let hg,go,¢, v : [0, CLI) — R be continuous non decreasing functions defined by

Cit
hO(T) = M7
go(t) = ho(7r)t—1,
6(1) = LT +ho(v)),
yr) = 1-9(7).

Then, y(0) =1, y(T) - 0 as T — Cil_, so by the Intermediate value theorem y has

a minimal zero ry € (O, c%) . Let hy,h,h3,81,82,83 : [0,70) — R be continuous non

decreasing functions defined by

G 1 h()(’L') G

h = =

© = 55 (5% ) =i
a(t) = m(n)r* -1,

Cy ho(’L’) /’11(1’)‘5

h = h

20 = TGt < T )M
2(1) = h(t)tt—1

C] 2

h = h

= S amme) M
g(t) = h3(‘L’)‘L’5 —1.

Then, g1(0) = —1, g1(t) — e as T — ry_, so by the Intermediate value theorem g; has

a minimal zero r; € (0,rp). Similarly, there exists a minimal zero r;,r3 € (0,rg) for g,

and g3 respectively. Let

2
r:min{l,ﬁ,ro,rl,rz}. (5.2.1)

Next, we provide the convergence analysis of method (5.1.4)).

Theorem 5.2.1. Let r be as in . Then the sequence {sy} defined by with

s0 € B(s*,r) — {s*}, converges to s* such that

k1 =5 < ha(r) s — 7.

Proof. The proof is by Induction. We prove the following inequalities;
Gy
D —
- 2(1 —C 7‘)
y € B(s*, 1), |Jup —s*|| < hi(r)|sn—s*|°. (5.2.2)
ho (r)[lsn — 5"

th € B(s*,r), ||ty — ™| ||sn—s*||2.

IN

Sn+1 € B(S*ur)a ||sl’l+1 _S*H

100



To obtain the above inequalities, we prove that .#” (S—JZF’) and .’ (s) are invertible Vs, €
B(s*,r). By using (A2) we get,

IN

Izt (2e-2 ()] = Gls-sl+le-sh 623
< %2r§C1r<l.

By using Banach Lemma on invertible operators and (5.2.3)), one can obtain
s+1\ 7!

g/ g/ *

H (33) 2w

Similar manner one can obtain

< ! (5.24)

J— C M
T=3 (s = sl + lle = s*[])

1

/ —1 ol *
I =2 < =g

(5.2.5)

For so € B(s*,r), we use Mean value Theorem and obtain

fo—s" = so—s5"—.L"(s50)" (L(s0) — ZL(s%))
|
= L(s0)7! </0 (L (s0) —f’(s*—i—91(s0—s*)))(so—s*)d91)
_ g/(sO)—lgl(s*)gl(s*)—l
1
X (/0 (&' (s0) —i”(s*+61(s0—s*)))(so—s*)d91) :
Thus by and (A2) we get,
1
=5 < 12/ (s0) L6267 [ (260 =2 (5" + 01 (s0=5))
X(S()—S*)delH

1 1

< L)L (50) — L (5% + 0y (s — s*
< e b 260 ()~ 26+ Bl )|

x|[so—s*[|d61, by (.2.3)

C1||SO_S*H /1 * *
< so— (s +01(so—s))||d6;, by (A2
S TG so—s] OHo ( 1(so—s"))[ld61, by (A2)

Ci|lso —s™|| /1 .
< 1—064||lsg—s"||dO
S T so—s] O\ i|llso —s™||d 61

Ci||so — s*||?

— 5.2.6
21— Cillso—) 620

= ho([lso=s"[])[lso —s™|| <r.
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Since r < %7 we have 7y € B(s*,r). Again by the second substep of method (5.1.4),

S0+ 1o

-1
) () -2

_ (S();Lto)—l/o1 (g’ (so;Lto) _g/(s*+91(SO_S*)))

X (s0—s%)d).
!
= $’<s0+t0) //fll(s“r@l(so—s*)
2 0 Jo

+ (92 (SOJ;O — (s"+ 61 (s0 —S*))))

up—s* = so—s*—.i”'(

1
(So;r 9 _ (s*+6y(so —s*)) (s0—5)d6-d0;. (5.2.7)
Let
* « sotto o« .
N(61,6) =s"+01(so—s )—|—92< —(s"+61(so—s ))) (5.2.8)
Also note that,
o (5 61 (s0—5) = 5((1-261) (50 —5") + (10 — 7). (5.2.9)
Then from (5.2.7),(5.2.8) and (5.2.9) we can write,
1 PR |
wo—s* = ~g' (0F0 / / L"(1(61,62))((1 264 ) (s0 — 5°)
2 2 0 Jo
—l—(t()—s*))(S()—S*))dezdel.
4T (5.2.10)

where

—L 11
0 JO

-1 1,1
S '(wm) /o/oi’”(n(el,ez>><ro—s*><so—s*>d92d91-

2 2
Consider,

1, (so+1o —Lor ol /) 2
Im = |52 (%52) [ [ 266 -20) 60— Pdeuds,
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IN

IN

IN

IN

H% (So+f0) // (2" (n(61,0,)) — 2" (5")

+2"(5%))(1-261) (50— 526,48 |

ly (SOHO) // (L"(1(61,62) — 2" (s"))

x (1 —261)(so —s*)2d92d61

+%g< ) //,%” )(1—-261)(s0 — 5*)2d6:d6;

(So +t0) - 2(5")

(\1 — 291|Hs0 —5*(|*) d6,d6,

-1 1 rl
0 JoO

G *
[1(61,62) — 57|

2//0 S (lso = s*|[ + [0 — s*1)
><|1—291H|s0—s|]2d92d91, by (A4) and (5.2.4)

//H91 S()—S
z( S (JIso — *||+||ro *II

+1 % *
+6, (S02 0—(s +01(s0—s ))) H

(\1—261|Hs0—s*\|2)d92d91, by (5.2.8)
//H@l S()—S
z( S (|Iso— *||+||ro *II

0, 0,
+3(1 —261)(s0 —s*) +7(f0—s*>

(\1—261\Hs0—s*\|2)d92d91, by 5.2.9)
// 164[Is0 — 5
2( — G (|lso— *||+||to *||

2 * s*
+19 '|1 201|||s0—S||+| 2 1y - H)

(|1 —264|||s0 —s*|%) d92d91
G3

c Cy|lso—s*|2
2(1=5 (lhso = s*ll+ 5Bty ))

1 1
X/O /0 101111 — 264 [[|s0 — 57> + 621 — 264 *||s0 — s*||

S0 + 1o

||$/(S*)_l($/,(n(91792)) _g//(s*)”
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6,]|1 =261  Cil|so—s*||*
+ d6,d0,, by (5.2.6)
2 2(1—Ciflso—s"|) ! y

G3
c L Gl
2( -7 <”s0‘s ||+2(1—1C10H50—S*H)>>

1 Cil|so —s*|| ‘3
— — 5.2.11
X(s*wa—cluso—s*m Iso=s G-211)

Also by (A3) and (5.2.6) we get,

T2l =

| =

1 1 -1
/O /O g’(@) L(1(61,6)) (o — %) (50 — 5 )d2d6;

| =

2

X (S() — S*>d92d91 ||
G

2(1= G lso =711+ 1o = 5711

_ 618 ||S0—S*||3 (52 12)

C X Cil[so—s*|[* 1-C —s*|)
819 (Ilso—s"ll+ gty ) ) (¢~ €10 =D

Therefore by (5.2.10), (5.2.11)) and (5.2.12) we get,

/Ol/ol‘gl (SO—HO)_]gl(s*)gl(s*)_lg”(n(el,92))(t0—s*)

IN

120 = s"[[{ls0 — 57l

C
lup —s*|| < G : Ci[lso—s*|1?
*
2(1-% (Iso— 11+ 7 2272))

<1 Cillso—s*|| )
x (5 +
3 16(1—Cyl[so—s*||)

G
" C k]2 B
3(1-9 (Iso—s'll+ B )) (1 = Crllso = 7))
x||so — 5™, (5.2.13)

+

= &illlso=s"llso—s"ll <r.
S0 up € B(s*,r). By the third step of method (5.1.4), we have

s1—8" = up—s* —f’(to)_l(f(uo) — Z(s%))
1
= gl(l‘o)il </0 (fl(t()) —.;gfl(s>’< —|—91 (uo—s*))) (uo—s*)d91> .

= 3’(t0)1$'(s*)$'(s*)1</01 (L' (to) — L' (5" + 61 (up — 57)))
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(uo —s*)d91>.

By using Assumption , we get

=5l < 120 26Ol [ 26 (20 26+ 6l 5)

(uo—s*)d91||
< g [ o (574 Bu(uo 57— 6
< 0— 1(uo — 0— 15
1=Ci([lo—s*[1) Jo
by (A2) and (5.2.5)),
Cl ( * ||I/t0—S*||> *
< to—s || +——— ) [lup—s
=G oI o=l
_ C < Ci ||S()—S*||2
B Ci[lso—s*||? 2(1—Cy|so —s*
1—C <m> (1—=Cillso —s*[|)
hl(HSO_S*H) * * *
t—a—lso—s 1P ) Ba(llso = "D llso — "1,
by (5.2.6) and (5.2.13)

Ci
1—Cy (ho([lso —s*1)|lso — s*|)
ho(|[so —s*[|) . hi(|lso —s*[]) . .
X T l[so —s*[| ) A1 ([lso —s7|)
( [[s0 —s*[|) 2

x||so — s> (5.2.14)

= &(llso=s"[Dllso =™ <r.

Thus, s; € B(s*, r). The induction is complete, by replacing sg, 79, tg, 1 bY S, tn, Un, Spt1,
respectively in the preceeding arguments. U
Next, we prove the convergence for method (5.1.5).

Let )
f:min{1,3—cl,ro,r1,r3}. (5.2.15)

Theorem 5.2.2. Let 7 be as in (5.2.15)). Then the sequence {s;} defined by with
so € B(s*,7) — {s*}, converges to s* such that

k1 =5 < h3(r)|ls —s7°.

Proof. Note that by the third substep of (5.1.5)), we have

s1—8" = ug—s" —f’(uo)_l(f(uo) — Z(s%))

= —gl(uo)il (/Ol(gl(s*—f—el (u()—S*)) —gl(uo))(uo—s*)d&) ,
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so, by Assumption (A2) and (5.2.13)), we get

C

* *112
S1—S < Uy — S
=S e u—ep !
Cl * 2 *16
= hi(|lso—s So—S
21— Cim (o~ Tl — sy (0 = V0=l
= &3(llso=s"[)llso—s™[| < 7.
The remaining part of the proof proceeds in the same manner as Theorem[5.2.1] O

Proposition 5.2.3. Suppose £ (s) = 0 has a simple solution in the set S = QN B(s*,r)
and Assumption (A2) holds. Then s* is the unique solution of equation £ (s) = 0 in the
set S, provided C1r < 2.

Proof. Let § be a solution of the equation .Z(s) = 0 in the set S. We are setting
A= fol L' (s* 4+ 61(5—5%))d0,. By using Assumption (A2), we have

1
12" ()" A= L)) < Cl/o I+ 61(5—s7) — 7| d6

1
_ c1/0 0,]|5— 5" |46,
C
< Tlr<1.

By using Banach lemma |Argyros| (2008), one can conclude that A is invertible. There-
fore, § = s* follows from 0 = .Z(§) — Z(s*) = A(§ —s¥). O

5.3 COMPUTATIONAL EFFICIENCY AND RADIUS
OF CONVERGENCE

By Definition 4.4.3] and Definition [4.4.4] we obtained the informational efficiency and
computational efficiency of method as5/5=1and 51/5 = 1.3797, respectively.
But, that of ll are 6/5 = 1.2 and 6'/° = 1.4309, respectively. One can see that
order of convergence, computational efficiency and informational efficiency of methods
(5.1.5)) are better than that of method (5.1.4). In this section, we estimate the radius of

convergence of some examples to validate the theoretical results in previous section.
Example 5.3.1. Let % =V =R,Q = [k,2—k].k€ (2—2,1) and L : Q — V be
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defined by
ZL(s) =5 —k.

Here, s* = k'/3. C, = 2(]3273](),C2 = %, and C3 = kz% For k=1, from Table we

obtain of r = 0.329122, and r = 0.333333.

Example 5.3.2. Let % =7 =R3,D=B(0,1),s* = (0,0, 1)T. Define function £ on D
fors = (ay,az,a3)" by

(@) !
L(s) = smal,?—l—az,@ .

Then, the Fréchet-derivatives are given by

cosa 0 0
L'(s)=| 0 2410
0 0 1
and
—sinap 0 00 O O0/0 O O
ZL(s) = 0 0002 0[000
0 0 0/0 0 0|0 OO

Then, Ci, =C3=1and C, = % Therefore, r = r = 0.666667.

Example 5.3.3. Define £ on Q =[—1,1] as
Z(s) = sins

s* = 0. We obtain C; = Cy = C3 = 1. Consequently, r = 0.656735, and 7 = 0.666667.

Example 5.3.4. Let % =V =R,.Z : [—1,3] = R defined by

s3log(s?) +s° —s* s#0
0 s=0.

ZL(s)=

Then we have s* =1 and C, = Cy = C3 = 44.4234. Thus we get r = 0.014849 and
7=10.015007.
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Table 5.1 Parameters of the Examples |5.3.1|, |5 .3.2|, |5.3.3| and |5 .3.4|

Examples % o r rn r3
Example|5.3.1| | 0.333333 | 0.381966 | 0.353932 | 0.329122 | 0.352868
Example|5.3.2| | 0.666667 | 0.7639324 | 0.739260 | 0.685814 | 0.737396
Example|5.3.3| | 0.666667 | 0.763932 | 0.707208 | 0.656735 | 0.705050
Example|5.3.4{ | 0.015007 | 0.017197 | 0.015948 | 0.014849 | 0.015901

Next in Table (5.2), we have tabulated the ACOC of the iterative methods for the
examples considered in the previous Chapter to ensure we can obtain the order of
convergence of the proposed schemes computationally. We used stopping criterion
ks = x|+ 1|2 (s )] < 1075,

5.4 ANILLUSTRATION OF BASIN OF ATTRACTION

Basin of attraction is an effective tool for evaluating the stability and reliability of the
iterative methods. Basins of attraction is a set of initial points from which the iterative
method converges to a solution of an equation. In the literature, many authors compared
the order of convergence and basin of attraction of the iterative methods using graphic
visualization (Amat et al.[|(2004)); Chun et al.| (2012])); |Cordero et al.| (2014); [Scott et al.
(2011); |Varonal (2002)).

Informally, the Fatou set of a function consists of values which behave similarly un-
der repeated iteration of the function, and the Julia set consists of values which change
drastically under small perturbation. Recall that for a sequence {s;} produced by the
above methods starting with so converging to s* , the set S = {sg € R" : s; converges to
the zero s* as i tends to oo} is called the Basins of Attraction (BA) or Fatou sets (Ma-
grefian and Gutiérrez (2015)) and S¢ the complement of S is known as a Julia set. We
considered two system of non linear polynomial equations in two variables and illus-
trated (Figure - Figure [5.6) the basins of attractions associated to the system using

iterative methods (5.1.3), (5.1.4), and (5.1.3).

Example 5.4.1.

L=y3) (55,5), (1,00}

with solutions {(

S

108



Example 5.4.2.

with solutions (—1,—1),(0,0),(1,1).

Let R = {(s,t) € R?, -2 < 5, < 2} be a rectangular region which contains all the
roots of the examples. As initial points (say sp) we choose an equidistant grid of
401 x 401 points in R with constant tolerance 10~% and also we perform maximum
of 200 iterations. Different colors are assigned to each attracting basins corresponding
to different roots. We used black color to indicate the initial points which does not con-
verge to any of the roots within the desired tolerance and fixed iterations. This black

region in sub figures indicate the Julia set.

The figure presented in this work is performed in a 4-core 64bit Windows machine

with Intel Core i5 processor using MATLAB programming language.

Basin of attraction for f(s,t) = 3s2-t°=0 and s3-3st%-1=0

Figure 5.1 Dynamical plane of the method (5.1.3) with basins of attraction for the Ex-

ample[5.4.1]
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Basin of attraction for f(s,t) = 3s%-t3=0 and s®-3st?-1=0
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Figure 5.2 Dynamical plane of the method (5.1.4) with basins of attraction for the Ex-

ample[5.4.1]

Basin of attraction for f(s,t) = 3s2-t°=0 and s3-3st%-1=0
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Figure 5.3 Dynamical plane of the method (5.1.5) with basins of attraction for the Ex-

ample[5.4.1]
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Basin of attraction for f(s,t) = s°-t=0and t*-s=0
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Figure 5.4 Dynamical plane of the method (5.1.3) with basins of attraction for the Ex-

ample

Basin of attraction for f(s,t) = s*-t=0and t*-s=0
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Figure 5.5 Dynamical plane of the method (5.1.4) with basins of attraction for the Ex-

ample
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Basin of attraction for f(s,t) = s*-t= 0 and t*-s=0

Figure 5.6 Dynamical plane of the method (5.1.5) with basins of attraction for the Ex-

ample

5.5 APPLICATION TO ILL-POSED PROBLEM

We consider the ill-posed problem (3.5.3)) replacing the variable u with s. We use
Lavrentiev regularization method with o > 0 as in (4.5.1I). The analogous of the it-

erative methods (3.1.2)),(5.1.3)), (5.1.4)and(5.1.3)) are defined as follows,

Ir

Sk+1

Uy

Sk+1

Skt = sk — (L (s) +al) 7 (L (se) + ase — 50) —°),

st — (L (1) + o)~ (L (51) + (s — 50) —¥°)
Sk + 1y

G (z’ (T) +az)_1 (L (s5) + (s —50) — ),

sk — (L' (sx) +al) " (L (si) + sk — 50) —¥°)

0 (2 (358 var) (20 +atu w9

we— (L (t) + o)~ (L (we) + o (ug — 50) — %),
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and

o= sk— (L (k) +al) " (L sk) + alsk —s0) —¥°)

~1
w = sk—(.,f/(sk—;tk +O£I) (.i”(sk)%—oc(sk—so)—yé)

st = g — (L () + o) "N (L (wp) + (g — 50) — %),

respectively. Tableprovides the relative error Ey = W of each iterative method,
where CS is the computed solution. For 6 = 0.001,0.0001, the exact and noisy data are
shown the following figures.

1.7

noisy data
= = = exact data

0 0.2 0.4 0.6 0.8 1

Figure 5.7 Data with 6 = 0.001.
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1 T T T T

- == - exact sol.
C.S. MPN2
08+ C.S. MPNf1
C.S. MPN

C.S.NM

0 0.2 0.4 0.6 0.8

Figure 5.8 Solution with § = 0.001.

7 T T T T

noisy data
= = = exact data

0 0.2 0.4 0.6 0.8

Figure 5.9 Data with 6 = 0.0001.
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Figure 5.10 Solution with 6 = 0.0001.

5.6 CONCLUSION

We introduced two Newton’s midpoint-type methods of order five and six. Unlike other
higher order iterative methods, the convergence analysis of these methods studied with-
out using Taylor’s expansion. We use assumptions based on Fréchet derivative upto
order two. We computed the radius of convergence and computational efficiencies of
these methods. Furthermore, we considered analogous iterative methods to solve an
ill-posed problem in a Hilbert space. The developed process can also be applied to any
other method using inverses of linear operators with the same benefits. This represents

the topic of our future study.
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Table 5.2 ACOC for methods (5.1.2), (5.1.3), (5.1.4) and (5.1.5).

MQ. No. x* X0 M; Q/J M; AZV M; Q/Q M; Q<v
5.1.2) | MPN | MPN1 | MPN2
5.1.2) | (5.1.3) | (5.1.4) | (5.1.5)
@.4.1) (0,0,0) (0.5,0.5,0.5) 2(7) | 2.9(5) | 4.2(4) | 5.24(4)
(0.03,0.03,0.03) | 1.96(5) | 2.8(4) | 4.8(4) | ND(3)
4.4.2) | (0.3542,1.1364) (0.6,1) 2(9) [2.7(6) | 5(5) | 5.9(4)
4.4.3 (3, %v (0.5,0.5) 2(6) 3(5) | 5.3(4) | 4.6(4)
4.4.4 (1,1) (—1.5.,—-0.5) 2(6) 3(6) | 5.5(5) | 6.1(4)
(1.2,1.2) 2(6) | 2.8(4) | 4.8(4) | ND(3)
4.4.5 (—1 -3 =) 2(7) | 3(5) | 5.6(4) | 6.4(4)
Table 5.3 Relative errors for Example _ﬂ_
Method o and E,, 8 =0.01 5 =0.001 8 =0.0001 8 =0.00001
a 3.721045 x 1072 | 1.147853 x 102 | 3.601906 x 10~> | 1.136730 x 103
(5.1.5) Eq 1.367671 x 101 | 3.852467 x 1072 | 2.058719 x 1072 | 1.680118 x 102
stopping index 14 15 15 15
(5.1.4) Eq4 1.367656 x 10~ 1 | 3.948512 x 1072 | 2.220931 x 1072 | 1.855303 x 102
stopping index 14 14 14 14
A_M.Sv Eq4 1.367687 x 101 | 3.898162 x 1072 | 2.136944 x 1072 | 1.764721 x 102
stopping index 27 28 28 28
(5.1.2) Eq4 1.367673 x 10~ 1 | 3.949300 x 1072 | 2.221818 x 1072 | 1.856052 x 102
stopping index 27 27 27 27
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CHAPTER 6

CONCLUSION AND FUTURE SCOPE

This thesis got inspired by the idea of approximating solutions to ill-posed problems
in finite dimensional space and solving nonlinear problems using higher order iterative
methods. It’s always necessary to approximate the solution of a linear ill-posed prob-
lem without losing the inherent details of the exact solution. Tikhonov regularization
usually over-smooth the solution of the ill-posed problem which could cause the loss of
inherent details of the solution in practical cases. Therefore, we considered the Frac-
tional Tikhonov regularization (FTR) to rectify this problem in Chapter 2. Moreover, we
studied the finite dimensional realization of the FTR method with the Raus and Gfrerer
type discrepancy principle for choosing the regularization parameter . As mentioned
in Remark it is difficult to choose parameter 8 € (—%, 0] to obtain a better error
estimate. But we observed that the relative errors e, B < e€ap hold when & was cho-
sen according to the Raus and Gfrerer type discrepancy principle for 8 € (—%,O]. This
demonstrated that the FTR approach provides a better error estimate than the standard

Tikhonov regularization method.

In Chapter 3, we considered the finite dimensional study of the iterative regular-
ization method discussed in |George and Nair (2017) to approximate the solution of
nonlinear ill-posed problems. We introduced a new source condition, namely ug — i =
AVzZ ||z|| =< p,0 < v < 1 (see Chapter 3) and a new parameter-choice strategy. The
proposed new parameter-choice strategy was independent of the unknown parameter v.
This new strategy provided the optimal order 0(5#1), for 0 < v < 1. We observed in
our example that the relative error obtained for our new method (3.4.3)) is lesser than
that of the adaptive method in (George and Nair| (2017)) for various & values. As the

relative error decreases, the accuracy of reconstruction increases.

In Chapter 4, we concentrated on solving the nonlinear problems in Banach space.
It was always challenging to eliminate the use of Taylor’s expansion in the local con-

vergence analysis of higher order iterative methods. We studied Cordero’s methods
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(Cordero et al. (2009, 2012)) and modified the sixth order method to the eighth or-
der iterative scheme. Moreover, we used the assumptions based on first order Fréchet
derivatives of the operator. We could obtain the order of convergence without using
Taylor’s expansion.

In Chapter 5, we proposed Newton’s midpoint type iterative methods of orders five
and six. Similar to the previous Chapter, we eliminated the use of Taylor’s expansion
in the convergence analysis. We used the assumptions based on Fréchet derivatives of
order up to two. Further we applied these iterative schemes to solve nonlinear ill-posed
problems, and used proposed parameter choice strategy to compute the regularization
parameter. The numerical results show that the relative errors decrease as the order of
the method increases.

During the study, we came across the following problems, where further research

may be possible.

1. We have studied weighted or fractional regularization methods for linear operator
equations. So, can we extend the weighted or fractional regularization method to

non-linear ill-posed operator equations?

2. Is there any way to find the optimal value for parameter 8 € (—%, 0] to obtain a

better error estimate in the FTR method remains an open problem?

3. We have introduced a new source condition and parameter choice strategy for
Lavrentiev regularization. Can we introduce these for a Tikhonov regularization

to solve nonlinear ill-posed problems?

4. We have studied local convergence analysis of higher order iterative methods
without using Taylor’s expansion. So can we extend these ideas into semi local

convergence analysis of other higher order iterative methods?
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Appendix A

ESTIMATES FOR ||

Note that,

r

LetZ =

I

(1) P+ at) (1) P (T T) P + e
(T ) P+ an) (T ) () o)
(T )P 4 an) (T T) P — (1 7)Y (TT) P ) e

((T*T)"*P 4+ al)~'%. Then, we have by (2.2.3);

I\

la(T 1) 4+ a) (1 T)2) 2 — (17 T)2) '

s1n7r(1+ﬁ)

12|l

| e o) P e

v/
< T2 +10) (TP = (LT (T TP +11) ' Zds
sin —B
B [T el P ) (0 ) ()

X[(I —P)T*T + BT T(I — P)|((T*T)? +1tI) "' Z||dt

+/owf153Ha((Th*Th)“Mod)‘l

x (T T)* +¢) (I - P)T*T

+ BT T (I —B))(T*T)((T*T)? +11) "' Z||df]

sin7 (! ﬁ)
T

P,T*T(1—P)((T*T)* +11)~'Z||dr

oolﬁ
[ (1 1) o) (T )

[ 1T o (T o) (5

P, T*T(I—P)(T*T)(T*T)? +11)~'Z||dt
sinzr(1P)

[ + I,
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where, I} = fg"z# 1o (T 1) P + o)~ (T T,)? + 1)~ (T T B T*T (I — Py)
(T*T)*>+t1)~'Z||dt, and I, = f(‘;"r# 1o (T ) ' TP + o)~ (T3 Ty)? +11) ' P,
T*T(I—P,)(T*T)((T*T)?+tI)~'Z||dt. Note that, we have used relation ((7;*7},)?
+tI) Y (I—=P)T*T =0and ((T;T,)*+11) " (T;*T;,) (I — B,)T*T = 0 to obatin the above

inequality. Next we shall obtain and estimate for /;and /5.

I 1up
L < /t2
0

x((T*T)* +11)~'Z|| dt

“© 1p
+/t2 ‘
1

x((T*T)*+1t1)"'Z||dt

’a((Th*Th)Hﬁ +al) (T ) +¢) " (T 1) P T*T (1 - Py)

(T )P + o)~ (T T3)? +¢1) ™ (T T;,) P, T T (1 — Py)

IA

1
| @) P+ an @)
< (T 1) (T D) P IT =B | (T°T) +00) ™ (T T)(TT) 7] s
+ [T P an) (1)
1
<(TT) D)~ (G PIIT U =PI (T T) +10)7' 2] ds
3Bl g 1B

a5 [ 2 i g |(TVT) )|
0

JHB oo 148
+a 1+[3/ t 2
1

_ _ * 3
Leydt|(T*T) VZH+/1 17 2g,dt|| T, Th| || Z])

IN

(Sl

T T et |12

c\
—
~
[SSTENS

(VAN
9]
T

IN
)
2

(I(T*T)7"Z]| +2||T*T||||ZII} €h,

: 1 -1 3 vl 2
where, we used the estimates ||a((7,’T}) B ar) (Th*Th)ﬁﬁH <o F (T Th) -+
_1 _ _B _1 _ _B s
@) P < (T2 4 ) )P < T, ()R +
t= Y| <t~ |7 < IT*T| and ||((T*T)? +¢1)~1(T*T)?|| < t2-1. Again, we have

L 14p
b= Atzim«ﬁnﬂw+unluﬁnf+mI&TTU—&xWﬂ

><((T*T)2thl)‘IZde+/Imt15ﬁIIOt((Th"Th)”l3 +ol) (T ) +11) "' BT T
X(I—B)(T*T)((T*T)? +11)"'Z||dt
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148 _ 1
+/1 2 | a((T; 1) P + o) N (T 1) 2P

(T T2 +11) (T L) BT (1= BT T)(T'T) +-11) ' 2| o
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where, we used the estimates ||((7*T)?4¢1)~{(T*T)*7|| < = Further, observe that

ﬁ * ) — ﬂ % — x\ 14 —1a
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Appendix B

ESTIMATES FOR ||I';|| and ||, ||

Note that

1 oo
Il < o [ b (BT + (o)
[@Tﬂ* anﬂwwww

sm?t
< ol [T
oa-+u

Awﬁwnnwﬂn<arf—m@¥>

‘ Y

where Z; = (TT*)"*P 4 (a+u))~' ((TT*)'*P + al)’%y. Note that as in appendix

one can write

X ((TT*)? 41t1)"'Z dudt

(B.0.1)
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< o

< g (since o < o).

Therefore, we have by (B.0.1)), (B.0.2) and (B.0.3),

. 1+ 1
sint(—5E) 1 [ u2 3
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Simillarly, one can prove that
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for some constant cg > 0.
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