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Abstract

The widespread usage of the Radio Frequency (RF) spectrum for wireless and mo-

bile communication systems generated a significant spectrum scarcity. To tackle this

issue, the spectral cooperation between radar-sensing and communication systems

research has received a surge of interest in recent times. The Cooperative Radar-

Communication System (CRCS) provides a framework to simultaneously utilize the

allocated radar spectrum for both sensing and communication purposes. In addition,

waveform design plays a vital role in the development of various configurations of a

CRCS.

Based on the literature survey, most approaches used to design a radar waveform

are locally optimum. In addition, designing a globally optimized radar waveform for a

cooperative scenario has been a challenging task for accomplishing the convergence of

radar-sensing and communication functionalities without degrading the performance

at either end. To overcome this challenge, the first objective of this research investi-

gation proposes a novel global optimization-based Spatial Branch and Bound (SBnB)

approach to optimize the phase coefficients of a Non-Linear Frequency Modulated

(NLFM) radar waveform in a CRCS framework. The simulation results reveal that

the proposed SBnB radar waveform design approach provides improved performance

compared to the existing radar waveform design approaches.

Further, the state estimation-based optimal radar waveform design for improving

tracking performance is hardly reported in the CRCS framework. Thus, the second

objective of this research work proposes a novel measurement model, based on com-

munication residual components for various waveforms, using the Fisher Information

Matrix (FIM) to evaluate the radar system performance in the CRCS framework.

The radar waveforms considered in this investigation are rectangular pulse, triangu-

lar pulse, Gaussian pulse, Linear Frequency Modulated (LFM) pulse, LFM-Gaussian

pulse, and Non-Linear Frequency Modulated (NLFM) pulse. Thereafter, the Kalman

filter is deployed to estimate the target kinematics (range and range rate) of a sin-

gle linearly moving target for the aforementioned radar waveforms. In the simulated

results, the range and range rate estimation errors are quantified by the Root Mean

i



Square Error (RMSE) and they are validated with the Posterior Cramer-Rao Lower

Bound (PCRLB).

Furthermore, another contribution reported in this thesis is to exploit the commu-

nication waveform along with the radar waveform to improve the target state estima-

tion performance in a CRCS. An LFM pulse radar waveform, an NLFM pulse radar

waveform, and a Quadrature Amplitude Modulated (QAM) communication waveform

are considered for this investigation and analyzed the target state estimation perfor-

mance. At a given epoch, the target position is estimated by considering the range

and range rate as a measurement in an Iterative Least Squares (ILS) framework. After

that, the Kalman Filter (KF) estimates the target dynamics by taking the output of

the ILS as a measurement model. Besides, the target estimated position is quantified

with the RMSE and they are validated with the PCRLB.

Overall the results attained in this research work signify the importance of radar

waveform optimization in a CRCS. In addition, the superiority of the optimized NLFM

radar waveform is very well exhibited in terms of range resolution, radar estimation

rate, and target state estimation performance. Moreover, the major contributions

done in this thesis added profound knowledge in the radar waveform optimization,

and target tracking areas.
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Chapter 1

Introduction

1.1 Background

It is a well-known fact that a major portion of the Radio Frequency (RF) spectrum

has been allocated to various application-oriented services. Further, due to the pro-

liferation of connected devices and wireless applications, there is a massive demand

for more RF spectrum. Hence the RF spectrum has become very much congested.

In contrast, the RF spectrum designated for radar applications is underutilized. To

combat the spectrum scarcity problem, researchers are looking to exploit the available

radar spectrum by sharing it with wireless communication systems. This has spurred

people across the globe to focus on shared spectrum access, which controls the in-band

interference between radar and communication systems (Griffiths et al. 2015). Sensing
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Figure 1.1: Current RF spectrum environment

and communication are the two significant functionalities of radio technology, which

1



are self-designed and rely on various functions and bands of frequencies. Sensing is re-

sponsible for target detection and tracking, whereas communication is considered for

transferring information among users. A radar sensor transmits a known signal toward

a desired target for sensing purposes. Whereas, the communication system transmits

an unknown signal by assuming that the channel has already been estimated. In the

coexisted radar-communication scenario, the radar sensor signal can be utilized for

the communication channel estimation. A general RF spectral congestion scenario

is demonstrated in Figure 1.1, here both radar sensing and communication systems

are carrying out their operations in the presence of external interference. Further,

both communication and radar systems are operating in the same frequency band or

adjacent frequency bands. However, there is mutual interference between both radar

and communication systems, when they operate in the same spectral band. In the
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Figure 1.2: Upcoming dynamic RF spectrum environment

future, upcoming RF systems are very much in need of spectral resources. Hence one

possible solution is the convergence of RF wireless systems. According to (Paul et al.

2016), an upcoming RF spectral environment is depicted in Figure 1.2, where all the

users are adaptive to the spectral environment. Further, both radar and communica-

tion systems are cooperative with each other. As the users are dynamic in the above

2



scenario, they are capable enough to avoid mutual interference. Furthermore, radar

and communications users can change their frequency band and work to attain the

required radar estimation rate (Bliss 2014) and communication data rate.

1.1.1 Evolution of Cooperative Radar-Communication System
(CRCS)

Radar bands are the best candidate to be shared with different communication systems

due to a broad chunk of the spectrum being accessible at radar frequencies (Griffiths

et al. 2015). Moreover, the sensing mechanism is going to play a pivotal role in

upcoming wireless technologies like 6G, Intelligent Transport Systems (ITS) (Ma et al.

2020), smart homes (Huang et al. 2020), and different location-oriented applications

(Zhang et al. 2020). These aforementioned applications rely on efficient sensing and

communication capabilities. Due to this motive, researchers are intended to focus on

Radar-Communication Spectrum Sharing (RCSS) (Liu et al. 2020).

Radar and Communication systems both are independent systems and they have

been developed separately. But, there are some similarities in both systems, espe-

cially in the receiver section (Zhou et al. 2022). In the past few years, we had seen the

proliferation of vibrant academic and industrial interest toward the convergence of

sensing and communication functions. In addition to that, government organizations

like the Defense Advanced Research Projects Agency (DARPA) (Evans 2016a) started

funding to ensure a better quality of military radar and military communications. As

a consequence, a large amount of work has been carried out based on different design

strategies, a variety of scenarios, and cooperation between the radar and communica-

tion systems. According to the literature survey (Liu et al. 2020), RCSS approaches

have been categorized into co-existence, cooperation, and co-design.

In the coexistence category, both radar and communication transmitters are ac-

tive, and both access the radar spectrum (Zheng et al. 2019). Further, both radar

and communications transmitters treat one another as interferers. However, the major

drawback is to combat mutual interference to accomplish a reasonable performance for

both radar and communication systems (Chiriyath et al. 2019). Initially, researchers

preferred opportunistic spectrum sharing to achieve spectral coexistence (Saruthi-

rathanaworakun et al. 2012). In this approach, communication users are permitted
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to transmit when the band of frequencies is not engaged by radar. However, it is

possible only when both systems are not operating at the same time. To overcome

this, a null-space projection (NSP) scheme was proposed in (Sodagari et al. 2012),

where a radar beam pattern is required to aim waves onto the null space of the in-

terference channel connecting the radar transmitter and communication transmitter.

Because of NSP, the mutual interference between two sub-systems can be minimized.

In (Khawar et al. 2015a), and (Mahal et al. 2017) the NSP scheme was considered

to combat mutual interference between MIMO radar and communication systems.

However, it results in radar system performance loss. It is always difficult to maintain

optimal beamform for the estimation of target detection and target tracking. Later

a novel approach was introduced in (Babaei et al. 2013) for relaxing the null steering

precoder to enforce allowable interference on the information system. To overcome

Radar

Tx System

Communication

Tx System

Radar

Channel

Communication

Channel

Radar
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Communication
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Figure 1.3: Basic Cooperative Radar-Communication System Model

the mutual interference problem in the coexisted radar-communication systems, a

cooperative spectrum-sharing approach was proposed in Paul et al. [2016]. In the

cooperation category, Channel State Information (CSI) is exchanged between radar

and communication systems and it assists each other to avoid mutual interference

(Chiriyath et al. 2019). The general cooperative scenario block diagram is depicted
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in Figure 1.3. Further, a fusion center was considered in (Li and Petropulu 2017) to

exchange the information between both the sub-systems to enhance the performance

of the cooperative joint radar-communication system. According to (Li and Petrop-

ulu 2017), pilot signals can be utilized to estimate the channels and share CSI with

the subsystem. Apart from that, many methods have been proposed in (Mishali and

Eldar 2010), and (Cohen et al. 2018) to sense the environment without transmitting

a pilot signal or without coordination between subsystems. To share the spectral

resources efficiently and accomplish RF convergence, a meticulous understanding of

the principal performance limits of cooperative spectrum sharing is desired (Chiriyath

et al. 2017).

1.1.2 Applications of Joint Radar-Sensing and Communica-
tion

The Radio Frequency (RF) spectrum sharing between communication and radar sys-

tems has been inspired by the necessity for the coexistence of radar and communi-

cation systems. This section demonstrates the various applications related to the

convergence of sensing and communication functions.

A Autonomous systems

The mm-wave band (30GHz-300GHz) is more suitable for autonomous applications,

where both sensing and communication operations are involved. Primarily mm-band

is traditionally allocated to automotive radars for vehicle collision prevention and it is

also used by high-level image resolution radars (Choi et al. 2016). However, this band

can be used by wireless communication users to perform short-range communication

(Kenney 2011) and for Long Term Evolution (LTE) technology (Choi et al. 2016).

Further, this band is proposed for Vehicle-to-Vehicle (V2V) communication for the

development of autonomous cars (Tsugawa and Kato 2010). As both sensing and

communication applications are interconnected, researchers are strongly motivated

to develop joint radar-communication systems for autonomous systems (Sturm and

Wiesbeck 2011).
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B Air-Traffic-Control (ATC) systems

In these systems, radar sensing and communication play a pivotal role in air-traffic

management (Paul et al. 2016). Especially in commercial flights, where radar is

utilized for object detection and tracking, and communication system is used for pilot

and ATC system coordination. Initially, L-band (1GHz-2GHz) and S-band (2GHz-

4GHz) are utilized for ATC radar systems. Recently, these bands are allocated to

LTE and 5G new radio wireless technologies (Hessar and Roy 2016). Thus there is a

coexistence between radar and communication systems.

C Military Radar and Communication (MRC) systems

In general, the S-band (2GHz-4GHz) and C-band (4GHz-8GHz) are used for military

applications like Low-Probability-Intercept (LPI) radar, Unmanned Aerial Vehicles

(UAV) utilized for various covert operations such as track and rescue, reconnaissance,

and Electronic Countermeasures (ECM) (Schneiderman 2011), (Bogdanowicz 2017).

However, all the applications require both sensing and communication functionali-

ties. Moreover, Shared Spectrum Access for Radar and Communications (SSPARC)

program was keen to allocate a part of the C-band for wireless communication users

(Evans 2016b). With the rapid growth in the usage of wireless applications, there will

be huge pressure on military radar bands for spectrum-sharing purposes (Griffiths

et al. 2015). The feasible coexisting military radar and communication applications

are namely, LPI communication, passive radar, UAV communication and sensing, and

dual-function RF system.

D Healthcare and Monitoring systems

These systems utilize the Industrial Scientific and Medical (ISM) band and Wireless

Medical Telemetry Service (WMTS) frequency band (1.35GHz-1.45GHz) for health-

care and monitoring purposes. To monitor the health condition of a patient, bio-

sensors are biologically embedded into the human body. Bio-sensors measure the

data from the human body and then the data is transmitted to an external signal-

processing device for further action (Liu et al. 2020). Further, cloud-based approaches

were developed to convey the bio-sensing data to external devices (Fortino and Pathan

2014). Thus there is a possibility to combine both sensing and communication func-
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tions. An experimental study was conducted in (Hakozaki and Shinoda 2002), where

a tactile bio-sensor element communicates via skin layers to the external device for

further signal processing. However, still, there is a lot of scope for research in this

area.

E Imaging and Communication Systems

The upper millimeter (mm) wave frequency band (52.6 GHz-114.25 GHz) (Raghavan

et al. 2020) has been allotted for fine-resolution image sensing and also supports

large throughput-based wireless communications (Paul et al. 2016). For example,

Google has introduced a project by the name Soli, which performs accurate human

gesture detection by utilizing 60 GHz millimeter wave radar (Gu et al. 2016), (Ren

et al. 2021). Further, this mm-wave radar can be interfaced with 5G smartphones

and tablets for further device-device communication (Rappaport et al. 2011). Thus

Google has given the motivation to look for a smart radio which can perform both

sensing and communication operations on a unique hardware platform.

F Light-based sensing and communication systems

With the proliferated development of wireless technologies, the RF spectrum is scarce

in nature. This has made researchers think about light-based systems that avoid

spectrum congestion issues (Langer and Grubor 2007). A new technology Li-Fi (Light

Fidelity) was developed in (Bellè et al. 2013), which is analogous to Wi-Fi systems.

The Li-fi technology was developed to fulfill the user requirements like high throughput

and fast data transmission (Elgala et al. 2011). In addition, optics is also a very fast-

growing technology used for remote sensing applications (Wehr and Lohr [1999]).

Subsequently, lidar is used for surveillance of wetlands (Lang et al. 2010) and optics-

based remote sensing is used for sea level monitoring (Brock and Purkis 2009). Here

also there is a feasibility for the coexistence of Lidar and Li-Fi systems.

G RFID systems

A Radio Frequency Identification (RFID) system contains a reader, an antenna array

of a reader, and tags. Firstly, the reader sends a sensing signal toward the tag, then

the tag modulates the signal and reverts it back to the reader. The reflected signal
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consists of a special signature created according to the change in the tags antenna

load (Decarli et al. 2013). Communication is the principal operation of the RFID

technology, as the tag is reflecting some valid information concerning health and

identity (Farris et al. 2014). RFID technology has also been deployed for radar target

detection (Yen et al. 2007) and target localization (Decarli et al. 2013). Thus RFID

system is a kind of cooperative radar-communication system as the RFID sensing is

accomplished by setting up a cooperative communication link between the tag and

reader.

All these applications motivated us to work towards the modeling of a cooperative

radar-communication system.

1.2 Literature Survey

1.2.1 Waveform Design for a CRCS

The primary step in developing a Cooperative Radar Communication System (CRCS)

is to identify a suitable waveform and its characteristics (Sturm and Wiesbeck 2011).

In (Hassanien et al. 2016), the radar waveform is considered for both sensing and

communication operations in a CRCS. By using radar waveform for both radar and

communication systems, the allocated spectrum would be utilized very efficiently.

However, the aforementioned approach introduces problems like data-dependent am-

biguities and high Peak-to-Average-Power-Ratio (PAPR) requirements (Sturm and

Wiesbeck 2011). In addition, both communication and radar systems have distinct

waveform requirements. In contrast to the previous approach, two different waveforms

are considered for both sensing and communication functions in (Chiriyath et al.

2019). Whenever two separate waveforms are considered for both radar and commu-

nication systems, several constraint-based radar waveform design methods have been

proposed (Patton et al. 2012). With reference to (Bică and Koivunen 2018), (Chiriy-

ath et al. 2019), the waveform design approaches for a CRCS are categorized into the

radar sensor-centric method and communication-centric method. In the radar sensor-

centric approach, the radar waveform is optimized to improve the performance of a

CRCS, whereas, in the communication-centric approach, the communication wave-

form is optimized to improve the performance of a CRCS. However, in our research
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work, a radar-sensor-centric approach is considered.

1.2.2 Radar Sensor-Centric Approaches

An adaptive radar waveform was first projected onto the null space between the radar

and communication systems to avoid mutual interference in a CRCS (Sodagari et al.

2012). Subsequently, a Null Space Projected (NSP) constrained optimal Multiple-

Input-Multiple-Output (MIMO) radar waveform was designed in (Khawar et al. 2014)

to avoid mutual interference in a CRCS. Later, a spectrally constrained optimal radar

waveform was designed in (Aubry et al. 2014) to reduce the interference to neighboring

communication users in a CRCS. Further, the radar waveform was optimized based

on maximizing the SINR subject to the Energy Constraint (EC), Maximum Allowable

Interference Energy Constraint (MAIEC), and Similarity Constraint (SC). Whereas

in (Khawar et al. 2015b), a radar waveform was designed using an antenna array

by considering the NSP and imposing the constraint on interference power received

at the MIMO cellular base stations to further mitigate the mutual interference in a

CRCS. Further, an optimal radar waveform was designed based on maximizing the

Signal-to-Interference-Noise-Ratio subject to MAIEC, Radar Waveform Energy Con-

straint (RWEC), and SC to further enhance the performance of a CRCS (Aubry et al.

2015). Furthermore, an Interference Protection Criteria (IPC) at the communication

receiver was defined in (Govoni 2016) to improve the military radar performance in

a CRCS without any interference to communication users. Later, a radar waveform

is optimized based on EC, MAIEC, and SC to specifically improve the performance

of a radar system in a CRCS (Aubry et al. 2016b). On the other hand, a Small

Singular Value Space Projection Method (SSVSPM) was proposed in (Mahal et al.

2017), where a radar precoder was designed to avoid interference with neighboring

communication users in a CRCS. In (Paul et al. 2016), a Linear Frequency Modu-

lated (LFM) radar waveform is developed based on a polynomial spectral mask to

jointly maximize both the radar estimation rate and communication data rate in a

cooperative scenario. In (Huang et al. 2017, a Radar Environmental Map (REM) was

utilized to restrict the radar waveform spectrum such that the radar band is allowed

for cooperative transmission. In (Qian et al. 2018), an optimum MIMO radar wave-

form was designed based on maximizing the Signal-to-Interference-Noise-Ratio (SINR)
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at the radar receiver subjected to Constant Modulus Constraint (CMC), Similarity

Constraint (SC), Energy Constraint on the Communication waveform (ECC), and

Communication Rate Constraint (CRC), in a CRCS. Whereas in (Bică and Koivunen

2018), the radar waveform was optimized to estimate the parameters of a radar target

in the CRCS environment. Further, the optimization was carried out by considering

CRLB as an objective function subject to the Radar Transmitted Power Constraint

(RTPC), MAIEC, and Sub-carrier Power Ratio Constraint (SPRC). Later, a unique

estimation error variance approach was proposed in (Chiriyath et al. 2019), to op-

timize the Non-Linear Frequency Modulated (NLFM) radar waveform spectrum for

improving the performance of both radar and communication systems in a CRCS. In

this approach, Cramer-Rao-Lower-Bound is considered the objective function and is

minimized subject to the Threshold Point Error Variance Constraint (TPEVC) and

Spectral Leakage Constraint (SLC). In all the previous contributions, the formulated

optimization problem is non-convex, which obtains only a locally optimum solution.

A quick summary of all the radar sensor-centric approaches is listed in Table 1.1.

1.2.3 Target Tracking

Target tracking is an important aspect of a radar-sensing system to estimate the tra-

jectory of a radar target within a surveillance space. The major blocks present in

the target tracking system are track-filtering and data association. Track-filtering is

the process of finding the target trajectory (i.e., target position, target velocity) of a

track based on sensor measurements (i.e., target range, azimuth angle, and elevation

angle) that have been allocated to the track (Richards et al. 2010). Data associa-

tion is the process of associating the measurement to a particular track (Richards

et al. 2010). The Kalman Filter (KF) predicts the target state at the time instant

of the most recent radar measurement based on the present target state. It gives

an optimal state estimate subject to linearity and Gaussian distribution (Bar-Shalom

et al. 2004). Subsequently, various types of Kalman Filters like extended, unscented,

and particle filters were considered to deal with the issue of non-linearity (Bar-Shalom

et al. 2010). In the context of data association, traditional association approaches like

Nearest Neighbour (NN) and Global Nearest Neighbour (GNN) are used to extract

a unique measurement out of all accessible measurements present in the validation
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Table 1.1: Summary of radar sensor-centric waveform design approaches in a CRCS

Ref. No Objective function Constraints System performance Year

Sodagari et al. [2012] Minimizing the CRLB NSP Target direction estimation 2012

Khawar et al. 2014 Matching of desired radar beam pattern Constant envelope, NSP
Transmitted beam pattern

and Mean Square Error (MSE)
2014

Aubry et al. 2014 Maximizing the SINR EC, MAIEC, SC
Radar target detection and

tracking
2014

Khawar et al. 2015b
Minimizing the interference due to MIMO

radar users at the cellular basestation
NSP Radar transmit beam pattern 2015

Aubry et al. 2015 Maximizing the SINR MAIEC, RWEC, SC
Energy Spectral Density (ESD)

of radar waveform
2015

Govoni 2016 Maximizing SIR
IPC at the communication

receiver

Power Spectral Density (PSD) of

radar and communication signals
2016

Aubry et al. 2016b Maximizing SINR EC, MAIEC, SC SINR and ESD of radar waveform 2016

Mahal et al. 2017
Minimum difference between the precoded

and original radar signal.
Interference power constraint

MSE of radar waveform and

BER of communication waveform
2016

Paul et al. 2016 Maximizing information rate Polynomial spectral mask
Radar estimation rate and

communication rate.
2016

Huang et al. 2017 Maximizing SINR EC, MAIEC, SC
ESD and auto-correlation

characteristics
2017

Qian et al. 2018 Maximizing SINR CMC, ECC, CRC
SINR of both radar and

communication systems
2018

Bică and Koivunen 2018 Minimizing CRLB RTPC, MAIEC, SPRC
Target estimation error

variance
2018

Chiriyath et al. 2019 Minimizing CRLB TPEVC, SLC
Radar estimation rate and

communication rate
2019

Mahipathi et al. 2023 Minimizing CRLB TPEVC, PRC
Radar estimation rate and

communication rate
2023

gate (Sinha et al. 2012). Alternatively, to ensure a linear combination of all the radar

measurements within the validation gate, a Probabilistic Data Association (PDA)

approach is presented in (Bar-Shalom et al. 2009). When it comes to tracking man-

agement, the general approaches are quality-based track maintenance and logic-based

track maintenance (Jiang et al. 2014).

1.2.4 Waveform Design for Target Tracking

The traditional method of designing the target tracking system is to consider the sen-

sor and tracking sub-systems as entirely separate entities (Bar-Shalom and Fortmann

1988). Authors in (Kershaw and Evans 1997) accomplished significant performance

enhancement for a tracking system, by integrating the waveform optimization block

(sensor) into a target tracking system. In addition, adaptive waveform design schemes

have been proven to greatly enhance the target tracking system performance (Ker-

shaw and Evans 1994). Further, information about the target environment is assessed
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based on previous measurements and is utilized to modify the waveform for the subse-

quent signal transmission to achieve optimal tracking performance (Sira et al. [2008]).

The adaptive waveform selection for radar target tracking was initially introduced in

(Kershaw and Evans 1994), where the tunable waveform specifications were identified

for tracking in a unidirectional clutter-free environment. Subsequently, the adaptive

waveform selection schemes were presented to improve target tracking performance

in a cluttered environment (Kershaw and Evans 1997). In addition, the adaptive

waveform selection schemes were further analyzed for enhancing the target tracking

performance in a two-dimensional scenario under a wide-band environment (Sira et al.

2007). The target tracking the performance of various waveforms was analyzed us-

ing the statistically estimated steady-state error (Rago et al. 1998). Subsequently, a

stochastic-approximation-based particle filter is applied in (Sira et al. 2004) to opti-

mize the waveform parameters to reduce the tracking error variance. A benchmark

problem was presented in (Blair et al. 1998), to track the moving targets in the ex-

istence of Electronic Counter Measurements (ECM) and false alarms. A review on

waveform agile target tracking was presented in (Sira et al. 2009). Further, it also

explained the significance of dynamic waveform selection for tracker requirements. In

another communication, (Satapathi and Pathipati 2017), a systematic method based

on waveform agile sensing is presented, to improve the performance of benchmark

target tracking in the existence of hefty interference. Later, an improved target esti-

mation performance is achieved by exploiting the target returns from a communication

transmitter (Gunnery et al. 2021). Recently, radar target tracking performance is ana-

lyzed in the presence of in-band communication interference in a radar-communication

system (Srinath et al. 2022).

1.3 Motivation

Based on the literature review, in the radar waveform optimization, the local mini-

mum problem, and global optimization-based approaches are needed to be explored.

Further, to improve the radar estimation rate, without sacrificing the communication

data rate, an efficient global optimization approach is very much needed. There-

fore, a Spatial Branch and Bound (SBnB) framework is proposed in our work to
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design a globally optimized non-linear Frequency Modulated (NLFM) radar wave-

form. Specifically, the SBnB approach performs global optimization to determine the

phase coefficients of an NLFM waveform to achieve desired radar waveform spectrum.

Further, optimal waveform selection and track filtering for improving the track-

ing performance are hardly reported in the CRCS framework. Hence, an optimal

waveform selection strategy is proposed for enhancing the target state estimation

performance in a CRCS. In addition, exploitation of the communication waveform

along with the radar waveform for target state estimation in a CRCS environment

is hardly noticed in any of the previous works. This has motivated us to work on

communication-based target tracking in the CRCS configuration.

1.4 Research Objectives

Based on research gaps identified in the literature survey, the following research in-

vestigation has been proposed. The major focus of this research is to develop a novel

framework to optimize the radar waveform such that the performance of a coopera-

tive radar-communication system can be improved. In addition, a novel measurement

model is introduced to analyze the target state estimation performance in a coopera-

tive radar communication system. The proposed three objectives are

• To propose a globally optimized radar waveform for improving the performance

of the cooperative radar-communication system.

• To perform an optimum waveform selection for a better target tracking perfor-

mance in the cooperative radar-communication system.

• To analyze a communication-aided target state estimation in a cooperative

radar-communication system.

1.5 Proposed Methodology for Each Identified Re-
search Objective

1.5.1 Constraint-based Radar Waveform Optimization

A Modified PRC-CRLB (M-PRC-CRLB) radar waveform design approach is pre-

sented as an alternative local optimization approach by relaxing the spectral leakage
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constraint. Further, a global optimization-based Spatial Branch and Bound (SBnB)

framework is proposed to improve the performance of a CRCS. Furthermore, a com-

prehensive performance evaluation is carried out in the range domain, for an NLFM

waveform based on the proposed and existing approaches for all phase polynomial

orders using PSLR and ISLR metrics. Moreover, the Doppler performance is also

analyzed for an optimized NLFM waveform.

1.5.2 Optimal Waveform Selection for Target State Estimation

The measurement noise covariance matrix is derived for various waveforms to charac-

terize the sensor behavior in the presence of communication residual components for

the Cooperative Radar-Communication System(CRCS). Further, the Kalman Filter

(KF) is applied to estimate the trajectory of a linearly moving target with the ob-

tained measurements for different waveforms using the novel measurement model for

the CRCS. Furthermore, the proposed work conducts the performance validation of

a radar sensor for various designated waveforms namely rectangular pulse, triangular

pulse, Gaussian pulse, LFM pulse, LFM-Gaussian pulse, and NLFM pulse by the

PCRLB limit.

1.5.3 Communication-aided Radar Target State Estimation

The proposed work introduces a communication-aided measurement noise model for

improving the target state estimation. Measurement noise covariance matrix is eval-

uated for both the waveform combinations i.e., NLFM radar waveform and QAM

communication waveform, LFM radar waveform, and QAM communication wave-

form to characterize the active radar sensor behaviour. Further, at a given epoch,

the target position is estimated by considering the range and range-rate measure-

ments in an iterative least squares framework. Furthermore, the ILS is tuned with

the waveform-assisted noise measurement model. Thereafter, the Kalman Filter (KF)

is deployed to estimate the time-varying target dynamics by taking the output of the

ILS as a measurement model. Moreover, the state estimation errors are validated

with the PCRLB.
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1.6 Contribution of the Thesis

This research investigation mainly focuses on the problems identified in a cooper-

ative radar-communication system. The thesis contribution solves significant prob-

lems like radar waveform optimization, waveform selection for target tracking, and

communication-aided target tracking. The major contributions of the thesis are listed

below:

1. We have proposed a Spatial Branch and Bound (SBnB) framework to globally

optimize the radar waveform such that the performance of a CRCS can be

improved.

2. We have presented a novel measurement model based on the communication

residual component to estimate the target state for various waveforms in a

CRCS. Further, the state estimation errors for various waveforms are validated

with the PCRLB.

3. We have analyzed the communication-aided target state estimation for the LFM

and NLFM radar waveforms in a CRCS.

1.7 Overview

The remainder of the thesis is structured as follows. Chapter 2 demonstrates the

constraint-based radar waveform optimization for a cooperative radar communica-

tion system. This chapter proposes the Spatial Branch and Bound (SBnB) opti-

mization framework to improve the performance of a CRCS. Subsequently, Chapter

3 presents the optimal waveform selection scenario for performing target state es-

timation in a CRCS. This chapter focuses on the influence of the communication

residual component on the radar system performance. Further, Chapter 4 introduces

a communication-aided novel measurement model to analyze the target tracking per-

formance in a CRCS. Eventually, the thesis ended with the conclusions and future

directions.
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Chapter 2

Constrained Radar Waveform
Optimization for a CRCS

This chapter presents a constraint-based Non-Linear Frequency Modulated (NLFM)

radar waveform optimization in a CRCS environment. In addition, the significance of

the Spatial Branch and Bound (SBnB) framework in designing a globally optimized

radar waveform for improving the performance of a CRCS is elucidated.

2.1 Problem Formulation

A Cooperative Radar Communication System (CRCS) model is shown in Figure 2.1.

In this system model, both the radar and communication systems coexist spectrally

and temporally. Moreover, the proposed model is informative and can be expanded

to more intricate scenarios by utilizing it as a building block to set up real-world

scenarios like Intelligent Transportation Systems (ITS) (Singh et al. 2021). In Fig-

ure 2.1 only a single radar with a target and one communication transmitter has been

considered. Further, the JRC node acts as a radar transmitter/receiver and com-

munication receiver. Subsequently, both radar and communication systems transmit

separate waveforms and a radar-centric approach (Aubry et al. 2016a) is considered in

this investigation. Here, the joint radar-communication receiver is capable of simul-

taneously estimating the target measurements (delay, Doppler, azimuth angle, and

elevation angle) of the radar and estimating the data rate of a communication signal.

In this work, the following assumptions are made:

• A radar-centric approach is considered to design a constant modulus waveform

for a CRCS framework.
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Figure 2.1: Cooperative radar-communication system model

• Radar system is a mono-static single-input single-output (SISO) pulsed system.

Further, the radar target is assumed to be stationary during the monitoring

time.

• Radar detection and acquisition of the target have already been ensured and

the ambiguities between successive radar pulses are ignored.

• Radar target cross-section is well approximated. Further, the effect of clutter

on radar performance is excluded.

Moreover, the Successive Interference Cancellation (SIC) receiver model (Bliss 2014) is

considered. In the SIC receiver model, the communication system performance relies

on the radar waveform spectrum (Chiriyath et al. 2016c). The SIC receiver model

mitigates the interference between radar and communication systems. An elaborated

discussion on the SIC receiver model is presented in (Mahipathi et al. 2021). In the

SIC receiver model, the composite radar-communication signal y(t) at the receiver is

given by (Chiriyath et al. 2019),

y(t) = b
√
Pc r(t) + n(t) +

√
Pr a · s(t− τ) , (2.1)
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after deducting the predicted radar return from (2.1), the received signal at the com-

munication receiver becomes,

ỹ(t) =b
√
Pc r(t) + n(t) +

√
Pr a[s(t− τ)− s(t− τpre)] , (2.2)

where b represents the total gain of the antenna and communication transmission

loss, Pc denotes the communication power, r(t) denotes the communication signal

received, and the thermal noise in the receiver is represented by n(t), Pr denotes the

radar transmitted power, a indicates the total target antenna gain, transmission and

cross-section gain, s(t− τ) represents the actual target return, s(t− τpre) represents

the predicted radar return and τpre is the predicted target delay. The noise and

residual component together is given by (Chiriyath et al. 2016c),

nint+n(t) = n(t) + nresi(t)

= n(t) +
√
∥a∥2 Pr nτ,proc(t)

∂s(t− τ)

∂t
, (2.3)

where nτ,proc(t) represents the range fluctuation process noise with variance σ2
τ,proc.

The noise component’s residual power spectral density is given by,

Nint+n(f) =N(f) +Nresi(f)

=kB Ttemp ΠB(f)

+ (4π2) ∥a∥2 Pr σ
2
τ,proc ∥S(f)∥2 f 2, (2.4)

where N(f) represents the receiver thermal noise power spectral density, Nresi(f) rep-

resents the residual noise power spectral density, kB denotes the Boltzmann constant,

Ttemp represents the absolute temperature, and ΠB(f) is a rectangular spectrum in

the range −B
2

to B
2
. Here, the effect of residual noise spectral density is very high

compared to thermal noise spectral density on the communication system perfor-

mance. Therefore, we considered only residual noise spectral density to estimate the

communication system performance.

Further, we have chosen an efficient spectral water filling algorithm (Cover and

Thomas 2006, Gallager 1968) to optimize the communication power spectrum with

respect to the residual noise power spectral density. From (2.4), it is clear that the

residual noise spectral density relies on the radar waveform spectral shape. Hence, it

is essential to optimize the radar waveform spectrum to achieve desired radar perfor-

mance without sacrificing the performance of a communication system.
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2.1.1 NLFM Radar Waveform Optimization

Modern radar systems desire the waveform to be a constant modulus. To ensure the

constant modulus attribute of the radar waveform, the NLFM phase polynomial is

considered as follows

s(t) = eiπ
(∑N

l=1 plt
2l
)
, (2.5)

here pl ∈ R, ∀l denotes phase coefficients andN indicates the NLFM phase polynomial

order. The phase polynomial is expressed in even-powered terms to ensure the shape

of symmetry in the frequency domain. Here, the radar is a pulsed radar and the pulses

are shaped through Non-Linear Frequency Modulation (NLFM) (Blunt and Perrins

2019). Further, the radar duty factor of 0.01 and pulse width of 25.6 µs has been

chosen based on the earlier studies (Chiriyath et al. 2017) and (Chiriyath et al. 2019).

Furthermore, the peak power is taken as 100 kw and the average power will be 1 kw,

sufficient to provide enough energy per pulse.

The radar waveform spectral shape plays a key role in modeling a Cooperative

Radar-Communication System (CRCS) (Chiriyath et al. 2016c). However, the radar

waveform spectral shape specifically relies on the phase coefficients of an NLFM wave-

form. Hence, the objective is to globally optimize the phase coefficients (pl) of an

NLFM waveform to achieve adaptive spectral characteristics (adaptive RMS band-

width) for both radar and communication applications.

Primarily, an optimal radar waveform is designed to minimize the global estimation

error variance. To achieve that, it is necessary to minimize the CRLB at the threshold

point (Chiriyath et al. 2019). An estimator’s threshold point is the radar SNR value

at which the estimator’s performance deviates from the CRLB owing to non-local

estimation errors (Kay 1993). The CRLB for range estimation in a radar system is

provided by (Richards et al. 2010),

CRLB =
1

8π2Brms(p̄)2TB(SNR)
, (2.6)

here ‘TB’ denotes Time-Bandwidth product and ‘Brms’ is the RMS bandwidth. It is

represented as,

Brms(p̄)
2 =

∫
f 2 ∥S(f)∥2 df∫
∥S(f)∥2 df

, (2.7)

for any specified SNR, an optimum radar waveform is designed based on the threshold

point at that specified SNR and has minimal estimation error variance. Threshold
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Point Constraint (TPC) is used to eliminate all radar waveforms with higher SNR

values above the threshold point. Thereafter, based on the feasible solution set, an

optimal radar waveform is determined to minimize the CRLB. The TPC (Chiriyath

et al. 2019) is expressed as,
σ2
estm

σ2
CRLB

≤ δconstraint, (2.8)

here σ2
estm represents the global estimation error variance, σ2

CRLB represents the fun-

damental lower bound on the estimated error variance, and δconstraint is a parameter,

whose value decides the size of the feasible solution set. To share the radar band with

communication users, a Power Ratio Constraint (PRC) is introduced in (Mahipathi

et al. 2021). This PRC constraint shares the available radar waveform spectral energy

uniformly and it also reduces the range-domain ambiguities. The PRC is expressed

as,

(S(f))H ⊙ (S(f)) ≤ 1

N
∥S(f)∥2PRC (2.9)

Where, S(f) is the spectrum of the input signal, (S(f))H represents the Hermitian

transpose of S(f), ⊙ indicates the elementwise vector/matrix product, N represents

the total number of samples and PRC is the power ratio constraint. The PRC is

defined as:

PRC =
max |S(f)|2
1
N
∥S(f)∥2

(2.10)

The Spectral Leakage Constraint (SLC) was introduced in the MEEV approach

(Chiriyath et al. 2019) to limit the RF energy in a specific band within the system

bandwidth. However, SLC restricts the spectrum-sharing capabilities of a radar wave-

form. So, in the proposed approaches, we relaxed the SLC in solving the optimization

problem. Based on the PRC and TPC, a Modified PRC-CRLB (M-PRC-CRLB) opti-

mization approach is proposed to obtain adaptive radar spectral characteristics, which

is provided by,

minimize
p̄

1

8π2Brms(p̄)2TB(SNR)
,

subject to pl ∈ [0, 10] ∀l
σ2
estm

σ2
CRLB

≤ δconstraint

(S(f))H ⊙ (S(f)) ⪯ 1

N
∥S(f)∥2PRC

(2.11)
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The M-PRC-CRLB approach provides improved radar spectral characteristics com-

pared to the MEEV and PRC-CRLB approaches. However, the optimized solution

is still stuck at the local minimum. Therefore, there is a strong need to globally

optimize the phase coefficients to achieve the desired spectral characteristics. In this

regard, a global optimization-based Spatial Branch and Bound (SBnB) framework is

applied to the optimization problem given in (2.11). Detailed information regarding

the SBnB framework is explained in Section 2.2.4. Based on the globally optimized

phase coefficients, the performance analysis is carried out in the spectral domain and

range domain and simulated results are presented in Section 2.4 to demonstrate the

effectiveness of the proposed approaches.

2.2 Radar Waveform Design Approaches for a CRCS

In this section, we concisely discuss the existing radar waveform design approaches,

namely the Minimum Estimation Error Variance (MEEV) approach (Chiriyath et al.

2019) and the PRC-CRLB approach (Mahipathi et al. 2021). Subsequently, a pro-

posed local optimization-based M-PRC-CRLB radar waveform design approach is

presented in this section. Eventually, a proposed global optimization-based Spatial

Branch and Bound (SBnB) approach is presented in this section.

2.2.1 MEEV Approach

In this approach, the optimal NLFM radar waveform spectrum is designed to max-

imize the information rate of a CRCS. However, the optimal NLFM spectral shape

depends on the phase coefficients. An optimized radar spectrum can be achieved by

minimizing the CRLB at the threshold SNR value. Thus, to get the optimum radar

waveform spectrum, a non-convex optimization problem is formulated. In this ap-

proach, the objective function (CRLB) is solved locally according to the Threshold

Point Constraint (TPC) and Spectral Leakage Constraint (SLC) to get the optimized

phase coefficients (Chiriyath et al. 2019). Here, the spectral energy of the radar wave-

form is concentrated either at the center or edges of the bandwidth according to the

threshold SNR value. Further, there is a need to improve radar system performance by

maintaining communication system performance. In this approach, adaptive spectral
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characteristics are not achieved. Further, it also introduces range-domain ambiguities.

2.2.2 PRC-CRLB Approach

To improve radar waveform spectral characteristics and reduce range-domain ambi-

guities a PRC-CRLB radar waveform design approach is presented in (Mahipathi

et al. 2021). In this approach, to accomplish an optimized radar waveform spec-

trum, the objective function (CRLB) is locally solved according to the Power Ratio

Constraint (PRC), TPC, and SLC. This approach improves the spectral character-

istics and range-domain ambiguities compared to the MEEV approach. Further, it

improves the radar performance compared to the MEEV approach. However, this ap-

proach fails to maintain the communication system’s performance. In addition, still,

this waveform design approach suffers from dominant side-lobe peaks in the radar

spectrum and range-domain ambiguities.

2.2.3 M-PRC-CRLB Approach

In the aforementioned approaches, the SLC confines the radar spectrum within a spe-

cific band over the available bandwidth. To achieve adaptive spectral characteristics,

a spectrum cannot be constrained to a specific sub-band. Therefore, in this work,

SLC is relaxed in solving the optimization problem. We present an M-PRC-CRLB

radar waveform design approach to optimize the radar waveform spectrum. To ac-

complish this, the objective function (CRLB) is solved locally in association with the

PRC and TPC. Here the PRC uniformly distributes the spectral energy. However,

the optimized solution is still stuck at the local minimum.

2.2.4 SBnB Approach

To accomplish a globally optimized solution (phase coefficients), a Spatial Branch

and Bound (SBnB) framework is proposed in this work. Here, a unified optimization

framework is proposed using the SBnB algorithm, to optimize the phase coefficients of

an NLFM waveform. With reference to the globally optimized NLFM radar waveform,

the performance of a CRCS system is improved. Further, we briefly discuss the

SBnB algorithm and how it helps in solving a non-convex optimization problem.
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Furthermore, an energy constraint is annexed to the proposed optimization problem

(2.11) to understand its influence on radar waveform.

SBnB is a deterministic global optimization algorithm (Liberti, Leo) specifically

developed to solve non-convex optimization problems. It is a divide-and-conquer

technique to find the deterministic solution. Further, the solution should also lie in

the feasible region of the given problem.

A Convergence of an SBnB algorithm

The Spatial Branch and Bound (SBnB) algorithm is a method for systematically enu-

merating alternative solutions by iteratively exploring the problem space (Ellen Zhuang).

The main algorithmic strategy is to split the original problem into several sub-

problems by branching the variables into possible values. For each subproblem, a

sequence of asymptotic lower bounds and upper bounds are attained based on well-

designed bounding functions. In each iteration, the bounds are updated, and then set

the subproblems, this will continue till the convergence Pozo et al. [2011]. SBnB algo-

rithm also converges by an exact selection rule (Ellen Zhuang). Further, the smaller

sub-problems are easier to solve than the original problem (Liberti, Leo). However,

the SBnB algorithm may not provide convergence in a finite number of steps. A de-

tailed step-by-step SBnB algorithm and flow chart are presented, to clarify how the

optimized phase coefficients achieve convergence.

B Convergence time

It is the time required for an SBnB algorithm to find a globally optimized solution for

an optimization problem. We have conducted a Monte-Carlo simulation for 1000 runs

to attain the optimized phase coefficients and to find convergence time for different

chirp orders (N) and SNR values in the range (-80 dB to 50 dB). To measure conver-

gence time in MATLAB, the start time before running the optimization algorithm is

recorded. Subsequently, the end time is recorded i.e., the time at which the optimiza-

tion solution is attained. The difference between the start and end times gives you

an estimate of the convergence time. Further, the values are listed in Table 2.1. It is

evident from Table 2.1 that, the time required to find the globally optimized solution

mainly depends on the complexity of the objective function.
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Algorithm 1: Spatial Branch and Bound algorithm for solving (2.11)
Result: popt = The feasible solution that achieves UB
Input:Brms(p̄), p0,SNR, T, B and pl ∈ [0,10]
Step 1: Initialization

1. Original problem, set convergence tolerance ϵ > 0
2. Set current best solution:
U = ∞ for −∞ < p∗ <∞

Step 2: Choice of region
1. Choose sub-region Sj of the problem to a single region S.
2. Feasibility-based, tightening of the bounds is performed at each

sub-region.
Step 3: Lower bound

1. Non-convex terms are relaxed by convex terms i.e in the form of convex
envelopes.

2. Convex relaxation ensures a lower bound to the objective function value
in that sub-region.

3. Compute lower bound l of the objective function with solution pjL
If l < u then compute upper bound u
Else, the relaxed problem is infeasible, repeat from step 2.

Step 4: Upper bound
1. Compute upper bound u of the objective function with solution pjU
2. The sub-problem is solved based on branching.

Step 5: Pruning
1. If u < U then set U = u and p∗ = pj

U .
2. Else, repeat from step 2.
3. The regions with lower bounds greater than U are discarded.

Step 6: Check region
1. If l − u < ϵ then u is identified as the global minimum of the sub-region.
2. Still, if any sub-regions are found then repeat step 2.
3. If there are no sub-regions, the solution converges.

Step 7: Branching
1. Otherwise, partition the region into sub-regions.
2. Continue to repeat step 2.

Table 2.1: Convergence time analysis for different chirp order

Chirp order (N) Convergence time

2 3 Minutes

4 8 Minutes

6 16 Minutes

8 19 Minutes

10 22 Minutes
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C Convergence proof

Assume ’S’ is the sample space, and it is divided at each iteration because it contains

an unqualified region that does not comprise candidate solutions that provide the

objective function with more optimal solutions than the incumbent solution. As a

result, the best solution may be found in any qualifying sub-region of Sn (Liberti,

Leo). However, the spatial branch and bound framework do not promise convergence

in a limited number of steps. Instead of the standard concept of optimality, the

method here employs the concept of epsilon-optimality. The solution p̄∗ is globally

optimum, when f(p̄∗) < f(p̄) for p̄ in the problem-space. Since ϵ is positive, p̄ϵ

in the problem-space is ϵ-globally optimal if the optimum solution is bounded by

s ≤ f(p̄∗) ≤ S, here f(p̄ϵ) is in [s, S] and S − s < ϵ. Determining the ϵ-globally

optimized solution guarantees a finite termination than a typical globally optimized

solution (Stein, Oliver, Peter Kirst, and Paul Steuermann).

SBnB algorithm implements the concept of ϵ-optimality (Ellen Zhuang), rather

than the regular idea of optimality. Finding the ϵ- global optimum solution ensures

a finite termination than a usual global optimum solution. In the SBnB algorithm,

the general procedure is to introduce the concept of convex relaxation of the original

non-convex problem.

Figure 2.2: Flowchart for solving (2.11)

To perform convex relaxation, the SBnB algorithm replaces the non-convex terms
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with the convex envelopes (Stein, Oliver, Peter Kirst, and Paul Steuermann). How-

ever, the solution of the modified optimization problem is affirmed to result in the

underestimated optimal value of the original objective function (Ellen Zhuang). SBnB

algorithm constructs a sequence of subproblems, that attempt to converge to a so-

lution of Mixed Integer non-linear Programming (MINLP) problem (Ellen Zhuang).

Algorithm 1 illustrates how the proposed approach reaches to approach a globally

optimized solution for a non-convex problem.

2.2.5 Energy Constraint

In practical radar systems, the transmitted energy is limited. So, to limit the trans-

mitted energy, an energy constraint (Tang et al. 2021) is added to the optimization

framework given in (2.11). Subsequently, optimized phase coefficients are attained

using the SBnB algorithm. Energy constraint is represented as

||s(t)||2 ≤ Et, (2.12)

here Et is the total available transmitted energy. The spectral and auto-correlation

characteristics are analyzed at various threshold SNR values in Section 2.4.4, to un-

derstand the influence of energy constraint on the optimized radar waveform.

2.3 Significance of Various Performance Metrics in
Optimum Waveform Design

In this section, we concisely discuss the influence of threshold SNR and NLFM phase

polynomial order in the design of an optimal radar waveform. Subsequently, the side-

lobe performance metrics Peak-Side-Lobe-Ratio (PSLR) and Integrated Side-Lobe

Ratio (ISLR) are defined. Further, the radar estimation rate and communication

data rate are discussed. In addition, we concisely describe the significance of the

ambiguity function.

2.3.1 Threshold SNR

The performance of a JRC system relies on the spectral shape (RMS bandwidth)

of the radar waveform (Chiriyath et al. 2016c). More significantly, the choice of

threshold SNR is a critical parameter in optimizing phase coefficients, which leads
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to the desired radar spectrum. According to locally optimized phase coefficients of

NLFM, radar waveform (Chiriyath et al. 2019), for a low threshold SNR value, the

probability of side lobe confusion is low in the auto-correlation function. In such cases,

most of the spectral energy is concentrated at the center of the bandwidth (Low RMS

bandwidth), which is undesirable and affects the radar performance. When the major

portion of the spectral energy is focused at the center, it results in a reduction in the

noise spectral density, which enhances the communication data rate. Therefore, there

is a performance trade-off at a low threshold SNR value.

Contrary to the previous case, for a large threshold SNR value, the probability of

side lobe confusion is higher in the auto-correlation function resulting in significant

spectral energy concentrated at the edges of the bandwidth (High RMS bandwidth),

thereby accomplishing the improved radar estimation rate. However, when the RMS

bandwidth is large, noise spectral density is proportionally large, which affects the

performance of a communication system. Hence, there exists a trade-off between radar

and communication system performance with respect to the SNR threshold value.

To provide enhanced performance of both the subsystems (radar and communi-

cation systems) at various threshold SNR values, this investigation focuses primarily

on optimizing the phase coefficients of the NLFM radar waveform.

2.3.2 NLFM Phase Polynomial Order

The shape of an NLFM waveform mainly depends on the phase coefficients, which

in turn rely on the polynomial order (N). By increasing the polynomial order, the

associated degrees of freedom available to design the optimum radar waveform spec-

trum increase, resulting in optimal waveform with reduced auto-correlation side-lobe

levels (Chiriyath et al. 2019). Further, as the polynomial order increases, more energy

is located at higher frequencies of the radar waveform spectrum. Hence, the radar

estimation rate increases in accordance with the polynomial order. From (2.4), it is

evident that at higher frequencies residual noise spectral density is large, which affects

the communication data rate. In this work, an in-depth analysis is performed on the

auto-correlation characteristics, to observe the effect of phase polynomial order on the

side-lobe levels.
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2.3.3 Peak-Side-Lobe-Ratio (PSLR)

PSLR is defined as the ratio of the energy present in the peak side-lobe to the energy

present in the peak main-lobe (Richards et al. 2010). In our work, PSLR(dB) values

are estimated based on the auto-correlation characteristics within the time frame

[-4µs, 4µs] (Chiriyath et al. 2019). It is expressed as,

PSLR (dB) = peak side-lobe energy (dB) − peak main-lobe energy (dB) (2.13)

2.3.4 Integrated-Side-Lobe-Ratio (ISLR)

ISLR is defined as the ratio of the energy present in the side lobes to the energy present

in the main lobe (Richards et al. 2010). In our investigation, ISLR(dB) values are

estimated based on the auto-correlation characteristics within the time frame [-4µs,

4µs] (Chiriyath et al. 2019). It is expressed as,

ISLR (dB) = side-lobe energy (dB) − main-lobe energy (dB) (2.14)

2.3.5 Radar Estimation Rate

The performance of a radar system is estimated based on the radar estimation rate.

The radar estimate rate determines how much information a radar return carries. The

radar estimation rate is provided by (Paul et al. 2016),

Rest ≤
δ

2T
log2

[
1 +

σ2
τ,proc

σ2
estm

]
, (2.15)

here, ‘δ’ denotes the duty factor of the radar, ‘T’ denotes the time, σ2
τ,proc indicates

the range fluctuation process noise variance and σ2
estm represents the time-delayed

estimation variance. The time-delayed estimation variance is derived by utilizing the

method of interval errors, which is represented as (Richmond 2006),

σ2
estm = [1− Ps.l.(ISNR)] σ2

CRLB(ISNR) + Ps.l.(ISNR) Φ2
s.l., (2.16)

where Φ2
s.l. is time-offset between the auto-correlation main-lobe and peak side-lobe

and Ps.l.(ISNR) is estimated by evaluating the auto-correlation characteristics Bliss

and Govindasamy [2013]. Aforementioned parameters (Ps.l.(ISNR), Φ2
s.l.) are evalu-

ated based on the auto-correlation characteristicsBliss and Govindasamy [2013]. Gen-

erally, a good waveform is characterized by good auto-correlation properties. That is

29



a high main-lobe peak and very low side-lobe levels. Thus, these kinds of properties

guarantee good range resolution performance for closely spaced strong and weak tar-

gets. Further, the auto-correlation characteristics mainly depend on the coexistence

parameters used for the simulation. Therefore, the radar performance is related to

the coexistence parameters used for the simulation listed in Table 2.4.

2.3.6 Communication-Data Rate

The communication system performance is estimated using data rate. A spectral

water-filling technique is used to distribute the entire communication power through-

out the spectrum to assess the data rate of the communication system. By deploying

the optimized communication power spectrum, the optimized communication data

rate is estimated. Here, the optimized communication spectrum depends on the

residual noise power spectral density. The communication system’s data rate in the

presence of channel noise with a noise power spectral density (Nint+n(f)) is given by

(Cover and Thomas 2006),

Rcomm =

∫ B
2

−B
2

df log2

(
1 +

b2 P (f)

Nint+n(f)

)
, (2.17)

where P (f) represents optimized communications power spectrum by deploying spec-

tral water filling algorithm provided by Gallager [1968].

P (f) =

(
µ− Nint+n(f)

b2

)+

, (2.18)

here ‘µ’ is a constant and it is estimated based on the total power constraint, which

is represented as

Pc =

∫ B
2

−B
2

dfP (f) =

∫ B
2

−B
2

df

(
µ− Nint+n(f)

b2

)+

(2.19)

2.3.7 Spectral efficiency:

In a radar system, the spectral efficiency is defined as, the amount of information

carried by a radar return in a given bandwidth. Whereas in a communication system,

spectral efficiency is defined as the amount of data that can be transmitted over a

given bandwidth.

Radar system spectral efficiency =
Radar estimation rate

Bandwidth
(2.20)

30



Communication system spectral efficiency =
Communication data rate

Bandwidth
(2.21)

To estimate spectral efficiency, we considered an NLFM phase polynomial order(N =

6), threshold SNR = 7.6 dB, and conducted a Monte-Carlo simulation for 100 runs

to optimize the phase coefficients. The spectral efficiency is calculated for both the

subsystems and values are listed in Table 2.2.

Table 2.2: Comparison of spectral efficiency for various waveform design approaches

Optimum waveform

design approach

Radar system

spectral efficiency

(milli. bits/seconds/Hz)

Communication system

spectral efficiency

(bits/seconds/Hz)

Spectral-Mask shaping 0.212 0.0026

Minimum Estimation

Error Variance (MEEV)
0.276 1.384

PRC-CRLB 1.9 0.626

M-PRC-CRLB 2.04 0.84

Spatial Branch and Bound 2.68 1.26

2.3.8 Ambiguity Function

Modern radar systems deploy the matched filter in the receiver section to enhance

the Signal-to-Noise-Ratio (SNR), while simultaneously accomplishing the range reso-

lution with appropriate radar waveform design. When the specified waveform is used

as the filter input, the ambiguity function of a waveform represents exactly the output

of the matching filter for non-zero Doppler values. Because of this precise represen-

tation, the ambiguity function is useful for designing and analyzing waveforms. This

method provides more insight into the waveform resolution capability in both range

and Doppler domains for a given waveform. Based on ambiguity function analysis,

one can assess if the given waveform is appropriate for a specific application. More

specifically, the ambiguity function is used to characterize the Doppler tolerance of

a particular waveform. It refers to the matched filter response in the presence of

uncompensated Doppler. The ambiguity function is defined as (Richards et al. 2010)

A(t, fD) =
∣∣∣∣∫ +∞

−∞
s(k) exp(j2πfDk)s′(k-t)dk

∣∣∣∣ (2.22)
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Here s′(·) represents the conjugation of s(·), k represents a dummy variable of inte-

gration, and s(k) exp(j2πfDk) is the Doppler-shifted waveform. Doppler tolerance is

analyzed by using an ambiguous surface plot.

2.4 Results and Analysis

In this section, the simulation results are presented to affirm the efficacy of the pro-

posed optimization framework outlined in Section 2.1. The proposed M-PRC-CRLB

approach and Spatial Branch and Bound (SBnB) approaches are compared with the

existing PRC-CRLB approach (Mahipathi et al. 2021) and Minimum Estimation Er-

ror Variance (MEEV) approach (Chiriyath et al. 2019). The simulated functions

of proposed and existing waveform design approaches are illustrated in Table 2.3.

Firstly, in the proposed M-PRC-CRLB local optimization approach, the formulated

optimization problem (2.11) is solved to the initial random solution. Subsequently,

in the proposed SBnB approach, an SBnB algorithm is deployed to globally solve the

optimization problem with reference to the initial randomized solution. Eventually,

the solution is obtained with the highest objective function value. All the results are

simulated according to the radar and communication system specifications listed in

Table 2.4.

Table 2.3: List of MATLAB functions used for various waveform design approaches

S.No
Type of waveform

design Approach

MATLAB

function

Number of

Monte-Carlo

runs

1 MEEV fmincon 100

2 PRC-CRLB fmincon 100

3 M-PRC-CRLB fmincon 100

4 SBnB ga 100

2.4.1 Optimal Waveform Shape of an NLFM signal

Primitively, a constraint-based optimization problem formulated in (2.11) is locally

solved for MEEV, PRC-CRLB, and proposed M-PRC-CRLB waveform design ap-
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Table 2.4: Specifications used for optimum waveform design

Parameter Value

Radar duty factor (δ) 1%

Pulse width (T) 25.6 µs

Time-Bandwidth (TB) Product 128

Threshold-point constraint δconstraint 1.01

Center Frequency 3 GHz

Bandwidth (B) 5 MHz

Effective Temperature (Ttemp) 1000 K

Total Power required for a communication system (Pc) 45 W

Antenna gain of the communication system (b) 0 dBi

Communication receiver side-lobe gain 10 dBi

Communication range 10 km

Target range of a radar system 200 km

Antenna gain of radar (a) 30 dBi

Radar transmitted power (Pr) 100 kW

Target cross-section 10 m2

Target process standard deviation στ,proc 100 m

Sampling frequency (fs) 15 MHz

proaches. Subsequently, the same optimization problem is globally solved using the

SBnB algorithm to get the optimized phase coefficients for an NLFM radar waveform.

The proposed optimization problem is solved at a low threshold SNR value of -80 dB

and at a high threshold SNR value of 50 dB. An NLFM phase polynomial order of

N = 6 is chosen. With reference to the optimized phase coefficients, the simulated

results are plotted. The time-domain representation of an optimized NLFM signal is

shown in Figures 2.3 and 2.4. It is observed that the amplitude fluctuations are rela-

tively limited for the proposed M-PRC-CRLB and SBnB approaches compared to the

MEEV and PRC-CRLB approaches. However, the amplitude fluctuations gradually

increase with the increase in threshold SNR value. Further, it is also noticed that a

constant modulus nature is apparent from the SBnB-based globally optimized NLFM
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waveform.
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Figure 2.3: Time domain representation of an NLFM signal with a phase
polynomial order (N=6) and a low threshold SNR (-80 dB)
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Figure 2.4: Time domain representation of an NLFM signal with a phase
polynomial order (N=6) and a high threshold SNR (50 dB)

2.4.2 Effect of Threshold SNR

The impact of threshold SNR on the radar waveform spectrum is already discussed

in Section 2.3.1. In Figures 2.5 and 2.6, the spectral energy distribution of pro-

posed M-PRC-CRLB and SBnB approaches are compared with the MEEV and PRC-

CRLB approaches for a low threshold SNR value of -80 dB and a high threshold

SNR value of 50 dB. Here, an NLFM phase polynomial order of N = 6 is considered.

From Figures 2.5 and 2.6, it is observed that at low and high threshold SNR values,

MEEV and PRC-CRLB approaches can maintain considerable spectral magnitude ei-

ther at the center or at the edges of the bandwidth. Further, these approaches failed
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Figure 2.5: Optimized radar waveform spectrum for an NLFM signal with a phase
polynomial order (N=6) and a low threshold SNR (-80 dB)
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Figure 2.6: Optimized radar waveform spectrum for an NLFM signal with a phase
polynomial order (N=6) and a high threshold SNR (50 dB)

to attain the desired adaptive spectral characteristics. Furthermore, in MEEV and

PRC-CRLB approaches side-lobe spectral energy is comparable to main-lobe spec-

tral energy. Whereas in the M-PRC-CRLB approach spectral energy is distributed

both at the center and edges of the bandwidth for a low threshold SNR value of

-80 dB. Further, it is observed that RMS bandwidth is very limited for a low thresh-

old SNR (-80 dB). In addition, the M-PRC-CRLB approach is unable to maintain

adaptive spectral characteristics at a high threshold SNR (50 dB). Whereas in the

SBnB approach, the RMS bandwidth is adaptive i.e. most of the spectral energy

is concentrated not only at the center of the bandwidth (low RMS bandwidth) but

also at the edges of the bandwidth (high RMS bandwidth). It is also noticed that

even at high threshold SNR values proposed SBnB approach maintains similar spec-

tral characteristics. However, in the proposed approaches, spectral energy contained
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in the side lobes slightly increases at a high threshold SNR value. Thus, the SBnB

approach globally optimizes the phase coefficients to achieve the intended spectral

characteristics, which are desirable for both radar and communication applications.
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Figure 2.7: Autocorrelation of optimized NLFM radar waveform for a low
threshold SNR (-80 dB)
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Figure 2.8: Autocorrelation of optimized NLFM radar waveform for a high
threshold SNR (50 dB)

In Figures 2.7 and 2.8, the auto-correlation characteristics are plotted for a low

threshold SNR value of -80 dB and a high threshold SNR value of 50 dB. An NLFM

phase polynomial order of N = 6 is chosen. In both cases, it is noticed that side-lobe

levels are minimal in the proposed M-PRC-CRLB and SBnB approaches compared

to the MEEV and PRC-CRLB approaches. In addition, it is also observed that

the M-PRC-CRLB approach reduces the range-domain ambiguities compared to the

MEEV and PRC-CRLB approaches. Further, the SBnB approach greatly reduces the

side-lobe levels and range-domain ambiguities compared to all the aforementioned
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Table 2.5: Effect of threshold SNR on the side-lobe levels

Threshold SNR

value

Type of waveform

design approach
PSLR (dB) ISLR (dB)

-80 dB

MEEV -11.44 -11.87

PRC-CRLB -11.78 -15.12

M-PRC-CRLB -11.92 -15.50

SBnB -13.55 -16.30

-50 dB

MEEV -11.26 -12.90

PRC-CRLB -11.68 -14.52

M-PRC-CRLB -11.78 -13.95

SBnB -12.82 -15.98

-20 dB

MEEV -10.91 -11.73

PRC-CRLB -11.43 -14.88

M-PRC-CRLB -11.66 -13.84

SBnB -12.62 -15.84

0 dB

MEEV -10.73 -12.77

PRC-CRLB -11.29 -14.62

M-PRC-CRLB -11.49 -14.84

SBnB -12.59 -15.63

20 dB

MEEV -10.68 -11.96

PRC-CRLB -11.27 -14.46

M-PRC-CRLB -11.27 -13.64

SBnB -12.28 -15.57

50 dB

MEEV -10.40 -11.88

PRC-CRLB -10.84 -14.16

M-PRC-CRLB -11.19 -14.72

SBnB -12.03 -15.19
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approaches. Subsequently, the auto-correlation characteristics are analyzed at vari-

ous threshold SNR levels. To give more insight into the auto-correlation characteris-

tics, the Peak-to-Side-Lobe-Ratio (PSLR) and low Integrated Side-Lobe Ratio (ISLR)

(Levanon 2014) are calculated and the values are listed in Table 2.5. It is evident that

in all the approaches PSLR values increase by the threshold SNR value. However, the

proposed M-PRC-CRLB and SBnB approach achieves better PSLR and ISLR values

compared to the MEEV and PRC-CRLB approaches. Further, in both MEEV and

PRC-CRLB approaches, as the threshold SNR value increases, ISLR values fluctu-

ate. Therefore, in both MEEV and PRC-CRLB approaches, there is no control over

the side-lobe energy levels and range-domain ambiguities. Whereas in the M-PRC-

CRLB approach, the side-lobe levels are minimum when compared to the MEEV and

PRC-CRLB approaches. Moreover, this approach achieves a PSLR value of -11.92 dB

and an ISLR value of -15.50 dB at a low threshold SNR (-80 dB). Subsequently, the

M-PRC-CRLB approach yields a PSLR value of -11.19 dB and an ISLR value of -

14.72 dB at a high threshold SNR (50 dB). Interestingly, it is noticed that ISLR values

are slightly fluctuating at high threshold SNR values in the M-PRC-CRLB approach.

Eventually, the proposed SBnB approach outperforms all the other approaches by

controlling the side-lobe levels. At a lower threshold SNR value (-80 dB), the SBnB

approach fulfills a PSLR value of -13.55 dB and an ISLR value of -16.30 dB. Further,

at a high threshold SNR value (50 dB) a PSLR value of -12.03 dB and an ISLR value

of -15.19 dB is obtained. Even at a high threshold SNR value, the SBnB approach

controls the side-lobe levels significantly when compared to MEEV, PRC-CRLB, and

M-PRC-CRLB approaches.

2.4.3 Effect of Order of Phase Polynomial

The impact of phase polynomial order on the radar waveform is already discussed in

Section 2.3.2. To analyze the effect of polynomial order on the side-lobe levels, a

comprehensive analysis is carried out on the auto-correlation characteristics. Based

on the auto-correlation characteristics, the PSLR and ISLR values are estimated cor-

responding to different polynomial order and listed out in Table 2.6. To illustrate the

effect of side-lobe levels on the auto-correlation characteristics for various approaches,

the bar charts are plotted at different threshold SNR levels and they are depicted in
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Figure 2.9: Impact of the phase polynomial order on side-lobe levels at a low
threshold SNR (-80 dB)
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Figure 2.10: Impact of the phase polynomial order on side-lobe levels at a
threshold SNR (0 dB)
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Figure 2.11: Impact of the phase polynomial order on side-lobe levels at a high
threshold SNR (50 dB)

Figures 2.9–2.11. It is observed that in all the designated approaches PSLR values are

gradually decreasing by the phase polynomial order. However, at various threshold
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Table 2.6: Effect of phase polynomial order on the side-lobe levels

Order

(N)

Type of waveform

design approach
MEEV PRC-CRLB M-PRC-CRLB SBnB

Threshold SNR (dB) -80 -50 -20 0 20 50 -80 -50 -20 0 20 50 -80 -50 -20 0 20 50 -80 -50 -20 0 20 50

2
PSLR (dB) -10.29 -9.83 -9.85 -9.64 -9.05 -8.5 -10.85 -10.07 -9.71 -9.84 -9.08 -8.77 -11.26 -10.08 -9.98 -9.90 -8.61 -9.19 -11.70 -10.87 -10.72 -10.64 -10.14 -9.97

ISLR (dB) -11.71 -11.74 -12.16 -12.64 -12.21 -12.57 -14.44 -13.35 -13.19 -12.89 -12.96 -12.94 -14.63 -14.53 -14.45 -13.94 -13.55 -13.65 -15.76 -15.11 -14.84 -14.65 -14.39 -14.29

4
PSLR (dB) -10.45 -10.37 -10.24 -10.19 -10.07 -9.17 -10.95 -10.86 -10.81 -10.39 -9.73 -9.39 -11.37 -11.35 -10.95 -10.63 -9.82 -9.61 -12.76 -11.90 -11.79 -11.43 -11.07 -10.75

ISLR (dB) -11.85 -12.57 -12.21 -12.23 -12.66 -13.18 -14.49 -14.52 -14.04 -13.89 -13.71 -13.14 -14.85 -14.12 -13.84 -14.16 -13.44 -13.25 -16.02 -15.93 -15.55 -15.17 -14.93 -14.79

6
PSLR (dB) -11.44 -11.26 -10.91 -10.73 -10.68 -10.40 -11.78 -11.68 -11.43 -11.29 -11.27 -10.84 -11.92 -11.78 -11.66 -11.49 -11.27 -11.19 -13.55 -12.82 -12.62 -12.59 -12.28 -12.03

ISLR (dB) -11.87 -12.90 -11.73 -12.77 -11.96 -11.88 -15.12 -14.52 -14.88 -14.62 -14.46 -14.16 -15.50 -13.95 -13.84 -14.84 -13.64 -14.72 -16.30 -15.98 -15.84 -15.63 -15.57 -15.19

8
PSLR (dB) -11.89 -11.52 -11.25 -10.91 -10.77 -10.74 -12.10 -12.04 -11.57 -11.09 -10.97 -10.84 -12.50 -12.38 -12.07 -11.96 -11.92 -11.34 -14.64 -13.98 -13.57 -13.05 -12.97 -12.54

ISLR (dB) -12.19 -12.59 -12.41 -11.50 -12.46 -12.31 -15.72 -15.62 -15.55 -15.44 -14.80 -14.43 -15.76 -14.76 -14.67 -15.63 -14.04 -14.94 -16.80 -16.25 -16.12 -16.54 -15.38 -15.94

10
PSLR (dB) -12.15 -12.12 -11.95 -11.88 -11.34 -10.77 -13.38 -13.35 -13.24 -12.57 -12.32 -11.39 -14.40 -13.31 -13.17 -13.07 -12.90 -12.31 -15.78 -15.04 -14.57 -14.24 -13.96 -13.48

ISLR (dB) -12.95 -12.60 -12.49 -13.24 -13.68 -11.77 -16.03 -15.38 -15.55 -15.80 -15.68 -15.48 -16.01 -15.42 -15.21 -15.91 -14.97 -15.53 -17.32 -17.18 -17.03 -16.98 -16.90 -16.63

SNR values, the proposed M-PRC-CRLB and SBnB approaches provide improved

performance in PSLR values compared to the existing MEEV and PRC-CRLB ap-

proaches. From Figures 2.9–2.11, it is also noticed that in MEEV and PRC-CRLB

approaches ISLR values are fluctuating by the threshold SNR values. Therefore for

MEEV and PRC-CRLB approaches, there is no control over the side-lobe energy

levels. Whereas in the M-PRC-CRLB approach, ISLR values are slightly improved

compared to the MEEV and PRC-CRLB approaches. Further, it also controls the

side-lobe energy levels compared to MEEV and PRC-CRLB approaches. Eventu-

ally, the proposed SBnB approach outperforms all the aforementioned approaches by

greatly improving the PSLR and ISLR values for all polynomial orders at various

threshold SNR values. Further, the SBnB approach achieves a minimum PSLR value

of -15.78 dB and an ISLR value of -17.32 dB. In addition, at various phase polynomial

orders i.e. N=2,4,6,8, and 10, the SBnB approach provides enhanced control over the

side-lobe levels compared to MEEV, PRC-CRLB, and M-PRC-CRLB approaches.

2.4.4 Effect of Energy Constraint on the Proposed Optimiza-
tion Problem

Here, the NLFM phase polynomial order is fixed at N = 6. Based on the SBnB

algorithm, the globally optimized phase coefficients are obtained and the simulation

results are plotted. Figure 2.12, shows the spectral characteristics, with reference to

the optimized phase coefficients at various threshold SNR values. It is observed that

only at a threshold SNR value of -20 dB the spectral energy is concentrated both

at the center and edges of the bandwidth. Whereas for all the remaining threshold

SNR values, the spectral energy magnitude is insignificant either at the center or at

the edges of the bandwidth, which is undesired for the spectrum sharing in a CRCS.

40



-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Frequency (Hz) 10
6

0

5

10

15

20

25

30

35

40

S
p

ec
tr

a
l 

en
er

g
y
 d

is
tr

ib
u

ti
o
n

 o
f 

 X
(f

)

Threshold SNR = -80dB

Threshold SNR = -50dB

Threshold SNR = -20dB

Threshold SNR =  10dB

Threshold SNR =  40dB

-8 -6 -4 -2 0 2 4 6 8

10
5

10

20

30

Figure 2.12: Energy constrained optimal NLFM radar waveform spectrum
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Figure 2.13: Energy constrained optimal NLFM radar waveform autocorrelation
function

Table 2.7: Effect of energy constraint on the SBnB approach

Threshold

SNR value

SBnB approach

(without energy constraint)

SBnB approach

(with energy constraint)

PSLR (dB) ISLR (dB) PSLR (dB) ISLR (dB)

-80 dB -13.55 -16.30 -12.63 -13.21

-50 dB -12.82 -15.98 -10.09 -12.80

-20 dB -12.62 -15.84 -11.23 -12.46

0 dB -12.59 -15.63 -10.73 -11.54

20 dB -12.28 -15.57 -10.09 -12.35

50 dB -12.03 -15.19 -9.45 -12.08
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As a result, the performance of both radar and communication systems may deterio-

rate. Besides, in Figure 2.13, the auto-correlation characteristics of the waveforms are

analyzed for various threshold SNR values. In addition, to precisely investigate the

auto-correlation characteristics, we computed the PSLR and ISLR values at various

threshold SNR values and tabulated them in Table 2.7. Also for comparison, the

PSLR and ISLR values are calculated and listed in Table 2.7, in the presence and

absence of an energy constraint. It is noticed that PSLR and ISLR values fluctuate

in the presence of energy constraints. Therefore, there is no control over the side-lobe

levels. In the absence of energy constraint, contrary to the previous case, PSLR and

ISLR values are gradually increasing in accordance with the threshold SNR value.

Thus, there is noticeable control over the side-lobe levels in the absence of energy

constraints. Due to this reason, energy constraint is ignored while computing radar

estimation rate and communication data rate.

2.4.5 Performance Analysis of Designated Optimum Radar
Waveform Design Approaches
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Figure 2.14: Radar estimation rate versus threshold SNR

To carry out the performance evaluation, firstly the proposed optimization prob-

lem is solved at various threshold SNR values to evaluate the optimized phase co-

efficients for a phase polynomial order N = 6. Based on the optimized coefficients,

the radar estimation rate and communication data rate are computed. With refer-

ence to the computed estimation rate and communication data rate, the simulated

results are plotted. From Figure 2.14, it is observed that the radar estimation rate
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Figure 2.15: Communication data rate versus threshold SNR

Table 2.8: Performance analysis of various optimum waveform design approaches

Optimum Waveform

Design Approach

Radar

estimation rate

Communication

data rate

Spectral-Mask shaping 1.06 kbps 0.013 Mbps

Minimum Estimation

Error Variance (MEEV)
1.38 kbps 6.92 Mbps

PRC-CRLB 9.5 kbps 3.13 Mbps

M-PRC-CRLB 10.2 kbps 4.20 Mbps

Spatial Branch and Bound 13.4 kbps 6.30 Mbps

gradually increases in accordance with the threshold SNR value for all the designated

waveform design approaches. This is because the CRLB is inversely proportional to

the threshold SNR value. Primarily, the proposed M-PRC-CRLB approach improves

the radar estimation rate compared to MEEV and PRC-CRLB approaches at vari-

ous threshold SNR values. Subsequently, the proposed SBnB approach outperforms

the MEEV, PRC-CRLB, and M-PRC-CRLB approaches in terms of radar estimation

rate. From Figure 2.15, it is evident that the data rate of the communication system

gradually decreases as the threshold SNR increases in all the designated waveform de-

sign approaches. This is because, the residual noise power spectral density increases

in accordance with the threshold SNR, which affects the communication system per-

formance. It is also evident that the SBnB approach outperforms PRC-CRLB and

M-PRC-CRLB approaches in terms of communication data rate. However, the SBnB
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approach achieves a comparable communication data rate as achieved in the MEEV

approach. Interestingly, in the proposed SBnB approach, it is witnessed that there is

a drastic fall in the communication data rate at high threshold SNR values.

In addition, the performance comparison of the proposed methods against vari-

ous existing optimum waveform design methods like spectral mask shaping method

(Paul et al. 2016), minimum estimation error variance method (Chiriyath et al. 2019),

and PRC-CRLB method (Mahipathi et al. 2021) is elucidated in Table 2.8. For this

comparison, an NLFM phase polynomial order fixed at N = 6, and a threshold SNR

value of 7.6 dB and conducted a Monte-Carlo simulation with 100 runs to optimize

the phase coefficients and thereby calculated the radar estimation rate and commu-

nication data rate. From Table 2.8, it is evident that the proposed M-PRC-CRLB

approach achieves a radar estimation rate of 10.2 kbps and a communication data

rate of 4.20 Mbps. Hence, the M-PRC-CRLB approach performs better compared to

the MEEV and PRC-CRLB approaches in terms of radar estimation rate. However,

this approach is unable to uphold the communication data rate, which was achieved

by the MEEV approach. The proposed SBnB approach achieves a radar estimation

rate of 13.4 kbps and a communication data rate of 6.30 Mbps. Hence, the SBnB

approach outperforms MEEV, PRC-CRLB, and M-PRC-CRLB approaches in terms

of radar estimation rate. However, the proposed SBnB approach almost upholds the

same communication data rate, which was achieved in the MEEV approach. There-

fore, the proposed SBnB approach significantly improves the radar estimation rate at

a comparable performance of communication data rate.

2.4.6 Waveform Analysis Using Ambiguity Function

To perform the waveform analysis based on the ambiguity function, for all the pro-

posed and existing optimal waveform design approaches, 3-D ambiguity surfaces are

plotted and are depicted in Figures 2.16 and 2.17. Based on the ambiguity surfaces,

PSLR values at non-zero Doppler are estimated and tabulated in Table 2.9. At a

low threshold SNR value (-80 dB), the proposed SBnB and M-PRC-CRLB approach

provides a slightly improved PSLR value compared to the existing MEEV and PRC-

CRLB approaches. As observed in Table 2.7, PSLR values gradually increase by the

threshold SNR value. Even the same is observed in Table 2.9. Further, even at a

44



Table 2.9: Comparison of PSLR values of various waveform design approaches using
ambiguity function

Type of waveform

design approach

Low threshold

SNR (-80 dB)

High threshold

SNR (50 dB)

PSLR (dB) PSLR (dB)

MEEV -17.83 -15.78

PRC-CRLB -18.32 -17.60

M-PRC-CRLB -18.47 -17.21

SBnB -18.57 -16.84

(a) MEEV approach (b) PRC-CRLB approach

(c) M-PRC-CRLB approach (d) SBnB approach

Figure 2.16: Ambiguity surface plot with a phase polynomial order (N=6) and a
low threshold SNR (-80 dB)
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(a) MEEV approach (b) PRC-CRLB approach

(c) M-PRC-CRLB approach (d) SBnB approach

Figure 2.17: Ambiguity surface plot with a phase polynomial order (N=6) and a
high threshold SNR (50 dB)

high threshold SNR value (50 dB), the proposed approaches provide relatively good

PSLR values. However, the ambiguous surface plots for various approaches show al-

most similar performance with an insignificant difference in the PSLR values. The

ambiguity surface plots (Figures 2.16 and 2.17) illustrate the basic idea of how all

these approaches (MEEV, PRC-CRLB, M-PRC-CRLB, and SBnB) perform in the

Doppler domain. To provide an exact analysis of the proposed approaches, additional

Doppler performance evaluation can be implemented for all polynomial orders at var-

ious threshold SNR values using the ISLR metric. This might be carried out as future

work.
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2.5 Summary

This chapter proposed a local optimization approach i.e., M-PRC-CRLB, and a global

optimization approach i.e., SBnB to optimize an NLFM radar waveform for improving

the performance of a radar system in a CRCS environment. Further, a comparable

communication data rate is achieved in a CRCS configuration. However, the proposed

SBnB approach faces the problem of computational complexity. Hence one can con-

tinue this work to minimize the computational complexity. Subsequently, Chapter 3

demonstrates the importance of optimal waveform selection for enhancing the target

tracking performance in a CRCS.
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Chapter 3

Optimum Waveform Selection for
Target State Estimation in a CRCS

This chapter introduces a novel measurement model based on the communication

residual component for various radar waveforms to characterize the radar sensor be-

haviour in a CRCS environment. Further, with reference to the sensor characteriza-

tion, the Kalman Filter (KF) is considered to estimate the target trajectory for all

the designated radar waveforms in the CRCS configuration.

3.1 Problem Formulation

Figure 3.1 depicts the Cooperative Radar-Communication System (CRCS) frame-

work, where the Joint Radar-Communication (JRC) node is capable of detecting the

radar target and acting as a communication receiver. The JRC node uses the same

spectral band and coverage area for sensing and communication purposes. Further,

the radar-sensor system receives the communication signal information. Based on

information theory, radar signal estimation always tries to reduce uncertainty in the

channel, and the channel information is passed to the wireless communication system

(Chiriyath 2018). Therefore, the radar and the communication systems are coop-

erative with each other. Further, to perceive the cooperation between radar and

communication systems, the standard performance limits of the CRCS system are

examined in (Bliss 2014) and (Chiriyath et al. 2016c).

In general, the radar and communication systems have distinct waveform require-

ments (Chiriyath et al. 2019). Therefore, the proposed waveform selection approach

has considered that radar and communication systems use separate waveforms for
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Figure 3.1: Cooperative radar-communication system model

transmission, and a radar-centric approach (Aubry et al. 2016a) has been considered

in the current scenario. The overall received signal at the JRC node is provided by,

y(t) = srad(t− τ) + scom(t) + n(t), (3.1)

where srad(t − τ) represents the radar target return, scom(t) indicates the received

communication signal, and n(t) represents thermal noise present in the receiver. Here,

τ indicates the round trip time delay and is given by,

τ =
2R

c
, (3.2)

here, c signifies the light velocity and R represents the distance of the target from the

radar sensor. Further, it is assumed that the JRC node uses the successive interference

cancellation (SIC) receiver model (Bliss 2014), which combats the mutual interference

among wireless communication and radar sensing systems. However, the performance

of the SIC receiver model is super sensitive to model-mismatch errors (Chiriyath

et al. 2019). In addition, they bring in higher residual components, which badly

affects the interference-cancellation process. The likely sources for model mismatch
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errors are phase noise and dynamic range constraints on the receiver. In this work, we

concentrated on how phase noise solely influences the CRCS performance. A detailed

analysis of the interconnection between phase noise and the SIC receiver is presented

in (Chiriyath et al. 2016a).

In the SIC receiver model, it is assumed that subject to prior observations, the

round trip time delay of the radar system can be predicted. Utilizing this knowledge,

the predicted target return is generated and it is suppressed from the joint radar-

communication signal. Once the radar signal is predicted, the JRC node will decode

the communication symbols (Chiriyath et al. 2019). However, due to phase noise,

there is a variation between the received communication signal and the decoded com-

munication signal, adding a residual component to the radar return. Hence, in the

presence of communication residual, the JRC node extracts radar target information

from the joint received signal (3.1). Therefore, the affected received signal at the JRC

node from a radar sensor perspective is provided by,

y(t) = srad(t− τ) + sresicom(t) + n(t), (3.3)

with reference to (Bliss 2014), the communication residual component (sresicom(t)) is

given by,

sresicom(t) = scom(t)− sdecodedcom (t)

=
∂scom(t)

∂t
nτ,proc, (3.4)

here, sresicom(t) + n(t) represents the sum of communication residual and thermal noise

components, scom(t) represents the received communication signal, sdecodedcom (t) repre-

sents the decoded communication signal, and nτ,proc represents the process noise hav-

ing variance (σ2
τ,proc). It is considered that the thermal noise is an additive white

bandpass Gaussian noise having a spectral height N0/2. Further, to obtain valid in-

ferences from the residual component, it should follow a Gaussian distribution (Xie

et al. 2017). Here, we assume the spectral height of the residual communication com-

ponent as Nr/2. In addition, in (3.3), the srad(t−τ) represents the baseband envelope

owing to target return and is provided by

srad(t− τ) =
√
ERe

jΦx̃(t− τ)ejv0t, (3.5)
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here, ER represents the energy of the target return , Φ represents the random phase

shift, x̃(t) represents the transmitted signal envelope, v0 represents the Doppler fre-

quency shift, and τ indicates the target delay. The normalized communication residual

spectral density is given by Chiriyath et al. [2019],

Nr(f) =
(
4π2

)
∥b∥2Pcomm η0σf

2∥Scom(f)∥2f 2, (3.6)

here b represents overall communication channel gain, Pcomm denotes the transmitted

communication signal power, η0 signifies the phase noise spectral density, σf represents

the process noise variance, Scom(f) represents the spectrum of received communication

signal component, and f is the frequency.

subsequently, the thermal noise spectral density is expressed as,

N0(f) = KBTKΠB(f), (3.7)

here, KB represents the Boltzmann constant, TK represents temperature in Kelvin de-

gree and ΠB(f) represents the rectangular spectrum. Based on above equations (3.6)

and (3.7), thermal noise power (N0), and communication residual signal power (Nr)

are evaluated.

The radar sensor should do signal processing during the intra-pulse time slot of

the received pulse (Kershaw and Evans 1994). In general, the radar sensor estimates

the target position and target velocity. The radar tracker should perform information

processing during the inter-pulse time slot of the received pulse (Kershaw and Evans

1994). Of course, there is an indirect connection between radar sensor measurement

and tracking. However, the quality of a radar sensor measurement mainly depends

on waveform selection. Thus, the target tracking performance relies on optimal wave-

form selection. In this regard, in our work, firstly we derived the measurement noise

covariance matrix (N(Θk)) for various waveforms to test the quality of measurement.

Further, we applied the Kalman filter to obtain a single target track using these

measurements with RMSE as a metric to accomplish enhanced radar target tracking

performance for both range and range rate.

With reference to (Kershaw and Evans 1994), the proposed tracking framework

is represented in Figure 3.2(a). It is observed that the radar sensor contains both a

transmitter, a receiver, and an optimal receiver sub-section for better detector perfor-

mance. Here, the signal processor performs pulse compression and Doppler processing
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to improve the range resolution (Richards et al. 2010). Subsequently, the optimal

detector selects the appropriate threshold level to accomplish the best possible detec-

tion probability of a target. Further, the tracking filter estimates the target position

and velocity based on the measurements. In addition, a feedback loop is present in

Figure 3.2(a) signifies the dependency of target tracking on waveform optimization.

Furthermore, it also provides information regarding the selection of the next trans-

mitted waveform in accordance with the tracker requirement. Moreover, the detailed

idea of the waveform selection process is shown in Figure 3.2(b).

(a) Proposed target tracking framework (b) Waveform selection strategy

Figure 3.2: Optimal waveform selection based on tracking scenario

3.2 Radar Sensor Characterization

The characterization of a radar sensor mainly relies on knowledge of the measure-

ment noise covariance matrix (N(Θk)) (Kershaw and Evans 1994). Further, it is

a waveform-dependent non-linear function of the waveform parameter vector (Θk).

Here, Θk provides the information regarding the received waveform parameters of the

designated waveform at the time instant k. The measurement noise covariance ma-

trix obtains the relation between waveform parameter vector Θk and the covariance
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matrix of the noisy observations (N(Θk)) as derived in (Kershaw and Evans 1994)

and it is expressed as,

E[(y − ȳ)(y − ȳ)T ] = N(Θk) = TJ−1TT , (3.8)

here y = Tα, y represents the measurement vector of the tracking system and it is

formed based on a range (r) and range-rate (ṙ) i.e., y = [r ṙ]T . Subsequently, ȳ

represents the mean of the measurement vector y. Whereas, α represents the receiver

estimation parameter vector and it is formed based on the received signal vector

i.e., α = [τ ω]T . Here τ is the time delay and ω represents the Doppler frequency.

Further, T is the transformation matrix and it is given by Sira et al. [2004], T =

diag (c/2, c/ (2ωc)). Here c represents the waveform propagation velocity and ωc is the

carrier frequency. J represents the Fisher information matrix. From (3.8), it is evident

that Fisher’s information matrix needs to be evaluated to find the measurement noise

covariance matrix(N(Θk)).

A Calculation of Fisher Information Matrix (J)

In general, the Fisher information matrix is represented as,J11 J12

J21 J22

 (3.9)

According to the parameters of interest (τ and ω), the Fisher information matrix

elements are defined as,

J11 = −E[
∂2

∂τ 2
ln Λ (τ, ω)] (3.10)

J22 = −E[
∂2

∂ω2
ln Λ (τ, ω)] (3.11)

J12 = J21 = −E[
∂2

∂τ∂ω
ln Λ (τ, ω)] (3.12)

Firstly, it is necessary to determine the log-likelihood function to obtain elements of

the Fisher information matrix. According to Trees [1971], the log-likelihood function

corresponding to the received signal (3.3) at the JRC node is evaluated as,

ln Λ (τ, ω) =
1

N0 +Nr

Ēr

Ēr +N0 +Nr

{
|L(τ, ω)|2

}
, (3.13)
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here,

L(τ, ω) =

∫ ∞

∞
y(t)x̃∗(t− τ) exp−jωt dt (3.14)

from (3.13),

∂ ln Λ(τ, ω)

∂τ
= K ′

[
L(τ, ω)

∂L∗(τ, ω)

∂τ
+
∂L(τ, ω)

∂τ
L∗(τ, ω)

]
,

= 2K ′ Re

[
L(τ̄ , ω)

∂L∗(τ, ω)

∂τ

]
(3.15)

here,

K ′ ≜
1

N0 +Nr

Ēr

Ēr +N0 +Nr

(3.16)

subsequently, the following derivatives are required to evaluate the Fisher information

matrix (J),

∂2 ln Λ(τ, ω)

∂τ 2
= 2K ′ Re

[
∂L(τ, ω)

∂τ
· ∂L

∗(τ, ω)

∂τ
+ L(τ, ω)

∂2L∗(τ, ω)

∂τ 2

]
(3.17)

∂2 ln Λ(τ, ω)

∂τ∂ω
= 2K ′ Re

[
∂L(τ, ω)

∂ω
· ∂L

∗(τ, ω)

∂τ
+ L(τ, ω)

∂2L∗(τ, ω)

∂τ∂ω

]
(3.18)

∂2 ln Λ(τ, ω)

∂ω2
= 2K ′Re

[
∂L(τ, ω)

∂ω

∂L∗(τ, ω)

∂ω
+ L(τ, ω)

∂2L∗(τ, ω)

∂ω2

]
(3.19)

J11 = −E
{
∂2 ln Λ(τ, ω)

∂τ 2

}
(3.20)

=− 2K ′
{∫ ∞

−∞

∂x̃∗(t− τ)

∂τ

∂x̃(u− τ)

∂τ
ejw(t−u)E [y(t)y∗(u)] dtdu

+

∫∫ ∞

−∞
x̃∗(t− τ)

∂2x(u− τ)

∂τ 2
ejw(t−u)E [y(t)y∗(u)] dtdu

}
.

(3.21)

The correlation of y(t) is,

E[y(t)y∗(u)] = Erx̃(t− τ)x̃∗(u− τ)ejw(t−u) +N0δ(t− u) +NRδ(t− u) (3.22)

J11 =− 2Z ′

{
Ēr

∣∣∣∣∫ ∞

−∞

∂x̃(t− τ)

∂t
x̃∗(t− τ)dt

∣∣∣∣2 + N0

∫ ∞

−∞

∣∣∣∣∂x̃(t− τ)

∂t

∣∣∣∣2 dt
+Re

[
Ēr

∫ ∞

−∞
|x̃(t− τ)|2dt

∫ ∞

−∞

∂2x̃∗(u− τ)

∂τ2
x̃(u− τ)du

]
+Re

[
N0

∫ ∞

−∞
x̃(t− τ)

∂2x̃∗(t− τ)

∂τ2
dt

]
+Nr

∫ ∞

∞

∣∣∣∣∂x̃(t− τ)

∂t

∣∣∣∣2 dt +Re

[
Nr

∫ ∞

−∞
x̃(t− τ)

∂2x̃∗(t− τ)

∂τ2
dt

]}
,

(3.23)
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here Re represents the real part of this signal component. we further simplify the

above equation by considering the following:∫ ∞

−∞
|x̃(t− τ)|2dt = 1, (3.24)

it is known that the waveform energy does not rely on the delay. So differentiating

(3.24) with respect to τ , then

Re

{∫ ∞

−∞

[
∂x̃(t− τ)

∂τ
x̃∗(t− τ)

]
dt

}
= 0, (3.25)

we again differentiate the above equation, then

Re

{∫ ∞

−∞

(
∂2x̃(t− τ)

∂τ 2
x̃∗(t− τ) +

∂x̃(t− τ)

∂τ

∂x̃∗(t− τ)

∂τ

)
dt

}
= 0, (3.26)

hence,

Re

[∫ ∞

−∞

∂2x̃∗(t− τ)

∂τ 2
x̃(t− τ)dt

]
= −

∫ ∞

−∞

∣∣∣∣∂x̃(t− τ)

∂τ

∣∣∣∣2 dt (3.27)

Hence, from (3.23) second term, fourth term, and fifth term, the sixth term cancels

each other. Further based on Parseval’s theorem, the first term represents ω2, and

the third term represents ω2. With reference to the above results,

J11 = 2K ′Ēr

[
ω2 − (ω̄)2

]
(3.28)

In the same way, the remaining fisher information matrix elements are evaluated.

Moreover, the derivation of J12 and J21 is identical. Similarly,

J12 = J21 = 2K ′Ēr

[
ωt− ω̄t̄

]
(3.29)

J22 = 2K ′Ēr

[
t2 − (t̄)2

]
(3.30)

Finally, the fisher information matrix for a given received signal is provided by,

J =
2Ēr

N0 +Nr

(
Ēr

Ēr+N0+Nr

) ω2 − (ω̄)2 ωt− ω̄t̄

ωt− ω̄t̄ t2 − (t̄)2

 (3.31)

In general, meantime and mean frequency is equivalent to zero. Any time-domain

waveform ensures symmetry to the origin by considering the mean as zero. Further,

a zero-mean frequency indicates the transmitted waveform envelope has zero carrier

frequency. Thus above equation (3.31) is modified as,

J =
2Ēr

N0 +Nr

(
Ēr

Ēr+N0+Nr

) ω2 ωt

ωt t2

 (3.32)
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Further, the contribution of the waveform parameter vector and the contribution of

signal-to-residual noise ratio (γ) can be isolated. Hence, the Fisher information matrix

(J) is expressed as,

J = γ U(Θk) (3.33)

Here γ = 2Ēr

N0+Nr

(
Ēr

Ēr+N0+Nr

)
and U(Θk) =

 ω2 ωt

ωt t2

 with reference to (3.33),

the measurement noise covariance matrix is modified as,

N(Θk) =
1

γ
TU(Θk)

−1T
T

(3.34)

B Calculation of N(Θk) for Designated Waveforms

In this section, the following designated waveforms are considered to evaluate the

measurement noise covariance matrix. Further, it is assumed that mean time (t̄) and

mean frequency (ω̄) are zero for the waveform envelope of the transmitter Trees [1971].

As anticipated, ωt = 0 for pure amplitude modulated waveforms as it quantifies the

amount of frequency modulation in the pulse signal Helstrom [1966].

1) Continuous Wave−Rectangular Pulse

Let x̃(t) be a rectangular pulse waveform and it is provided by,

x̃(t) =

{
1√
T
, − τ

2
< t < τ

2

0, elsewhere.
(3.35)

|X̃(ω)| = 2√
τω

sin(
ωτ

2
) (3.36)

ω2 =
4πB1

τ
, t2 =

τ 2

12
, ωt = 0 (3.37)

N(Θk) =

 c2τ
16γπB1

0

0 3c2

γτ2ωc
2

 (3.38)

Further, |N(Θk)| = 3c4

16γ2πB1τωc
2 . Here |[·]| represents the determinant of a matrix.

It is evident from the expression that, by maintaining a high signal-to-residual noise

ratio (γ) value the measurement noise covariance can be reduced.

2) Continuous Wave− Triangular Pulse

An analog triangular pulse waveform is represented as,

x̃(t) =

{√
3
2τ

(
1− |t|

τ

)
−τ < t < τ

0 otherwise
(3.39)
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X̃(ω) =

√
3τ

2
sinc2

(
ωλ

2

)
(3.40)

ω2 = 3/τ 2, t2 = τ 2/10, ωt = 0 (3.41)

N(Θk) =

 c2τ2

12γ
0

0 5c2

2ω2
cτ

2γ

 (3.42)

Further, |N(Θk)| = 5c4

24γ2ωc
2 . It is evident from the expression that, by maintaining a

high signal-to-residual noise ratio (γ) value the measurement noise covariance can be

minimized.

3) Continuous Wave−Gaussian Pulse

A Gaussian pulse often obeys a handy analytic idealization and it is represented as,

x̃(t) =

(
1

πτ 2

)1/4

exp

(
−t2

2τ 2

)
(3.43)

X̃(ω) =
(
4πτ 2

)1/4
exp

(
−ω2τ 2

2

)
(3.44)

ω2 = 1/2τ 2, t2 = τ 2/2, ωt = 0 (3.45)

N(Θk) =

 c2τ2

2γ
0

0 c2

2ω2
cτ

2γ

 (3.46)

Further, |N(Θk)| = c4

4γ2ωc
2 . It is evident from the expression that, by maintaining a

high signal-to-residual noise ratio (γ) value the measurement noise covariance can be

reduced.

In a nutshell, for the above-selected amplitude-modulated waveforms, the selection

of optimized waveform parameter vector (Θk) is provided by the following objective

function,

minimize
Θk

|N(Θk)|

subject to γmax,
(3.47)

here Θk represents the received waveform parameter vector at the time instant k. Fur-

ther, the maximized signal-to-residual noise ratio (γmax) is the waveform constraint

(tunable waveform parameter) in all the designated amplitude-modulated waveforms.

Furthermore, by controlling the measurement noise covariance the radar target state

estimation performance may be improved in the CRCS.
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4) LFM − Pulse

A linear frequency-modulated pulse waveform is suitable for pulse compression to

achieve high-range resolution. Mathematically, it is given by,

x̃(t) = A1 cos

(
π
B1

τ
t2
)

− τ

2
≤ t ≤ τ

2
, (3.48)

here, A1 represents the amplitude of the waveform, B1 represents the waveform band-

width, and τ indicates the pulse duration.

X̃(ω) ≈ |X̃(ω)| exp
(
−j 1

4π

τ

B1

ω2

)
exp

(
j
π

4

)
, (3.49)

here |X̃(ω)| ≈ 1,−πB1 ≤ ω ≤ πB1 and for all the remaining ω values |X̃(ω)| = 0.

Subsequently, ω2 = 2π3B1
3

3
, t2 = A2

1τ
3

12
and ωt = A2

1τ
2πB1

6

N(Θk) = β

 3c2A2
1τ

3

4γ
−3c2A1

2τ2πB1

2ωcγ

−3c2A1
2τ2πB1

2ωcγ
6c2π3B1

3

γωc
2

 , (3.50)

where β =
(

1
A2

1B
2
1τ

2π2(2τπB1−A2
1τ

2)

)
and |N(Θk)| = β2

(
18c4π3τ3A1

2B1
3−9c4π2τ4A1

4B1
2

4γ2ωc
2

)
.

It is evident from the expression that, |N(Θk)| can be reduced by considering optimal

signal bandwidth (B1opt) and high signal-to-residual noise ratio (γ) value. Hence the

selection of the waveform parameter vector (Θk) is given by the following objective

function,

minimize
Θk

|N(Θk)|,

subject to γmax

Bmin < B1opt < Bmax

, (3.51)

here ‘Θk’ represents the received waveform parameter vector at time instant ‘k’.

From (3.51) the optimal waveform bandwidth (B1opt) is obtained based on the

optimization problem defined in (Trees 1971), using minimum bandwidth (Bmin),

maximum bandwidth (Bmax) as the constraints of the optimization problem. i.e.,

Bmin < B1opt < Bmax. In addition, the optimization problem is solved based on

the signal-to-residual noise ratio (γ) and bandwidth (Bmin, Bmax) as constraints

(Venkataraman 2009). By tuning the waveform parameters of the LFM-pulse, we

can minimize the measurement noise covariance, thereby achieving an enhanced radar

target tracking performance in the JRCS.
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5) LFM −GaussianPulse

Let x̃(t) be an LFM-Gaussian pulse and it is provided by,

x̃(t) =

(
1

πτ 2

)1/4

exp

[
−
(

1

2τ 2
− jb

)
t2
]

(3.52)

X̃(ω) =
(4πτ 2)

1/4√
1− 2jbτ 2

exp

(
−ω2τ 2

2 (1− 2jbτ 2)

)
ω2 =

(
1/2τ 2

)
+ 2b2τ 2, t2 = τ 2/2, ωt = bτ 2

(3.53)

N(Θk) =

 c2τ2

2γ
−c2bτ2

ωcγ

−c2bτ2

ωcγ
c2

ω2
cγ

(
1

2τ2
+ 2b2τ 2

)
 (3.54)

Further, |N(Θk)| = c4

4ωc
2γ2 . It is evident from (3.54) and |N(Θk)| that, the measure-

ment noise covariance can be reduced by choosing maximum sweep rate (bmax) and

maximum signal-to-residual noise ratio (γmax) values. Hence the waveform parameter

vector (Θk) is selected based on the following optimization problem,

minimize
Θk

|N(Θk)|,

subject to γmax

bmax,

(3.55)

here, the maximized signal-to-residual noise ratio (γmax) and maximized sweep rate

(bmax) are the waveform constraints (tunable waveform parameters) of the optimiza-

tion problem (3.55). With reference to the proper selection of tunable waveform

parameters of the LFM-Gaussian pulse, the measurement noise covariance can be

minimized such that an improved radar target tracking performance can be achieved.

6) NLFM − Pulse

The NLFM-pulse waveform is widely used due to its special characteristics like low

side-lobe ratio, and high flexibility ([Mahipathi et al., 2021]). A second-order NLFM

pulse with a polynomial phase is represented as,

x̃(t) = eiπ
(
p1B2t2+p2B4t4

)
− τ

2
≤ t ≤ τ

2
, (3.56)

here p1, p2 are phase coefficients of the phase polynomial, and B1 represents the

bandwidth. Based on the Principle of Stationary Phase (PSP) approximation, the
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spectrum of the signal is expressed as,

X̃(ω) ≈ 2

√
−π

2Φ′′ (t0, ω)
e−iπ

4 x̃ (t0) e
iΦ(t0,ω)

= 2

√
−1

4p1B1
2 + 24p2B1

4t20
e−iπ

4 eiπ(p1B1
2t20+p2B1

4t40)

· eiπ(p1B1
2t20+p2B1

4t40−2ft0),

(3.57)

here Φ′′(t, ω) = ∂2Φ(t,ω)
∂t2

= π
(
2p1B1

2 + 12p2B1
4t2

)
. Further, |X̃(ω)| ≈ 1,−πB1 ≤ ω ≤

πB1 and for all the remaining ω values |X̃(ω)| = 0.

Subsequently, ω2 = 8π3B1
3

3(4p1B1
2+24p2B1

4t02)
, t2 = τ3

12
, and ωt = πp1B2

1τ
3

6
+ πp2B1

4τ5

20

N(Θk) =
1

γ
T

 τ3

12

πp1B2
1τ

3

6
+ πp2B1

4τ5

20

πp1B2
1τ

3

6
+ πp2B1

4τ5

20
8π3B1

3

3(4p1B1
2+24p2B1

4t02)

TT , (3.58)

here T = diag (c/2, c/ (2ωc)) , c represents the waveform propagation velocity and

ωc is the carrier frequency. In NLFM pulse waveform, phase coefficients (p1, p2)

and signal-to-residual noise ratio (γ) are the waveform constraints (tunable waveform

parameters). Here the optimized phase coefficients (p1, p2) are evaluated based on our

previous work Mahipathi et al. [2021]. From (3.58), it is evident that the measurement

noise covariance can be minimized by optimizing the phase coefficients and maximizing

the (γ) value. Further, by minimizing the measurement noise covariance an improved

radar target tracking performance can be accomplished in the CRCS.

With reference to Table 3.1, the measurement noise covariance matrix (N(Θk))

is evaluated for all the designated waveforms. It is noticed that the selection of a

radar waveform and its tunable parameters plays an important role in minimizing the

measurement noise covariance such that efficient target estimation performance can

be achieved. From the above analysis, the standard deviation of the range and range

rate measurements is calculated for designated waveforms and is listed in Table 3.2.

It is noticed that the NLFM-pulse waveform exhibits the minimum range and range

rate measurement errors compared to other waveforms.

3.3 Target Tracking

A single radar sensor operating in a co-located configuration produces the measure-

ments pertaining to the target present in the surveillance. These measurements are

filtered and estimate the state of interest.
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Table 3.1: Parameters considered for evaluating the measurement noise covariance
matrix

Parameter Value

Operating Bandwidth (B) 5 MHz

Operating frequency at the center (f) 3 GHz

Target range of a radar system (R) 50 km

Antenna gain of a radar (Gr) 40 dBi

Radar transmitted power (Pt) 1 MW

Target cross-section area of a radar (σa) 30 m2

Temperature (Tk) 1000 K

Boltzmann constant (KB) 1.38x10−23J/K

Overall communication antenna gain

and propagation loss (b)
6.33x10−13

Transmitted communication

signal power (Pcomm)
300 mW

Power spectral density of

phase noise (η0)
-110 dBc/Hz

Range fluctuation process variance (σf 2) 25 m2

Time-bandwidth product (TB) 128

Range of the communication system 10 km
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Table 3.2: Standard deviation of range and range rate measurements for various
waveforms.

Type of waveform
Range standard

deviation(σ)

Range rate

standard deviation(σ)

Rectangular pulse 8.48 m 7.87 m/s

Triangular pulse 7.62 m 7.61 m/s

Gaussian pulse 5.91 m 7.07 m/s

LFM pulse 6.98 m 6.02 m/s

LFM Gaussian pulse 5.91 m 4.86 m/s

NLFM pulse 5.10 m 3.70 m/s

3.3.1 Measurement and State Model

The measurement model is given by,

zj(k) = HX(k) + nj(k) (3.59)

Here X(k) is the state vector at kth time instant, H represents a measurement tran-

sition matrix, and nj(k) represents the measurement noise. The measurement vector

is a stacked form of range and range rate, which is represented as zk =
[
rk ṙk

]T
,

where r and ṙ represents the range and range rate respectively. Similarly, the state

is given by X = [r, ṙ, r̈]. Since the measurement and state are in a linear relation,

in (3.59) the measurement model is represented as a multiplication of state and

measurement. The measurement transition matrix can be written as

H =

 1 0 0

0 1 0

. (3.60)

Both the noise components present in range and range rate are independent and

identically distributed (iid) and follow a Gaussian random process with mean as zero

and standard deviation σr and σṙ respectively. The waveform parameter vector Θk

characterizes the received waveform at time instant k and it is incorporated in the

measurement noise covariance matrix N(Θk) = E{n(k)n(k)′}. The target kinematic

model is given by

X(k + 1) = F (k)X(k) + w(k), (3.61)
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where X(k) represents a state vector and w(k) is a Gaussian distributed white noise

vector having zero mean and its covariance matrix is expressed asQ(k) = E[w(k)w(k)′].

The process noise vector w(k) is due to the perturbation in r, ṙ, and r̈ dimensions.

Here F (k) denotes the state transition matrix for the constant range rate

F (k) =


1 ts ts/2

0 1 ts

0 0 1

, (3.62)

here ts represents the sampling time interval. This measurement generation is carried

out under the condition of target detection probability (pd = 1) and probability of

false alarm (pfa = 0). The target movement follows the CV model rather than the

constant turn model. The reason behind this assumption is to illustrate the signif-

icance of extracted measurement noise covariance corresponding to the waveforms.

In the case of non-linear trajectories and non-linear measurement relationships, the

extended Kalman filters and IMM filters are required. It is hard to illustrate the

significance of the extracted measurement noise covariance matrix parameter. Hence,

the rest of the filtering is carried out using the Kalman filter owing to its optimal

behaviour for linearity and Gaussian assumptions.

3.3.2 Filtering

There are three major steps involved in filtering, namely state prediction, calculation

of gain, and then state updation. Firstly, the predicted state is expressed as,

X̂(k + 1 | k) = FX̂(k | k) (3.63)

subsequently, the predicted covariance is provided by,

P (k + 1 | k) = FP (k | k)F ′ +Q(k) (3.64)

The predicted measurement is expressed as,

ẑ(k + 1/k) = HX̂(k + 1 | k) (3.65)

Using the predicted measurement and actual observation, the innovation is calculated

as

γ = z(k + 1)− ẑ(k + 1|k), (3.66)
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The gain of Kalman filter K is expressed as,

K(k + 1) =P (k + 1/k)H(k + 1)′ (3.67)

[H(k + 1)P (k + 1/k)H(k + 1)′ +N(Θk)]
−1
, (3.68)

here N(Θk) represents the measurement noise covariance matrix. Based on the above

equations, the updated state is given by,

X̂(k + 1 | k + 1) = X̂(k + 1 | k) +K(k + 1)γ(k + 1) (3.69)

subsequently, the updated covariance is provided by,

P (k + 1 | k + 1) = P (k + 1 | k)−K(k + 1)H(k + 1)K ′(k + 1) (3.70)

3.3.3 Posterior Cramer-Rao Lower Bound (PCRLB)

In this work, we consider a standard theoretical lower bound posterior Cramer Rao

lower bound (PCRLB) Bar-Shalom et al. [2010] to validate the state estimation. Let

X(k + 1) be the state vector and estimation of the state vector with respect to the

measurement set z1:k+1 is denoted as X̂(k + 1). According to Tichavsky et al. [1998],

the PCRLB on the covariance matrix P (k + 1) is evaluated by taking the inverse of

the Fisher Information Matrix (FIM) (J(k + 1)).

P (k + 1) ≜ E
[(
X̂(k + 1)−X(k + 1)

)(
X̂(k + 1)−X(k + 1)

)′
]

≥ J(k+ 1)−1,

(3.71)

where,

J(k+ 1) =
[
F (k)−1]T J(k)F (k)−1 +Q(k)−1 +H(k)TN(Θk+1)

−1H(k) (3.72)

Based on the measurement noise covariance matrix formula in (3.34), N(Θk+1) is

expressed as,

N(Θk+1) =
1

γ
TU(Θk+1)

−1T
T

(3.73)

3.4 Results and Analysis

The simulated results are presented here to witness the significance of optimum wave-

form selection for enhancing tracking performance. A single in-band communication

transmitter and a radar sensor are assumed to elucidate the uncertainty of the radar

target state in the presence of in-band communication residual interference.
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3.4.1 Scenario Generation
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Figure 3.3: Generating a scenario for a single radar-sensor, single communication
transmitter

In the simulated scenario, it is assumed that a JRC receiver is stationary and has

a maximum detectable range of Rmax=50 km. From Figure 3.3, it is considered that

the radar sensor is located at [5000, 2000]′ and an in-band communication transmitter

is located at [500, 2500]’. Here the radar is of mono-static type, hence the JRC

receiver node is also present at the radar position. Within the surveillance, a target

is present at [10000, 10000] and moving with 40 m/s and 20 m/s along x and y

directions respectively. In addition to that, throughout the simulation scenario, the

target is following a Constant Velocity (CV) motion model. The perturbation of the

target is modeled as process noise and it follows an additive white Gaussian noise

distribution. The noise components corresponding to position is N(0, 0.052), where,

N(µ, σ2) is a Gaussian pdf having mean (µ) and variance (σ2). Similarly, the noise

component in velocity is taken as N(0, 0.022). The total simulation time is 100 s with

a sampling interval of 1 s. Besides, the radar sensor receives the range and range rate

measurements corresponding to the waveform of operation at the JRC node.

3.4.2 Track filtering

The Kalman Filter(KF) is applied to estimate the range and range rate values at vari-

ous instants of time. To initiate the track, a one-point initialization approach Musicki
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(a) Range measurement for a rectangular pulse
waveform
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(b) Range measurement for an NLFM waveform
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(c) Range rate measurement for a rectangular
pulse waveform
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(d) Range rate measurement for an NLFM
waveform

Figure 3.4: Comparison of range and range rate for rectangular and NLFM
waveforms

and Song [2013] is considered, and the maximum velocity is tuned to Vmax = 40 m/s.

A Constant Velocity (CV) motion model is utilized in the prediction steps. The

process noise covariance is chosen as

Q=[N(0, 0.052), N(0, 0.022), N(0, 0.052), N(0, 0.022)]′ (3.74)

The optimized measurement noise is used for the calculation of innovation covariance.

As an illustration, for example, two different waveforms and the same ground truth

are considered to compare the importance of computing the measurement noise and

the superiority of the waveform. The range and range rate measurements ground

truth, observed measurement, and estimated state are visualized in Figure 3.4. Fig-

ure 3.4(a) and Figure 3.4(b) show the estimated range and acquired range measure-

ment in comparison to ground truth for rectangular-pulse and NLFM-pulse waveforms

respectively. Since the range is in the order of 104 m, it is hard to visualize. Further,

Figure 3.4(c) and Figure 3.4(d) show the estimated range rate and acquired range rate

67



measurement in comparison to ground truth for rectangular-pulse and NLFM-pulse

waveforms respectively. Here, we can see that the ground truth range rate is around

43 m/s, whereas the acquired range rate measurements fluctuate around the ground

truth range rate with their standard deviations of the waveform. It is worth noting

that the estimated range rate fluctuates initially due to the initialization problem.

Thereafter, it saturates over time. In the process of estimation, the filter is tuned to

the range and range rate covariance obtained in Table 3.2 for a rectangular pulse and

NLFM-pulse waveform. Further, it is also evident that the optimized NLFM-pulse

waveform exhibits fewer fluctuations in the range and range rate estimations. How-

ever, by visualization, it is hard to conclude the superiority of the waveforms. Hence,

better performance analysis can be done by estimating the Root Mean Square Error

(RMSE) for the range and range rate measurements.

The RMSE of range measurement is plotted in Figures 3.5(a)–3.5(f) for the se-

lected waveforms. It is perceived that the estimated RMSE is compared with both

the measurement RMSE (before filtering) and PCRLB for all the selected waveforms.

Besides, it is also noticed that the estimated RMSE (range measurement error) values

are gradually decreasing by the time scan for all the designated waveforms. In addi-

tion, for all the waveforms, the estimated RMSE values are within the PCRLB limit

in the given time duration. Among all the waveforms, the optimized NLFM-pulse

waveform outperforms the remaining waveforms in terms of deviation between esti-

mated RMSE and PCRLB. That is, estimated RMSE values of the NLFM-pulse wave-

form are approaching the minimum error variance. We also observed that frequency-

modulated waveforms (LFM-pulse, LFM-Gaussian pulse, and NLFM-pulse) outper-

form the amplitude-only modulated waveforms (rectangular pulse, triangular pulse,

and Gaussian pulse) in terms of range error.

In Figures 3.6(a)–3.6(f), the estimated range rate error values are compared with

both the measurement RMSE (before filtering) and PCRLB from a range rate per-

spective for all the selected waveforms. Further, it is noticed that the estimated RMSE

(range rate measurement error) values are gradually decreasing in accordance with

the time scan (as shown in Figures 3.6(a)–3.6(f)). Furthermore, it is also perceived

that the estimated range rate RMSE values are within the PCRLB limit at all time

instants for all the designated waveforms. Among all the selected waveforms, the
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(a) Analyzing range measurement error for a
rectangular pulse waveform
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(b) Analyzing range measurement error for a
triangular pulse waveform
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(c) Analyzing range measurement error for a
Gaussian pulse waveform
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(d) Analyzing range measurement error for an
LFM pulse waveform
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(e) Analyzing range measurement error for an
LFM Gaussian pulse waveform
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(f) Analyzing range measurement error for an
NLFM pulse waveform

Figure 3.5: Comparison of range measurement error for selected waveforms

optimized NLFM-pulse waveform outperforms the remaining waveforms in terms of

deviation between the estimated RMSE and the PCRLB. That is, range rate RMSE

values of the NLFM-pulse waveform are approaching minimum error variance. We also
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(a) Analyzing range rate measurement error
for a rectangular pulse waveform
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(b) Analyzing range rate measurement error
for a triangular pulse waveform
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(c) Analyzing range rate measurement error
for a Gaussian pulse waveform
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(d) Analyzing range rate measurement error
for an LFM pulse waveform
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(e) Analyzing range rate measurement error
for an LFM Gaussian pulse waveform
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(f) Analyzing range rate measurement error
for an NLFM pulse waveform

Figure 3.6: Comparison of range rate measurement error for selected waveforms
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observed that the frequency-modulated waveforms (LFM-pulse, LFM-Gaussian pulse,

and NLFM-pulse) provide improved performance compared to amplitude-only modu-

lated waveforms(rectangular pulse, triangular pulse, and Gaussian pulse) in terms of

range rate RMSE.
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Figure 3.7: Analyzing estimated range measurement error for various designated
waveforms

The estimated range RMSE of various waveforms is plotted in Figure 3.7. It is

evident from the plot that, the estimated range RMSE values for all the waveforms

are gradually decreasing with the increasing number of time scans. Further, the range

RMSE of the NLFM-pulse waveform yields improved performance compared to the

remaining waveforms. Furthermore, the range RMSE values of the rectangular pulse

waveform are high (which is undesirable) compared to other designated waveforms.

In Figure 3.8, the range rate RMSE of various selected waveforms is plotted. It is

noticed from the plot that the range rate RMSE for all the waveforms is gradually

decreasing with the increasing number of time scans. Additionally, the range rate

RMSE of the NLFM-pulse waveform provides superior performance compared to the

remaining waveforms. In addition, the range rate RMSE of the rectangular pulse

waveform provides poor performance compared to other designated waveforms.

Here, we quantified the Monte-Carlo-based simulation results against the PCRLB.
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Figure 3.8: Analyzing estimated range rate measurement error for various
designated waveforms

It is noticed that the RMSE is decreasing over time and coming very near the the-

oretical PCRLB value. This intuitively shows that the measured covariance from

the waveform characteristics is an optimal approach compared to tuning the mea-

surement noise covariance. In addition, the PCRLB value and RMSE value for the

NLFM waveform are low, which gives an understanding that the filtering/tracking

accuracy is high.

3.5 Summary

This chapter analyzed the effect of communication residual components on the radar

target state estimation performance in a CRCS environment. In addition, the NLFM

radar waveform outperforms the other designated radar waveforms in terms of target

state estimation performance in a CRCS. The next chapter i.e., Chapter 4 illustrates

the importance of communication-aided radar target state estimation in a CRCS

framework.
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Chapter 4

Communication-Aided Target State
Estimation in a CRCS

This chapter introduces a communication-aided novel measurement model to analyze

the radar target state estimation performance in a CRCS. The measurement noise

covariance matrix is evaluated for the radar and communication waveform combi-

nations to characterize the radar sensor behaviour. In addition, an iterative least

square framework is considered to obtain the converted measurements. Thereafter,

the Kalman filter is deployed to estimate the target dynamics for both waveform

combinations in a CRCS environment.

4.1 Problem Formulation

A generalized cooperative radar-communication spectrum sharing scenario is depicted

in Figure 4.1, where a single in-band communication transmitter, one monostatic radar

transceiver, and a single target are present. Here the Joint Radar-Communication

(JRC) transceiver is efficient enough to perform both radar-sensing and communica-

tion operations. When the radar transceiver is operating in a surveillance mode, it

receives a target echo signal through a monostatic channel and an in-band commu-

nication signal scattered off the target through a bistatic channel. In addition, the

radar receiver also receives a direct communication signal through a reference channel.

Then, the received signal at the radar receiver is given by,

ysurrad(t) =srad(t− τ) + scom(t− τc) + n(t) (4.1)

yrefrad(t) =scom(t) + n(t), (4.2)
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Figure 4.1: System model for cooperative spectrum sharing between radar and
communication systems

here ysurrad(t) represents the signal received at the JRC node when the radar is operating

in surveillance mode, yrefrad(t) signifies the signal received at the JRC node through the

reference channel, srad(t− τ) signifies the radar-sensor target echo signal, scom(t− τc)

represents the communication signal scattered off the target, n(t) signifies the thermal

noise present in the receiver, and scom(t) indicates the directly received communication

signal at the radar receiver. Interestingly, the in-band communication signal reflected

off the target (scom(t − τc)) aids the target information at the radar receiver. In

addition, τ represents the true target time delay to the radar-transmitted signal, and

τc is the true target delay experienced by a transmitted communication signal.

In addition, it is considered that the JRC node utilizes the Successive Interference

Cancellation (SIC) receiver model (Bliss 2014), which mitigates the mutual interfer-

ence among radar sensing and communication systems. The SIC receiver model is

utilized such that, the strongest received signal component is first removed from the
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joint radar-communication signal (Bică and Koivunen 2018). Already, in some of the

previous significant contributions (Bliss 2014), (Chiriyath et al. 2016c), it was very

well demonstrated how the SIC model separates the radar and communication returns

at the JRC receiver. In addition, the phase noise present in the receiver introduces a

signal reconstruction error in the SIC receiver model (Chiriyath et al. 2019). More-

over, the effect of phase noise on the SIC receiver model was discussed in (Chiriyath

et al. 2016b). Then, the radar and communication signal separation at the JRC node

is achieved by considering the following cases:

Case 1: Strong radar target return

It is considered that the radar target round trip time delay is known based on the

previous observations. Thus by utilizing this information, the radar target return is

reconstructed and it is suppressed from the ysurrad(t). Here, the reconstructed radar

target return (yrec(t)) is given by,

yrec(t) + er(t) = srad(t− τ), (4.3)

here er(t) is the signal reconstruction error concerning the reconstructed radar echo

signal (yrec(t)) as in (Bliss 2014). In addition, the communication return is obtained

as follows:

ysurrad(t)− yrec(t) = scom(t− τc) + er(t) + n(t) (4.4)

As a result, the set of radar and communication measurements are obtained as follows:

yr1(t) =yrec(t) = srad(t− τ) + er(t) (4.5)

yc1(t) =y
sur
rad(t)− yrec(t) = scom(t− τc) + n(t) + er(t) (4.6)

Case 2: Strong communication return

In the same way, when the communication signal scattered off the target is stronger,

then it is suppressed from the (ysurrad(t)). Moreover, it is considered that the radar

acquires knowledge regarding the target channel based on the target reflected com-

munication signal, and it can predict the time delay experienced by the received com-

munication signal. Concerning the predicted time delay, the received communications

signal is reconstructed as follows:

scom(t− τc) = yrec(t) + ec(t), (4.7)
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here ec(t) is the communication signal reconstruction error. Further, the radar and

communication measurements are expressed as follows:

yr2(t) =y
sur
rad(t)− yrec(t) = srad(t− τ) + n(t) + ec(t) (4.8)

yc2(t) =yrec(t) = scom(t− τc) + ec(t) (4.9)

It is assumed that noise n(t) follows the Gaussian distribution having a spectral height

N0/2. In addition, to attain reasonable inferences from both the radar and communi-

cation signal reconstruction error components er(t) and ec(t) are also distributed in a

Gaussian manner with the spectral heights Ner/2, Nec/2 respectively. Moreover, the

radar target return envelope is expressed as,

srad(t− τ) =
√
Ere

jϕ1x̃r(t− τ)ejvrt, (4.10)

here Er is the energy of the radar target return, ϕ1 denotes the phase shift associated

with the target return, x̃r(t) signifies radar transmitted signal envelope, and vr rep-

resents the Doppler shift. Similarly, the communication signal reflected off the target

received at the JRC node is provided by,

scom(t− τc) =
√
Ece

jϕ2x̃c(t− τc)e
jvct, (4.11)

where Ec is the energy of the communication signal reflected off the target, ϕ2 signifies

the phase shift associated with the communication return, x̃c(t) transmitted commu-

nication signal envelope, and vc represents the Doppler shift. Further, the normalized

spectral density of er(t) is provided by (Chiriyath et al. 2019),

Ner(f) =
(
4π2

)
∥a∥2Prad η0 σ

2
τ,pr∥Srad(f)∥2f 2, (4.12)

here a signifies the overall radar channel gain, Prad indicates the transmitted radar

signal power, η0 signifies the phase noise spectral density, σ2
τ,pr represents the range

deviation process variance, Srad(f) signifies the spectrum of radar target return, and

f is the frequency of the transmitted radar signal. In the same way, the normalized

spectral density of ec(t) is given by

Nec(f) =
(
4π2

)
∥b∥2Pcom η0 σ

2
τc,pr∥Scom(f)∥2f 2, (4.13)

where b signifies the overall communication channel gain, Pcom is the transmitted

communication signal power, σ2
τc,pr represents the range deviation process variance
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concerning communication return, and Scom(f) represents the spectrum of commu-

nication return. The aforementioned two cases i.e., strong radar return and strong

communication return affect the measurement noise covariance matrix and therefore

have an impact on the sensor characterization (Kershaw and Evans 1994).

The proposed framework analyzes the effect of the error components on the char-

acterization of a radar sensor. In this process, a detailed mathematical analysis is

presented in Section 4.2 to compute the measurement noise covariance matrix. Fur-

ther, a novel measurement model is developed based on the converted measurements

to estimate the target state in a CRCS environment.

4.2 Characterization of a radar sensor

The radar sensor characterization predominantly depends on knowledge of the mea-

surement noise covariance matrix (N(Θk)) (Kershaw and Evans 1994). In addition, it

also relies on the non-linear function of the waveform parameter vector (Θk). Where

Θk knows the received waveform parameters of the chosen waveform at the time in-

stant k. The measurement noise covariance matrix establishes the connection between

the received waveform parameter vector Θk and the covariance matrix of the noisy

observations (N(Θk)) as derived in (Kershaw and Evans 1994) and it is provided by,

E[(y − ȳ)(y − ȳ)T ] = N(Θk) = TJ−1TT , (4.14)

here y = Tα, y denotes the tracking system measurement vector and it is obtained

based on a range (r) and range-rate (ṙ) i.e., y = [r ṙ]T . Whereas, ȳ denotes the mean

of the measurement vector y, α denotes the receiver estimation parameter vector,

and it is obtained based on the received signal vector i.e., α = [τ1 w1]
T . Here τ1

denotes the time delay and w1 denotes the Doppler frequency. Further, T is the

transformation matrix and it is given by (Sira et al. 2004), T = diag (c/2, c/ (2ωc)).

Here c represents the waveform propagation velocity and ωc is the carrier frequency.

Here J is the Fisher information matrix. From (4.14), it is evident that the Fisher

Information Matrix (FIM) needs to be evaluated to determine the measurement noise

covariance matrix (N(Θk)). However, we need to find the FIM (J) for all the radar

and communication measurements (4.5), (4.6), (4.8), and (4.9) corresponding to

two different cases i.e., strong radar target return and strong communication return.
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4.2.1 Calculation of Fisher Information Matrix (J)

The Fisher information matrix (J) of order 2x2 is given by,J11 J12

J21 J22

 (4.15)

Based on the parameters of interest (τ1 and ω1), the Fisher information matrix ele-

ments are expressed as,

J11 = −E[
∂2

∂τ 21
ln Λ (τ1, ω1)] (4.16)

J22 = −E[
∂2

∂ω2
1

ln Λ (τ1, ω1)] (4.17)

J12 = J21 = −E[
∂2

∂τ1∂ω1

ln Λ (τ1, ω1)] (4.18)

Case 1: Strong radar target return

1(a) Radar measurement (yr1(t))

Initially, it is necessary to find the log-likelihood function to deduce the elements of

the Fisher Information Matrix (FIM). According to (Trees 1971), the log-likelihood

function with respect to the radar measurement (4.5) is evaluated as,

ln Λ (τ1, ω1) =
1

Ner

Ēr

Ēr +Ner

{
|L(τ1, ω1)|2

}
, (4.19)

here,

L(τ1, ω1) =

∫ ∞

∞
yr1(t)x̃r

∗(t− τ1) exp
−jω1t dt (4.20)

from (4.19),

∂ ln Λ(τ1, ω1)

∂τ1
= Z ′

[
L(τ1, ω1)

∂L∗(τ1, ω1)

∂τ1
+
∂L(τ1, ω1)

∂τ1
L∗(τ1, ω1)

]
,

= 2Z ′ Re

[
L(τ1, ω1)

∂L∗(τ1, ω1)

∂τ1

]
, (4.21)

where,

Z ′ ≜
1

Ner

Ēr

Ēr +Ner

(4.22)

Further, the following derivatives are needed to find the Fisher information matrix.

∂2 ln Λ(τ1, ω1)

∂τ 21
= 2Z ′ Re

[
∂L(τ1, ω1)

∂τ1
· ∂L

∗(τ1, ω1)

∂τ1
+ L(τ1, ω1)

∂2L∗(τ1, ω1)

∂τ 21

]
(4.23)

78



∂2 ln Λ(τ1, ω1)

∂τ1∂ω1

= 2Z ′ Re

[
∂L(τ1, ω1)

∂ω1

· ∂L
∗(τ1, ω1)

∂τ1
+ L(τ1, ω1)

∂2L∗(τ1, ω1)

∂τ1∂ω1

]
(4.24)

∂2 ln Λ(τ1, ω1)

∂ω2
1

= 2Z ′ Re

[
∂L(τ1, ω1)

∂ω1

∂L∗(τ1, ω1)

∂ω1

+ L(τ1, ω1)
∂2L∗(τ1, ω1)

∂ω2
1

]
(4.25)

J11 = −E
{
∂2 ln Λ(τ1, ω1)

∂τ 21

}
(4.26)

=− 2Z ′
{∫ ∞

−∞

∂x̃r
∗(t− τ1)

∂τ1

∂x̃r(u− τ1)

∂τ1
ejω1(t−u)E [yr1(t)yr1

∗(u)] dtdu

+

∫∫ ∞

−∞
x̃r

∗(t− τ)
∂2xr(u− τ)

∂τ 21
ejω1(t−u)E [yr1(t)yr1

∗(u)] dtdu

}
.

(4.27)

The correlation of yr1(t) is,

E[yr1(t)yr1
∗(u)] = Erx̃r(t− τ1)x̃r

∗(u− τ1)e
jω1(t−u) +Nerδ(t− u) (4.28)

J11 =− 2Z′

{
Ēr

∣∣∣∣∫ ∞

−∞

∂x̃r(t− τ1)

∂t
x̃r

∗(t− τ1)dt

∣∣∣∣2 +Re

[
Ēr

∫ ∞

−∞
|x̃r(t− τ1)|2dt

∫ ∞

−∞

∂2x̃r
∗(u− τ1)

∂τ21
x̃r(u− τ1)du

]

+Ner

∫ ∞

∞

∣∣∣∣∂x̃(t− τ1)

∂t

∣∣∣∣2 dt +Re

[
Ner

∫ ∞

−∞
x̃r(t− τ1)

∂2x̃r
∗(t− τ1)

∂τ21
dt

]}
,

(4.29)

where Re denotes the real part of the signal component. To simplify the above

expression consider the following:∫ ∞

−∞
|x̃r(t− τ1)|2dt = 1 (4.30)

As we know, the signal energy does not depend on the time delay. Thus differentiating

(4.30) with respect to τ1, then

Re

{∫ ∞

−∞

[
∂x̃r(t− τ1)

∂τ1
x̃r

∗(t− τ1)

]
dt

}
= 0 (4.31)

we again differentiate the above expression, then

Re

{∫ ∞

−∞

(
∂2x̃r(t− τ1)

∂τ 21
x̃r

∗(t− τ1) +
∂x̃r(t− τ1)

∂τ1

∂x̃r
∗(t− τ1)

∂τ1

)
dt

}
= 0 (4.32)

Hence,

Re

[∫ ∞

−∞

∂2x̃r
∗(t− τ1)

∂τ 21
x̃r(t− τ1)dt

]
= −

∫ ∞

−∞

∣∣∣∣∂x̃r(t− τ1)

∂τ1

∣∣∣∣2 dt, (4.33)

from (4.29) third term and fourth term cancel each other. Further, concerning

Parseval’s theorem, the first term represents ω1
2, and the third term represents ω1

2.

According to the above results,

J11 = 2Z ′Ēr

[
ω2
1 − (ω̄1)

2
]

(4.34)
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In the same way, the remaining elements of the fisher information matrix elements

can be evaluated. Moreover, the derivation of J12 and J21 is identical. Similarly,

J12 = J21 = 2Z ′Ēr

[
ω1t− ω̄1t̄

]
(4.35)

J22 = 2Z ′Ēr

[
t2 − (t̄)2

]
(4.36)

Eventually, the Fisher information matrix for a given received radar signal measure-

ment is provided by,

J =
2Ēr

Ner

(
Ēr

Ēr+Ner

) ω2
1 − (ω̄1)

2 ω1t− ω̄1t̄

ω1t− ω̄1t̄ t2 − (t̄)2

 (4.37)

Generally, the meantime and mean frequency are equal to zero. Any designated time-

domain waveform assures symmetry concerning the origin by considering the mean

as zero. In addition, a zero-mean frequency signifies the transmitted radar waveform

envelope has zero carrier frequency. Hence the above equation (4.37) is updated as,

J =
2Ēr

Ner

(
Ēr

Ēr+Ner

) ω2
1 ω1t

ω1t t2

 (4.38)

Further, the waveform parameter vector’s contribution and signal-to-error noise ratio

(γse) can be isolated. Hence, the Fisher information matrix (J) is expressed as,

J = γse U(Θk), (4.39)

here γse = 2Ēr

Ner

(
Ēr

Ēr+Ner

)
, U(Θk) =

 ω2
1 ω1t

ω1t t2

, and t̄ represents the mean time ω̄

represents the mean frequency of the received waveform envelope. Further, t2 signifies

the mean squared value of time, ω2
1 signifies the mean squared value of the frequency.

Whereas Ēr represents the average energy of the target return, and Ner represents

the residual noise power corresponding to the strong radar return.

1(b) Communication measurement (yc1(t))

The log-likelihood function concerning the communication measurement (4.6) is given

by,

ln Λ (τ1, ω1) =
1

N0 +Ner

Ēc

Ēc +N0 +Ner

{
|L(τ1, ω1)|2

}
, (4.40)
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here,

L(τ1, ω1) =

∫ ∞

∞
yc(t)x̃c

∗(t− τ1) exp
−jω1t dt (4.41)

from (4.40),

∂ ln Λ(τ1, ω1)

∂τ1
= Z ′

[
L(τ1, ω1)

∂L∗(τ1, ω1)

∂τ1
+
∂L(τ1, ω1)

∂τ1
L∗(τ1, ω1)

]
,

= 2Z ′ Re

[
L(τ1, ω1)

∂L∗(τ1, ω1)

∂τ1

]
, (4.42)

here,

Z ′ ≜
1

N0 +Ner

Ēc

Ēc +N0 +Ner

(4.43)

Subsequently, the following derivatives are needed to evaluate the elements of the

Fisher information matrix (J),

∂2 ln Λ(τ1, ω1)

∂τ 21
= 2Z ′ Re

[
∂L(τ1, ω1)

∂τ1
· ∂L

∗(τ1, ω1)

∂τ1
+ L(τ1, ω1)

∂2L∗(τ1, ω1)

∂τ 21

]
(4.44)

∂2 ln Λ(τ1, ω1)

∂τ1∂ω1

= 2Z ′ Re

[
∂L(τ1, ω1)

∂ω1

· ∂L
∗(τ1, ω1)

∂τ1
+ L(τ1, ω1)

∂2L∗(τ1, ω1)

∂τ1∂ω1

]
(4.45)

∂2 ln Λ(τ1, ω1)

∂ω2
1

= 2Z ′ Re

[
∂L(τ1, ω1)

∂ω1

∂L∗(τ1, ω1)

∂ω1

+ L(τ1, ω1)
∂2L∗(τ1, ω1)

∂ω2
1

]
(4.46)

J11 = −E
{
∂2 ln Λ(τ1, ω1)

∂τ 21

}
(4.47)

=− 2Z ′
{∫ ∞

−∞

∂x̃c
∗(t− τ1)

∂τ1

∂x̃c(u− τ1)

∂τ1
ejω1(t−u)E [yc1(t)yc1

∗(u)] dtdu

+

∫∫ ∞

−∞
x̃c

∗(t− τ)
∂2xc(u− τ)

∂τ 21
ejω1(t−u)E [yc1(t)yc1

∗(u)] dtdu

}
.

(4.48)

The correlation of yc1(t) is,

E[yc1(t)yc1
∗(u)] = Ecx̃c(t− τ1)x̃c

∗(u− τ1)e
jω1(t−u) +N0δ(t− u) +Nerδ(t− u)

(4.49)
J11 =− 2Z′

{
Ēc

∣∣∣∣∫ ∞

−∞

∂x̃c(t− τ1)

∂t
x̃c

∗(t− τ1)dt

∣∣∣∣2 +N0

∫ ∞

−∞

∣∣∣∣∂x̃c(t− τ1)

∂t

∣∣∣∣2 dt
+Re

[
N0

∫ ∞

−∞
x̃c(t− τ1)

∂2x̃c
∗(t− τ1)

∂τ21
dt

]
+Re

[
Ēc

∫ ∞

−∞
|x̃c(t− τ1)|2dt

∫ ∞

−∞

∂2x̃c
∗(u− τ1)

∂τ21
x̃c(u− τ1)du

]

+Ner

∫ ∞

−∞

∣∣∣∣∂x̃c(t− τ1)

∂t

∣∣∣∣2 dt +Re

[
Ner

∫ ∞

−∞
x̃c(t− τ1)

∂2x̃c
∗(t− τ1)

∂τ21
dt

]}
,

(4.50)

where Re denotes the real part of this signal component. To further simplify the

above equation by considering the following:∫ ∞

−∞
|x̃c(t− τ1)|2dt = 1, (4.51)
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it is known that the waveform energy does not rely on the delay. So differentiating

(4.51) with respect to τ1, then

Re

{∫ ∞

−∞

[
∂x̃c(t− τ1)

∂τ1
x̃c

∗(t− τ1)

]
dt

}
= 0, (4.52)

we again differentiate the above equation, then

Re

{∫ ∞

−∞

(
∂2x̃c(t− τ1)

∂τ 21
x̃c

∗(t− τ1) +
∂x̃c(t− τ1)

∂τ1

∂x̃c
∗(t− τ1)

∂τ1

)
dt

}
= 0, (4.53)

hence,

Re

[∫ ∞

−∞

∂2x̃c
∗(t− τ1)

∂τ 21
x̃c(t− τ1)dt

]
= −

∫ ∞

−∞

∣∣∣∣∂x̃c(t− τ1)

∂τ1

∣∣∣∣2 dt (4.54)

from (4.50) second term, third term, and fifth term, sixth term are canceling each

other. Further based on Parseval’s theorem, the first term represents ω1
2, and the

third term represents ω1
2. Concerning the above results,

J11 = 2Z ′Ēc

[
ω2
1 − (ω̄1)

2
]

(4.55)

In the same way, the remaining elements of the fisher information matrix elements

can be evaluated. Moreover, the derivation of J12 and J21 is identical. Similarly,

J12 = J21 = 2Z ′Ēc

[
ω1t− ω̄1t̄

]
(4.56)

J22 = 2Z ′Ēc

[
t2 − (t̄)2

]
(4.57)

Eventually, the fisher information matrix for a given received signal is provided by,

J =
2Ēc

N0 +Ner

(
Ēc

Ēc+N0+Ner

) ω2
1 − (ω̄1)

2 ω1t− ω̄1t̄

ω1t− ω̄1t̄ t2 − (t̄)2

 (4.58)

Generally, the meantime and mean frequency are equal to zero. Any time-domain

waveform assures symmetry concerning the origin by considering the mean as zero.

In addition, a zero-mean frequency signifies the communication transmitted waveform

envelope has zero carrier frequency. Thus above equation (4.58) is modified as,

J =
2Ēc

N0 +Ner

(
Ēc

Ēc+N0+Ner

) ω2
1 ω1t

ω1t t2

 (4.59)

Further, the waveform parameter vector’s contribution and signal-to-error noise ratio

(γse) can be isolated. Hence, the Fisher information matrix (J) is expressed as,

J = γse U(Θk), (4.60)
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here γse = 2Ēc

N0+Ner

(
Ēc

Ēc+N0+Ner

)
and U(Θk) =

 ω2
1 ω1t

ω1t t2


Similarly, the Fisher Information Matrix (J) can be evaluated for the case of strong

communication return.

Case 2: Strong communication return

2(a) Radar measurement (yr2(t))

The Fisher information matrix for a given radar measurement (4.8) is expressed as,

J =
2Ēr

N0 +Nec

(
Ēr

Ēr+N0+Nec

) ω2
1 ω1t

ω1t t2

 (4.61)

In addition, the waveform parameter vector’s contribution and signal-to-error noise

ratio (γse) can be isolated. Hence, the Fisher information matrix (J) is expressed as,

J = γse U(Θk), (4.62)

here γse = 2Ēr

N0+Nec

(
Ēr

Ēr+N0+Nec

)
, U(Θk) =

 ω2
1 ω1t

ω1t t2

 and Nec represent the

residual noise power corresponding to the strong communication return.

2(b) Communication measurement (yc2(t))

The Fisher information matrix for a given radar measurement (4.9) is expressed as,

J =
2Ēc

Nec

(
Ēc

Ēc+Nec

) ω2
1 − (ω̄1)

2 ω1t− ω̄1t̄

ω1t− ω̄1t̄ t2 − (t̄)2

 (4.63)

In addition, the waveform parameter vector’s contribution and signal-to-error noise

ratio (γse) can be isolated. Hence, the Fisher information matrix (J) is expressed as,

J = γse U(Θk), (4.64)

here γse = 2Ēc

Nec

(
Ēc

Ēc+Nec

)
and U(Θk) =

 ω2
1 ω1t

ω1t t2


By substituting (4.64) into (4.14), the measurement noise covariance matrix is ex-

pressed as,

N(Θk) =
1

γ
TU(Θk)

−1T
T

(4.65)

4.2.2 Calculation of Measurement Noise Covariance Matrix
(N(Θk))

In the current work, the measurement noise covariance matrix is computed for Linear

Frequency Modulated (LFM) pulse radar waveform, Non-Linear Frequency Modu-
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Table 4.1: Parameters considered for evaluating the measurement noise covariance
matrix

Parameter Value

Bandwidth (B) 5 MHz

Carrier frequency (f) 3 GHz

Target range of a radar system (R) 100 km

Antenna gain of a radar (Gr) 40 dBi

Radar transmitted power (Pt) 200 KW

Target cross-section area of a radar (σa) 30 m2

Temperature (Tk) 1000 K

Boltzmann constant (KB) 1.38x10−23 J/K

Overall communication antenna gain

and propagation loss (b)
6.33x10−13

Transmitted communication

signal power (Pcomm)
300 mW

Range fluctuation process variance (σf 2) 25 m2

Time-bandwidth product (TB) 128

Range of the communication system 10 km

lated (NLFM) pulse radar waveform, and Quadrature Amplitude Modulated (QAM)

communication waveform.

Case 1: Strong radar target return

1(a) Radar measurement (yr1(t))

Firstly, a Linear Frequency Modulated (LFM) pulse radar waveform is considered for

target detection. In addition, it is more appropriate for pulse compression to accom-

plish high-range resolution. Mathematically, LFM-pulse radar waveform is expressed

as,

x̃r(t) = A1 cos

(
π
B1

τ1
t2
)

− τ1
2

≤ t ≤ τ1
2
, (4.66)

where, A1 is the LFM pulse amplitude, B1 denotes the bandwidth of the LFM-pulse

waveform, and τ1 indicates the pulse duration.

X̃r(ω1) ≈ |X̃r(ω1)| exp
(
−j 1

4π

τ1
B1

ω2
1

)
exp

(
j
π

4

)
, (4.67)
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where |X̃r(ω1)| ≈ 1,−πB1 ≤ ω1 ≤ πB1 and for all the remaining ω1 values |X̃r(ω1)| =

0.

According to the strong radar target return (yr1(t)), the measurement noise covariance

matrix is computed as follows:

With reference to (4.65), the elements of U(Θk) matrix are ω2
1 = 2π3B1

3

3
, t2 =

A2
1τ

3
1

12

and ω1t =
A2

1τ
2
1πB1

6

The measurement noise covariance matrix is obtained as,

N(Θk) = β

 3c2A2
1τ

3
1

4γse

−3c2A1
2τ21πB1

2ωcγse

−3c2A1
2τ21πB1

2ωcγse
6c2π3B1

3

γseωc
2

 , (4.68)

where β=

(
1

A2
1B

2
1τ

2
1π2(2τ1πB1−A2

1τ
2
1 )

)
, and γse=

2Ēr
Ner

(
Ēr

Ēr+Ner

)

|N(Θk)| = β2
(

18c4π3τ31A1
2B1

3−9c4π2τ41A1
4B1

2

4γse2ωc
2

)
.

From the above expression, it is noticed that, |N(Θk)| can be reduced by choosing

optimum waveform bandwidth (B1opt) and high signal-to-error noise ratio (γse) value.

Thus the selection of the waveform parameter vector (Θk) is provided by the following

objective function,

minimize
Θk

|N(Θk)|,

subject to γsemax

B1opt

, (4.69)

Where Θk signifies the received radar waveform parameter vector at the time instant

k. In addition, the maximized signal-to-error noise ratio (γsemax) and optimum signal

bandwidth (B1opt) are the waveform constraints (tunable waveform parameters) of the

optimization problem (4.69). Concerning the tunable parameters of the LFM-pulse

radar waveform, the measurement noise covariance can be minimized such that an

improved radar target tracking performance can be achieved in the CRCS.

1(b) Communication measurement (yc1(t))

To obtain the communication measurement, a Quadrature Amplitude Modulated

(QAM) signal is considered for transmitting the information. However, in the pro-

posed scenario, the communication signal is reflected off the target and is used to

improve the target estimation accuracy. It is known that the QAM signal is widely

used for data transfer in WiFi communication systems. Mathematically QAM signal
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for the transmission of kth signal vector is represented as,

x̃ck(t) = sI,kψI(t) + sQ,kψQ(t) (4.70)

Here ψI(t), ψQ(t) are the basis functions, sI,k represents the in-phase signal amplitude,

and sQ,k represents the quadrature-phase signal amplitude. In addition, the overall

QAM signal amplitude and phase of a kth signal vector is defined as,

Ak = ∥sk∥ =
√
s2I,k + s2Q,k

Θk = − tan
sQ,k

sI,k

(4.71)

x̃c(t) =AkPT (t) cos (ωct+Θk) ,m = 1, 2, . . . ,M1;

n = 1, 2, . . . ,M2

(4.72)

here PT (t) represents the impulse response of the pulse-shaping filter and ωc is the

carrier frequency. In the current scenario, the raised cosine filter is used as a pulse-

shaping filter.

X̃c(ω1) =
Ak

2
cos(Θk) [P (ω1 − ωc) + P (ω1 + ωc))]

+j
Ak

2
sin(Θk) [P (ω1 − ωc)− P (ω1 + ωc))]

, (4.73)

here, the frequency response of the raised cosine filter is provided by,

P (f1) =


Ts |f1| ≤ 1−βr

2T ,
Ts
2

[
1 + cos

(
πTs
βr

) [
|f1| − 1−βr

2T

]]
, A1 < |f1| ≤ B1,

0 otherwise,

here A1 = 1−βr

2Ts
, B1 = 1+βr

2Ts
, and βr represents the roll-off factor. Subsequently, the

impulse response of the raised cosine filter is given by,

PT (t) =
cos

(
πβr

t
T

)
1−

(
2βr

t
T

)2 ×
sin(πt

T
)

(πt
T
)
, (4.74)

here PT (t) has zero crossings at t = ±T,±2T, . . .. However, we have considered the

ideal scenario of a raised cosine filter, where the roll of factor (βr) is 0.

Concerning the communication measurement, the measurement noise covariance ma-

trix is evaluated as follows:

According to (4.65) the matrix elements of U(Θk) are ω2
1 = Ts

2Ak
2π3B1

3

3
, t2 = A2

kT
3
s

π2 and

ω1t =
2Ts

π
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The measurement noise covariance matrix is evaluated as,

N(Θk) = α1

 c2A2
kT

3
s

4γseπ2
−c2Ts

2πγseωc

−c2Ts

2πγseωc

c2Ts
2Ak

2π3B1
3

12γseωc
2

 , (4.75)

where α1=

(
3π2

T5
s A4

k
π3B3

1−12π2T2
s )

)
, γse=

2Ēc
N0+Ner

(
Ēc

Ēc+N0+Ner

)
From (4.75), N(Θk) can be min-

imized by maximizing the signal-to-error noise-ratio (γse).

Case 2: Strong communication return

2(a) Radar measurement (yr2(t))

In the case of strong communication return, the radar measurement yr2(t) is provided

in (4.8). Here a Non-Linear Frequency Modulated (NLFM) pulse radar waveform is

considered for target state estimation. The NLFM pulse radar waveform is widely

preferred due to its flexibility and low side-lobe ratio (Mahipathi et al. 2021). A

second-order NLFM phase polynomial is expressed as,

x̃r(t) = eiπ
(
p1B2

1t
2+p2B1

4t4
)

− τ1
2

≤ t ≤ τ

2
, (4.76)

where p1, and p2 are the optimized phase coefficients of the NLFM phase polynomial,

and B1 represents the bandwidth of the NLFM pulse waveform. According to the

Principle of Stationary Phase (PSP) approximation, the spectrum of the signal is

expressed as (Chiriyath et al. 2019),

X̃r(ω1) ≈ 2

√
−π

2Φ′′ (t0, ω1)
e−iπ

4 x̃r (t0) e
iΦ(t0,ω1)

= 2

√
−1

4p1B1
2 + 24p2B1

4t20
e−iπ

4 eiπ(p1B1
2t20+p2B1

4t40)

· eiπ(p1B1
2t20+p2B1

4t40−2ft0),

(4.77)

here Φ′′(t, ω1) =
∂2Φ(t,ω1)

∂t2
= π

(
2p1B1

2 + 12p2B1
4t2

)
. Further, |X̃r(ω1)| ≈ 1,−πB1 ≤

ω1 ≤ πB1 and for all the remaining ω1 values |X̃r(ω1)| = 0. According to (4.5), the

measurement noise covariance is evaluated as follows:

From (4.65), the matrix elements of U(Θk) are: ω2 = 8π3B1
3

3(4p1B1
2+24p2B1

4t02)
, t2 = τ3

12
and

ωt =
πp1B2

1τ
3

6
+ πp2B1

4τ5

20

With reference to the above expressions, the matrix U(Θk) is formed as,

U(Θk) =

 8π3B1
3

3(4p1B1
2+24p2B1

4t02)

πp1B2
1τ

3

6
+ πp2B1

4τ5

20

πp1B2
1τ

3

6
+ πp2B1

4τ5

20
τ3

12

 (4.78)
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N(Θk) =
1

α2γse
T

 τ3

12
−πp1B2

1τ
3

6
− πp2B1

4τ5

20

−πp1B2
1τ

3

6
− πp2B1

4τ5

20
8π3B1

3

3(4p1B1
2+24p2B1

4t02)

TT , (4.79)

here γse = 2Ēr

N0+Nec

(
Ēr

Ēr+N0+Nec

)
, α2 = |U(Θk)|, and

T = diag (c/2, c/ (2ωc)), ‘c’ signifies the propagation velocity of the NLFM pulse

waveform, and ωc is the carrier frequency. In NLFM pulse waveform, phase coefficients

(p1, p2), and signal-to-error noise ratio (γse) are the waveform constraints (tunable

waveform parameters). Here the optimized phase coefficients (p1, p2) are computed

with based on our previous work (Mahipathi et al. 2021). From (4.79), it is noticed

that the measurement noise covariance can be minimized by optimizing the phase

coefficients and maximizing the (γse) value. Further, by minimizing the measurement

noise covariance an improved radar target tracking performance can be accomplished

in the CRCS.

2(b) Communication measurement (yc2(t))

In this case, the measurement corresponding to the strong communication return

(yc2(t)) is exploited to estimate the target state in a CRCS configuration. Here also

the QAM signal is considered for data transmission through a wireless channel to the

intended receiver. Hence the measurement noise covariance matrix is expressed as,

N(Θk) = α1

 c2A2
kT

3
s

4γπ2
−c2Ts

2πγωc

−c2Ts

2πγωc

c2Ts
2Ak

2π3B1
3

12γωc
2

 , (4.80)

where α1=

(
3π2

T5
s A4

k
π3B3

1−12π2T2
s )

)
, and γ= 2Ēc

Nec

(
Ēc

Ēc+Nec

)
From the above expression (4.80), N(Θk) can be minimized by reducing the signal-

to-error noise-ratio.

4.3 Target Tracking

This section describes target tracking in a Cooperative Radar-Communication System

(CRCS). In this framework, the actual measurements (the radar direct and communi-

cation passive measurements are in polar coordinates) obtained in CRCS are directly

used to obtain the converted measurements (cartesian space measurements) in an It-

erative Least Squares (ILS) framework. These converted measurements are further

used in a tracking framework to estimate the state of interest (the state contains the

position and velocity of the target).
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4.3.1 Converted Measurements based on Iterative Least Square

Figure 4.2: Tracking framework for CRCS

The Iterative Least Square (ILS) framework is a widely preferred approach that

converges to the solution for any randomized initialization (Ding and Chen 2005,

Ding et al. 2008). As shown Figure 4.2, ILS utilizes both active sensor measurements

(ra, ṙa), passive sensor measurements (rp, ṙp), and waveform measurement noise co-

variance matrix (N(Θk)) to attain the converted position (x, y) and converted velocity

(ẋ, ẏ). The measurement vector for ILS is given by

z = [ra ṙa rp ṙp]
T (4.81)

where k is the time instant, ra(k) and ṙa(k) represent the range and range rate mea-

surements at the kth time instant of active radar sensors respectively. Whereas, rp(k)

and ṙp(k) are the range and range rate measurements at the kth time instant of a

passive sensor (communication signal reflected off the target) respectively. The math-
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ematical model for measurements is

ra =
√
x2 + y2 +N (0, σra)

ṙa =
xẋ+ yẏ√
x2 + y2

+N (0, σṙa)

rp =
√
x2 + y2 +

√
(xc − x)2 + (yc − y)2 +N (0, σrp)

ṙp =
xẋ+ yẏ√
x2 + y2

+
(xc − x)ẋ+ (yc − y)ẏ√
(xc − x)2 + (yc − y)2

+N (0, σṙp)

(4.82)

It is to be observed from the above equation that, the communication location is

known, and there exist four known measurements and four unknowns (position and

velocity of the target). The state vector is formed by stacking all four unknowns as

y = [x ẋ y ẏ] (4.83)

The linearized measurement model can be written as

∆zitr = Hitr∆yitr + n (4.84)

where ∆zitr = zitr−zitr−1, ∆yitr = yitr−yitr−1, and Hitr is the measurement transition

evaluated at the iteration. Meanwhile, the n is a stacked vector of noise components

which are following Gaussian distribution with zero mean and covariance C. It is

worth noting that the covariance matrix is calculated from the waveform parameter

vector from the section and is equivalent to N(Θ) = E{nn′}. The measurement

transition matrix (H) is expressed as

H =


∂ra
∂x

∂ra
∂ẋ

∂ra
∂y

∂ra
∂ẏ

∂ṙa
∂x

∂ṙa
∂ẋ

∂ṙa
∂y

∂ṙa
∂ẏ

∂rp
∂x

∂rp
∂ẋ

∂rp
∂y

∂rp
∂ẏ

∂ṙp
∂x

∂ṙp
∂ẋ

∂ṙp
∂y

∂ṙp
∂ẏ

 (4.85)

From (4.82), and (4.85), the measurement transition matrix is evaluated as

H =


x
ra

0 y
ra

0

ẋ
ra

− xṙa
r2a

x
ra

ẏ
ra

− y(ṙa)
r2a

y
ra

x
ra

+ x−xc

rp−ra
0 y

ra
+ y−yc

rp−ra
0

ẋ
ra

− x(ṙa)
r2a

− ẋ
rp−ra

+ (xc−x)(ṙp−ṙa)

(rp−ra)2
xc−x
rp−ra

ẏ
ra

− y(ṙa)
r2a

− ẏ
rp−ra

+ (yc−y)(ṙp−ṙa)

(rp−ra)2
yc−y
rp−ra


(4.86)
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The best linear unbiased estimator (BLUE) of the state vector is

∆ŷ = (HTC−1H)−1HTC−1∆z (4.87)

Similarly, the covariance of the estimator is

R = HTC−1H. (4.88)

4.3.2 Tracking

A State Model

The target state dynamics are modeled as

X(k + 1) = F (k)X(k) + w(k), (4.89)

where X(k) = [x(k) ẋ(k) y(k) ẏ(k)]T represents a state vector and

w = [N (0, σx) N (0, σẋ) N (0, σy) N (0, σẏ)]
T is a Gaussian distributed white noise vec-

tor having zero mean and its covariance matrix is expressed as Q(k) = E[w(k)w(k)′],

here, k represents the discrete time instant, and w(k) is the process noise vector due

to the perturbation of the target. Moreover, F (k) denotes the state transition matrix;

the constant velocity (CV) model is represented as

F (k) =

 Fs(k) 02,2

02,2 Fs(k)

;Fs(k) =

 1 ts

0 1

, (4.90)

here ‘ts’ represents the sampling time interval.

B Measurement Model

The tracking framework takes the converted measurements and performs the tracking.

The converted measurement model is

y(k) = HX(k) + m(k), (4.91)

where, y(k) is the converted measurement from the ILS. The measurement noise

covariance corresponding to m(k) is C(k) which is obtained from the ILS covariance

estimate. H represents a measurement transition matrix, which relates the kinematic

state to the measurement given by

H =

1 0 0 0

0 0 1 0

 . (4.92)
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This measurement generation is carried out under the condition of target detection

probability (pd = 1) and probability of false alarm (pfa = 0). The target generation

is considered to be the CV model rather than the constant turn model. The reason

behind this assumption is to illustrate the significance of extracted measurement noise

covariance corresponding to the waveforms. In the case of non-linear trajectories and

non-linear measurement relationships, the extended Kalman filters and IMM filters

are required. It is hard to illustrate the significance of the extracted measurement

noise covariance matrix parameter. Hence, the rest of the filtering is carried out

using the Kalman filter owing to its optimal behaviour for linearity and Gaussian

assumptions.

C Filtering

Three major steps are involved in filtering: state prediction, calculation of gain, and

then state updation. Firstly, the predicted state is expressed as,

X̂(k + 1 | k) = FX̂(k | k) (4.93)

subsequently, the predicted covariance is provided by,

P (k + 1 | k) = FP (k | k)F ′ +Q(k) (4.94)

The predicted measurement is expressed as,

ẑ(k + 1/k) = HX̂(k + 1 | k) (4.95)

Using the predicted measurement and actual observation, the innovation is calculated

as

γ = y(k + 1)− ẑ(k + 1|k), (4.96)

The gain of Kalman filter K is expressed as,

K(k + 1) =P (k + 1/k)H(k + 1)′ (4.97)

[H(k + 1)P (k + 1/k)H(k + 1)′ +R]
−1
, (4.98)

here R represents the measurement noise covariance matrix. Based on the above

equations, the updated state is given by,

X̂(k + 1 | k + 1) = X̂(k + 1 | k) +K(k + 1)γ(k + 1) (4.99)
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subsequently, the updated covariance is provided by,

P (k + 1 | k + 1) = P (k + 1 | k)−K(k + 1)(k + 1)K ′(k + 1) (4.100)

D Initialization

A single-point initialization is used since position information is available from ILS at

zero instant ([Bar-Shalom et al., 2004]). The state is initialized as

X(0 | 0) = [x̂ 0 ŷ 0]T (4.101)

Similarly, the state covariance P (0 | 0) is initialized as

P (0 | 0) =


P (1, 1) 0 0 0

0 V 2
m

2
0 0

0 0 P (3, 3) 0

0 0 0 V 2
m

2

 (4.102)

where P (1, 1) and P (3, 3) are the tuning parameters of initial covariance. Moreover,

here Vm is the maximum velocity of the target. Similarly, the measurement noise

covariance is given by

R = C, (4.103)

here, C is the estimated covariance from the ILS framework.

4.3.3 Posterior Cramer-Rao Lower Bound (PCRLB)

This work considers a standard theoretical lower bound i.e., Posterior Cramer Rao

lower bound (PCRLB) (Bar-Shalom et al. 2010) to validate the state estimation.

Let X(k + 1) be the state vector and estimation of the state vector concerning the

measurement set z1:k+1 is denoted as X̂(k + 1). According to (Tichavsky et al. 1998),

the PCRLB on the covariance matrix P (k + 1) is evaluated by taking the inverse of

the Fisher Information Matrix (FIM) (J(k + 1)).

P (k + 1) ≜ E
[(
X̂(k + 1)−X(k + 1)

)(
X̂(k + 1)−X(k + 1)

)′
]
≥ J(k+ 1)−1,

(4.104)

where,

J(k+ 1) =
[
F (k)−1]T J(k)F (k)−1 +Q(k)−1 +H(k)TN(Θk+1)

−1H(k) (4.105)
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Based on the measurement noise covariance matrix formula in (4.65), N(Θk+1) is

expressed as,

N(Θk+1) =
1

γ
TU(Θk+1)

−1T
T

(4.106)

4.4 Simulation Results and Analysis

This section presents the waveform-based target state estimation analysis with the

assistance of scattered QAM communication signals in a CRCS.

4.4.1 Simulation Scenario

It is assumed that a single radar transceiver and an in-band communication transmit-

ter are operated in the CRCS configuration. In the simulation process, it is assumed

that the JRC receiver is located at the origin, and the communication transmitter is

located at [3000, 5000]’. Meanwhile, at k = 0, the target is located at [7000, 4000]’

and starts moving with a Constant Velocity (CV) of 25 m/s and 15 m/s along the

x-direction and y-direction respectively. Furthermore, the target perturbations are

distributed in a Gaussian manner and it is given below,

w = [N (0, 0.01),N (0, 0.01),N (0, 0.01),N (0, 0.01)]T (4.107)

The CRCS collects the target measurements at a sampling interval (ts) of 1 s for

100 s. The simulation is conducted for 1000 Monte-Carlo runs.

4.4.2 ILS performance

Random initialization is used to initialize the state vector y(0) with the number

of iterations itr = 15 to estimate ŷ(0). Further, from k = 1, the predicted state

vector from the EKF is considered for the ILS initialization. This increases the ILS

consistency. Moreover, the initial covariance of ILS is provided with N(Θk). The

convergence of the ILS approach for random initialization over the epoch number is

shown in Figure 4.3.

4.4.3 Kalman Filter performance

The Kalman Filter (KF ) consumes the measurements y to estimate the X and P . A

single point state and covariance initialization is considered as shown in (4.101) and
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Figure 4.3: Convergence of ILS approximation

(4.102) with Vm = 30m/s, P (1, 1) = 2500, and P (3, 3) = 2500.
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Figure 4.4: Comparison of PRMSE with the PCRLB for both the waveform
combinations in a CRCS framework
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In Figure 4.4, the positional estimation error of a target for the two designated

combinations i.e., 1) LFM radar waveform, QAM communication waveform, and 2)

NLFM radar waveform, QAM communication waveform is analyzed in terms of Root

Mean Square Error (RMSE). It is observed that the position-estimated RMSE values

are gradually decreasing with time along X and Y directions respectively. In addition,

the positionally estimated RMSE values are validated with the Posterior Cramer-Rao

Lower Bound (PCRLB) for both the designated waveform combinations. Moreover,

it is evident that the combination of NLFM radar waveform and QAM communica-

tion waveform positional errors are minimal and they are approaching the PCRLB

(especially along the y-direction) compared to the other combination.
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Figure 4.5: Comparison of Resultant PRMSE and RMSE for both the waveform
combinations in a CRCS framework
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Subsequently, the resultant positional RMSE values are analyzed for both the des-

ignated waveform combinations in Figure 4.5. It is noticed that, as the time increases

the positional estimated RMSE values are gradually decreasing for both the wave-

form combinations. Further, all the position-estimated RMSE values are validated

with the PCRLB. It is also perceived that the optimized NLFM radar waveform with

the assistance of the QAM waveform performs better compared to the other combi-

nation. In addition, the overall RMSE of both the designated combinations is also

analyzed in Figure 4.5. It is perceived that the overall RMSE values are gradually

decreasing as time goes on. Further, in both the waveform combinations the RMSE

values are validated with the PCRLB. Furthermore, the combination of NLFM radar

waveform and QAM communication waveform performs better compared to the other

combination. Moreover, the overall RMSE of NLFM and QAM combination almost

coincides with the PCRLB.

To give more clarity, the positional RMSE values of both the designated wave-

form combinations are plotted on a log-Y scale. From Figure 4.6, it is evident that

the combination of NLFM radar waveform and QAM communication waveform per-

formed better compared to other combinations (LFM radar waveform, QAM commu-

nication waveform). Whereas in Figure 4.7, the overall RMSE of both the designated

waveform combinations are also plotted on a log-Y scale. It is noticed that the com-

bination of NLFM radar waveform and QAM communication waveform minimizes

the state estimation error compared to the other one. In addition, the state estima-

tion error values corresponding to NLFM and QAM combination coincide with the

PCRLB value. Hence it is recommended to have an NLFM radar waveform and a

QAM communication waveform to achieve improved state estimation performance in

a CRCS.

4.5 Summary

This chapter proposed a communication-aided novel measurement model to analyze

the radar target tracking performance for radar and communication waveform com-

binations in a CRCS. Further, the NLFM radar waveform and QAM communication

waveform combination performed better compared to other waveform combinations

98



i.e., LFM radar waveform and QAM communication waveform. The upcoming chap-

ter provides the concluding remarks and future research directions.
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Chapter 5

Conclusions and Future Research
Directions

5.1 Conclusions

This thesis dealt with constrained radar waveform optimization, optimum waveform

selection for target state estimation, and communication-aided target state estimation

in a cooperative radar-communication system. The research work presented in this

thesis has added significant domain knowledge in the area of radar signal processing.

The primary focus of this research is on proposing an SBnB global optimization-

based waveform design approach, which optimizes the NLFM waveform to simulta-

neously enhance the performance of both radar and communication systems in the

CRCS framework. We observed that the proposed SBnB approach achieved improved

performance in terms of spectral characteristics compared to the existing PRC-CRLB

and MEEV waveform design approaches. Further, a comprehensive analysis is carried

out on the auto-correlation characteristics (the PSLR and ISLR values are calculated)

to compare both the proposed and existing waveform design approaches. The pro-

posed waveform design approaches reduce the range-domain ambiguities compared to

the existing approaches. Further, the SBnB waveform design approach outperforms

the MEEV, PRC-CRLB, and M-PRC-CRLB waveform design approaches in terms

of PSLR and ISLR values. The proposed SBnB waveform design approach enhances

the radar estimation rate compared to the MEEV, PRC-CRLB, and M-PRC-CRLB

waveform design approaches. Moreover, it also accomplishes a comparable commu-

nication data rate as that of the MEEV approach. The convergence of the SBnB

algorithm depends on the complexity of the objective function. However, this al-
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gorithm attains only an approximated globally optimized solution for the proposed

optimized framework due to its non-convexity.

The secondary focus of our research work is to develop a novel measurement model

with a communication residual component to investigate the performance of a radar

system in the CRCS framework. The proposed technique derived a Fisher Informa-

tion Matrix (FIM), which helped in characterizing a radar sensor for the selected

waveforms in the cooperative spectrum-sharing scenario. Further, the Kalman fil-

ter is deployed to estimate the target kinematics in terms of range and range rate.

Among all the designated waveforms, it is apparent that the NLFM-pulse waveform

provided superior performance both in terms of range and range rate RMSE val-

ues. Because the optimized NLFM-pulse waveform exhibits reduced side-lobes in the

matched filter output and achieves maximum signal-to-residual noise ratio even in

the absence of a side-lobe filter. It is noticed that the frequency-modulated wave-

forms (LFM-pulse, LFM-Gaussian pulse, and NLFM-pulse) accomplished improved

performance compared to the amplitude-modulated waveforms (rectangular pulse, tri-

angular pulse, Gaussian-pulse) in terms of range and range rate RMSE. Hence, the

selection of waveform and its tunable parameters like optimal signal bandwidth, sweep

rate, and signal-to-residual noise ratio plays a prominent role in achieving improved

target tracking performance in the CRCS configuration.

The final work has concentrated on a communication-assisted radar measurement

model as a function of the transmitted waveforms in a CRCS environment. The pro-

posed approach derived a Fisher Information Matrix (FIM) for the two designated

waveform combinations, i.e., 1) LFM radar waveform and QAM communication wave-

form 2)NLFM radar waveform and QAM communication waveform. Further, the

measurement noise covariance matrix is evaluated for all the aforementioned wave-

forms for two different cases of strong radar return and strong communication return

corresponding to the SIC receiver model in a CRCS. Furthermore, based on the target

measurement, the target position is estimated by considering the ILS framework. By

considering the ILS position estimation, the Kalman filter estimated the target trajec-

tory. In addition, the position-estimated errors are quantified in terms of RMSE for

both the designated waveform combinations. Subsequently, position-estimated RMSE

values are validated with the PCRLB. The superiority of the NLFM radar waveform
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and QAM communication waveform combination is noticed in the simulated results

compared to the other combinations. Hence it is desirous to have an NLFM radar

waveform and a QAM communication waveform to accomplish improved target state

estimation in a CRCS configuration.

5.2 Future Research Directions

1. The constraint-based multi-objective optimization problems are suffering from

computational complexity or high convergence time. To reduce the convergence

time, there is a lot of scope for the development of optimum waveform design

approaches based on recurrent neural networks and advanced machine learning

algorithms.

2. In a CRCS, it is always a tedious task for the joint receiver to separate the

target echo and wireless communication signal from the users in the existence

of noise, interference, and clutter. To overcome this problem, one can think

about considering some learning approaches like Independent Component Anal-

ysis (ICA) and machine learning algorithms for signal classification at the joint

radar-communication receiver.

3. One can perform constrained-based radar waveform optimization by considering

various radar waveforms for improving the performance of a CRCS.

4. The CRCS models considered in this research work can be extended for some

intricate scenarios like Intelligent transportation systems, and autonomous ve-

hicles where there is a need for convergence of radar-sensing and communication

functionalities.

5. The optimal waveform selection for target state estimation can be extended by

considering the non-linear motion of the target in a CRCS environment.

6. The target state estimation is carried out with a single target without clutter

and Electronic Countermeasures (ECM) in a CRCS. Hence, with the proposed

measurement model, one can carry out future research in the direction of single-

target tracking and multiple-target tracking in the presence of clutter or ECM.
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7. In addition, another research direction would be to incorporate clutter and/or

intentional interference to the measurement model along with the communi-

cation residual component to perform the radar target state estimation in a

CRCS.

8. One can carry out optimal waveform selection for target state estimation by

considering the various CRCS configurations.

9. The communication-aided target state estimation for a CRCS can be extended

by considering the different radar and communication waveforms.

10. The communication-aided target state estimation can be extended by choosing

multiple targets in the presence of clutter or Electronic countermeasures (ECM)

in a CRCS environment.
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