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ABSTRACT

The present study investigates the vibration and buckling behaviour of porous
Functionally Graded Sandwich Plates (FGSP) with and without cutouts subjected to
Non-uniform Inplane Edge Loads (NIELs) and localised in-plane edge loads in non-
thermal (mechanical) and thermal environment (thermo-mechanical) using Finite
Element (FE) method. Additionally, the study explores dynamic instability
characteristics of the FGSP under a non-thermal environment. The study is carried out
by selecting different kinds of sandwich configurations such that there is no material
mismatch along the thickness directions. Due to the material asymmetry occurring in
the sandwich configurations, a physical neutral surface is incorporated in the
formulation. The porosity imperfections that occur during the manufacturing process
of FGSPs are accounted for in this study by considering different types of porosity
distribution models and are modelled as the criteria of stiffness reduction. The plate
members made up of FGSPs commonly features cutouts due to practical requirements
and experience flutter due to a non-conservative system of forces. As a result, structural
responses such as vibration, buckling and dynamic instability of porous FGSP are
affected. Therefore, this work aims to examine the vibration, buckling and dynamic
instability characteristics of porous FGSP with and without geometric discontinuity
subjected to NIELs and localised edge loads under non-thermal and thermal
environments. The material properties of porous FGSPs are evaluated using modified
power law and sigmoid function and are assumed to be temperature-dependent for
plates studied in a thermal environment. The application of different cases of NIELs on
the plate with cutouts in thermal and non-thermal environments results in non-uniform
stress distribution. Hence a novel dynamic approach has been proposed to evaluate
buckling loads by implementing two sets of boundary conditions. The first set of the
boundary conditions calculates pre-buckling stress, while the second set calculates
critical buckling loads.

The study includes a convergence analysis of the proposed FE formulations and
further validation through comparisons with numerical results available in the
published literature. After verifying the theoretical formulations and solution

methodologies, parametric studies are conducted by varying aspect ratios, layer



schemes, support conditions, side-to-thickness ratios, sandwich configurations, cutout
ratios, and more. The numerical solutions based on the current First-order Shear
Deformation Theory (FSDT) can serve as a benchmark for future reference when
dealing with porous FGSPs containing cutouts. It is expected that the findings from this
study will offer valuable insights for the analysis and design of Functionally Graded

Material (FGM) plates in practical engineering applications.

Keywords: FGM sandwich plates; Vibration; Buckling; Dynamic Instability; Non-
uniform loads; Thermo-mechanical loads; Cutout; Porosity.
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CHAPTER 1

INTRODUCTION

1.1 PRELIMINARY REMARKS

Fibre-reinforced laminated composites have gained widespread utilisation in
aerospace, defence, automotive, shipbuilding, and various other industries, owing to
their ability to be designed with the desired strength and stiffness. However,
conventional laminated composites exhibit variations in their mechanical properties at
the interface due to the bonding of two distinct materials. Consequently, stress
concentration often arises, leading to potential damages such as delamination resulting
from matrix cracking and adhesive bond separation. Furthermore, laminated
composites also experience thermal distortion. Functionally Graded Materials (FGM)
were introduced to address these drawbacks of conventional laminated composites.
FGMs are designed with a gradual variation in material properties through the
thickness, effectively mitigating the issues associated with stress concentration,
delamination, and thermal distortion.

In 1984, a pioneering material scientist introduced the idea of FGM while working on
a space project to create heat-shielding structural material. The main objective was to
design a material capable of withstanding extreme temperatures, precisely 2100K,
while accommodating a temperature gradient of 1600K across a 10 mm thick section.
The innovation that drove the project forward involved the gradual transition from
heat-resistant ceramic on the high-temperature side to tough metals with high thermal
conductivity on the low-temperature side within the composition of the material.
FGMs are advanced materials in a group of composites formed by continuous
gradation of two or more constituent phases over a specified volume. This gradation
of properties can be appropriately tailored to achieve optimized characteristics of each
component. The typical continuous gradation of materials in FGM is shown in Figs.
1.1(a) and (b) represents a cross-section of manufactured FGM specimen. The material
property variation can be either unidirectional or multidirectional, and it can be
continuously or step-wise graded from one surface to another. After that, various kinds

of research were carried out by integrating various dissimilar materials and properties

1



to create new FGMs for various potential applications. Besides the manmade FGM
structures, some natural FGMs, such as bone, human skin, bamboo trees, etc., already
exist in nature, as shown in Fig. 1.2.

Sandwich structures find unique potential in many engineering fields, including
planetary exploration landers, return capsules, submarines, etc. Most of the sandwich
structures were recently developed using fibre-reinforced laminated composites. These
laminated composites in the form of sandwich structures also showed delamination due

to stress concentration at the face sheet core interface due to abrupt changes in material

properties.
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Fig. 1.1 FGM (a) Continuous distribution and (b) Specimen of Al,03-Ni FGM having layers with
different compositions
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Fig. 1.2 FGM in nature (a) Human teeth (b) Organic bone and (c) Plant fibre (Saleh et al. 2020)

This problem is evaded by using Functionally Graded Sandwich Plates (FGSP). FGSPs,

unlike laminated composites, show smooth variations in stress distribution due to



gradual changes in the material properties across the core-face sheet interface, thus
avoiding the problem of delamination. In recent research focusing on FGSPs,
investigations have been conducted to consider the diverse material properties resulting
from various homogenisation techniques like sigmoidal function and exponential law.
The aim is to enhance the overall characteristics of the materials. These unique features
of FGSP have thus elicited the application of Functionally Graded (FG) plate in various
engineering fields such as aerospace, marine, civil, defence energy, etc. The main
application of the FGSP has been in high-temperature environments such as rocket
exhaust chambers, heat exchange plates, nuclear reactors, solar power components and
energy conversion devices such as capacitors, sensors and electrodes (Saleh et al. 2020).
Micro-defects such as porosity are known to arise in FGSPs as a result of the
manufacturing processes. These defects arise due to significant disparities in the
solidification temperatures of the constituent materials used in FGSPs. In some cases,
the temperature difference between the die and the material being poured results in a
higher percentage of porosity at the surface, while in other situations, longer
solidification times cause the porosity to be more concentrated near the core of the
samples (Vynnycky 2020). This variability in porosity distribution contributes to the
mechanical strength variation of FGM, resulting in the decrease of overall stiffness and
mass of the structures. Consequently, it becomes crucial to investigate the impact of
different porosity distributions and percentages on vibration, buckling, and flutter
stability characteristics during the analysis phase. To address this concern, various
porosity distributions are mathematically modelled across the thickness.

It is well known that these FGSPs are a small portion of a complex composite structure.
The load transfer between these plates takes place in the form of in-plane edge loads
through the plate edges. These in-plane loads are rarely uniform due to the relative
stiffness of adjacent members, support restraints, damage to plate edges and the nature
of the external loading conditions. These non-uniform loads lead to high-stress
concentration in the plate. Owing to the geometric discontinuity in the form of cutouts,
which are typically created to allow passage for fuel lines, electrical conduits, providing
access to other parts of the structure, structural connections, venting, altering the
resonant frequency and occasionally to lower the weight, the stiffness of such member

is further reduced. These cutouts also alter the plate's stress distribution and modify the
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plate's buckling and vibration characteristics. The presence of cutouts adds to the
complexity of the analysis and design of such structures. The non-uniformity in the
stress due to in-plane load will further increase due to the formation of porosity and
cutouts, significantly affecting the vibration, buckling and dynamic instability
characteristics of FGSPs. In extension, FGSPs, with or without cutouts, find numerous
applications in high thermal environments in the form of the thermal barrier. In such
applications, it is necessary to investigate the influence of mechanical and thermal loads
on the vibration and buckling behaviour. The FGSP are to be studied and designed to
perform under the combined action of mechanical and thermal loads. Such loads acting
separately or in a combined form lead to the failure of the member due to vibration and

buckling.

It has been established that the nature of forces acting on the structure governs the type
of possible instability of structural components. The forces that act on a structure can
be divided into two categories: conservative forces and nonconservative forces.
Conservative force is a type of force in which the work done by the force depends on
the initial and final position of the point of application only. Static instability is
commonly generated when the type of in-plane loading is conservative. On the other
hand, if the work done depends on the path through which force traverses from the
initial to the final state, i.e., the work done is a path function, then such a force is non-
conservative. Nonconservative force 'follow' the direction of deflection, thereby
changing its orientation as the structure deforms. Nonconservative forces are, therefore,
called follower forces. Because of the flexible nature of structural components, the
follower forces change the directions (known as the tangency parameter), and the
structures undergo static instability (divergence) or dynamic instability (flutter). As the
magnitude of the in-plane follower forces acting over a thin plate increases, the
component may lose its stability at some stage. In dynamic analysis, loss of stability
can be identified by the way natural frequencies alter with an increase in load. Fig. 1.3
(a) shows a schematic diagram (side-view) of a plate under a follower force. If any of
the eigenvalues reduces to zero with an increase in load (P), then instability is by
divergence (i.e., static instability), as shown in Fig. 1.3 (b). Many times, it so happens
that two natural frequencies coalesce with each other with an increase in load, leading

to the flutter-type instability, giving rise to unbounded deformation or growth of
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vibration without bound, as in Fig. 1.3 (¢). Thus, the nature of the eigenvalues obtained
dictates the type of instability. Here in Fig. 1.3, Re(y) and Im(y) represent the real part

and imaginary of the frequency (y). The term ¢ denotes the load control parameter.
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Fig. 1.3 (a) Schematic side-view of a plate under a follower force acting at an angle ¢6; 0 <o < 1.
Type of instabilities that can be captured using this formulation (b) Im(y) <0 and Re(y) = 0:
Divergence type of instability (c) Im(y) < 0 and Re(y) # 0: Flutter type of instability

The wing of an aircraft carrying jet engines is subjected to concentrated follower forces
(engine thrust), rockets and missiles are subjected to follower end thrust, and large
plate-like space structures are subjected to concentrated or localised distributed edge
follower force, etc. Friction piles carry the load completely or partially by the action of
the frictional resistance developed between the pile surface and the surrounding soil.
The pre-tensioned beams in which the pre-stress is transferred to the concrete by the
tendons through bond are some of the examples where time-independent
nonconservative forces are encountered in civil engineering practice. According to
previous research, the loss of stability in these elements can occur due to follower

forces, resulting in either divergence (static instability) or flutter (dynamic instability).



Failure by dynamic instability is when the loss of stability is caused by a unidirectional
unbounded motion.

The analytical solution for problems involving cutouts and nonuniform loads requires
a lot of time and high computation effort. However, considering the complexity
involved, numerical methods offer a feasible approach. The Finite Element (FE)
method emerges as the prominent numerical technique for solving intricate
engineering, mathematical, and physics problems (Logan (2016)). As a result, the
current study adopts the versatile and advantageous FE solution methodology, which
efficiently manages geometry discontinuities through the use of isoparametric elements
for domain discretisation. After considering the preceding discussion, it becomes
evident that there is a compelling need for a robust mathematical model capable of
accurately predicting the structural response (including vibration, buckling, and
dynamic instability) of FGSP. This model must effectively handle non-uniform stress
resulting from various factors such as nonuniform loads, geometric discontinuity
(cutout), porosity, thermomechanical loads, and follower forces. To address these
challenges, numerous researchers have conducted theoretical analyses using analytical
or numerical methods. Among these methods, the FE method has proven valuable for
handling complex practical scenarios. Consequently, a novel mathematical model is
proposed here, based on First-order Shear Deformation Theory (FSDT), Green-
Lagrange's nonlinear strain relationship, and temperature-dependent properties of
FGM. The insights gained from this study have the potential to significantly improve
the reliability of analyses and designs for FGSPs.

Based on the previous discussion, it is realised that there is a strong requirement for a
mathematical model to predict precisely the structural response (vibration, buckling and
dynamic instability) of FGSP. The developed model should be proficient in dealing
with nonuniform stress due to nonuniform loads, geometric discontinuity (cutout),
porosity, thermomechanical loads and follower forces. To address such problems, many
investigators have performed theoretical analyses using analytical or numerical
methods. To take care of complex problems, a numerical method, such as the FE
method, is incorporated to deal with practical scenarios. In this regard, a general

mathematical model is proposed based on FSDT, Green-Lagrange's nonlinear strain



relationship and temperature-dependent properties of FGM. The outcomes from the

current study would benefit reliable analysis and design of FGSPs.

1.2 AIM AND SCOPE

FGSP offer a promising solution to address delamination and inter-laminar stress
commonly found in layered structures. The gradual change in material composition,
typically including ceramic and metal, provides these plates with high-temperature
resistance from ceramics and fracture resistance due to the metal's toughness properties.
As a result, FGM has garnered significant attention from researchers and has found
diverse applications in aerospace, civil, marine, and defence industries. Moreover,
modern engineering applications have shown extensive interest in sandwich FG
structures due to their low weight-to-strength ratio, bending rigidity, and excellent
fatigue properties. Throughout their service life, FGSPs are subjected to in-plane
mechanical loads. While many researchers assume these loads to be uniformly
distributed, practical cases demonstrate that localised and nonuniform loads are more
common. These non-uniform loads create stress concentration, impacting the plates'
vibration, buckling, and dynamic instability behaviour. Thus, a comprehensive
investigation is necessary to understand how FGSPs respond to various non-uniform
in-plane edge loads. Additionally, considering the cutout effect is essential, as these
cutouts are required in structural members for venting, fuel pipes, inspection, passage
of electrical lines, and weight reduction. Cutouts introduce free edges in the plate,
leading to decreased stiffness and changes in stress distribution, significantly altering
vibration and buckling characteristics. The combination of nonuniform loads and
cutouts adds complexity to the analysis and has been less explored in existing literature.
Porosity defects that occur during the fabrication process of FGSP, with varying
intensities and distributions, can also decrease the stiffness of structural elements.
While initially designed as thermal barriers for aerospace applications and fusion
reactors, FGSPs are now utilised in other high-temperature environments, subjecting
them to mechanical and thermal loads during their lifespan. The cumulative impacts of
these loads can substantially influence their functional behaviour, hence providing the
motivation for the present study. Additionally, it is worth noting that research in this

particular field is currently scarce.



The FGSP finds widespread applications but often faces flutter instability caused by
follower forces during its service life, leading to member failure due to unbounded
motion. Moreover, existing flutter stability studies have mainly focused on isotropic
and laminated composites. Therefore, a thorough flutter stability analysis of porous
FGSP, considering localised and nonuniform follower forces, is essential to design such
systems efficiently. Additionally, the fabrication of FGSP is costly and complex,
primarily due to the challenging task of achieving proper material grading, posing a
constant challenge for producers. Consequently, conducting experimental analysis on
FGM plates becomes expensive and difficult, especially in complex environmental
conditions. In such scenarios, a numerical approach is preferred to investigate structural
responses, mainly when dealing with complex material properties, geometries, and
loading conditions.

It is apparent from the comprehensive literature review that most of the earlier studies
focused on the vibration, buckling and dynamic instability behaviour of porous single-
layer FG plates with/without cutout under uniform in-plane edge load. Further, very
few works considered the effect of thermomechanical loads but are restricted to single-
layer FGM plates without porosity. So, the present work has been carried out to address
the lacuna in the literature related to vibration, buckling and dynamic instability
analysis of porous FGSP with cutout. Therefore, numerical studies relating to vibration,
buckling, and dynamic instability of porous FGSP with cutout subjected to localised
and Nonuniform In-plane Edge Loads (NIELs) in non-thermal and thermal
environments hitherto not reported in the literature are presented.

Keeping this in view, the aims and objectives set for the present work are as follows:

i.  To develop generalized theoretical formulations and FE solutions using the
FSDT for the vibration and buckling analyses of porous FGSP under a
conservative system of forces and for the dynamic instability analysis of FGSP
under a nonconservative system of forces. Plates with or without cutouts and
subjected to non-uniform mechanical and thermomechanical loads are
considered. For all the plate problems, C° continuity isoparametric 8-noded
plate element will be adopted.

ii.  To study the vibration behaviour of porous FGSP with or without geometric

discontinuity subjected to various non-uniform and localised in-plane edge
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loads, either compression or tension (conservative system of forces), under non-
thermal and thermal environments.

iii.  To study the bucking behaviour of porous FGSP with or without geometric
discontinuity subjected to various non-uniform and localised in-plane edge
loads, either compression or tension (conservative system of forces), under non-
thermal and thermal environments.

iv.  To study the dynamic instability characteristics of porous FGSP with or without
geometric discontinuity subjected to localised and nonuniform in-plane
follower edge forces (nonconservative system of forces).

v.  To undertake the parametric studies of porous FGSP with varying parameters
viz., load direction control, load width ratio, volume fraction exponent,
sandwich configurations, geometrical properties (sandwich layer scheme,

aspect ratio, thickness ratio, cutout ratio) and support conditions.

1.3 LAYOUT OF THESIS

The following chapters systematically present the significant work done during the
investigation to accomplish the aforementioned aims and objectives.

The Chapter 2 comprises a comprehensive and systematic review of existing research
on porous single-layer FG plate and FGSP with or without a cutout, focusing on natural
frequency, critical buckling load, flutter frequency, and flutter load evaluations using
numerical analysis. This has been presented under three broad headings viz.,
1) vibration analysis of FGM, 2) buckling analysis of FGM, and 3) dynamic instability
analysis of FGM. Available literature under both analytical and numerical methods is
reviewed to give a clear picture of research work carried out on the free vibration,
buckling, and dynamic instability (flutter) analyses of FGM plates.

Chapter 3 introduces the proposed general mathematical formulations for FGSP,
developed for vibration, buckling, and dynamic instability behaviours under localised,
non-uniform mechanical and thermomechanical loadings. The model incorporates a
Green-Lagrange type of geometrical nonlinearity within the FSDT kinematics
framework, considering temperature-dependent material properties of the FGM
constituents. The chapter includes detailed explanations of the kinematic field,

constitutive relations, governing equations, FE formulations, and solution techniques.



In Chapter 4, a detailed investigation of vibration and buckling responses of porous
FGSP with and without cutout under localised in-plane edge load is presented
numerically. Initially, four types of localised in-plane edge loads considered for the
current study are mentioned. Also, different kinds of FGSP configurations and porosity
distributions considered are explained and followed by a convergence study and
thorough validation study to show the correctness of the current FE formulation. Further
detailed numerical results are presented to show the effect of the different parameters
(geometrical and material) on the vibration and buckling responses that are computed
using the developed mathematical model and discussed in detail.

Chapter 5 addresses the influence of porosity and nonuniform loads on vibration and
buckling responses of porous FGSP, both with and without cutout. The chapter
encompasses various types of NIELs, two kinds of FGSP configurations (FGM-
Ceramic-FGM and Metal-FGM-Ceramic), and several porosity distributions. Similar
to Chapter 4, this chapter includes convergence and validation studies, followed by
detailed numerical results and discussions on the impact of different parameters on the
vibration and buckling characteristics of porous FGSP.

The vibration and buckling behaviour of porous FGSP with/without cutout under
thermomechanical loads are presented through numerical discussion in chapter 6. The
chapter starts with a detailed description of different types of NIELs, mechanical in
nature, and uniform temperature fields considered in the current study. This is followed
by convergence and a thorough validation study to present the current FE formulation's
correctness. Further, various kinds of sandwich configurations and porosity
distributions considered are reported. The detailed numerical results with discussion are
presented considering different parameters (geometrical and material) to arrive at
suitable conclusions.

Chapter 7 focuses on the numerical results and discussions of flutter instability
characteristics of porous FGSP, with and without cutouts, subjected to localised and
nonuniform follower in-plane edge loads. The chapter begins with a description of the
different types of loads considered for the study, followed by mentions of several
porosity distributions and sandwich configurations. Convergence and validation studies
are presented, and detailed parametric studies on geometrical and material parameters

are conducted and discussed to understand the dynamic instability behaviour of FGSP.
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Chapter 8 presents the general conclusions drawn from the present investigation based
on the objectives framed and offers suggestions for future work. This chapter
summarises the research findings and provides insights for future research directions.
To achieve the objectives and scope of the current work, a review of earlier research
related to the current field is essential. Therefore, the next chapter offers a detailed

review of earlier work in this research area.
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CHAPTER 2

LITERATURE REVIEW

2.1 PRELIMINARY REMARKS

The idea of FGM structures and their applications in modern engineering domains has
been covered in the preceding chapter. The suitability and performance of FG structures
for thermal protection systems, in particular, have piqued the interest of many
researchers over the past several decades. Researchers and scientists have often tried to
develop new mathematical models and solution methods to get beyond the limitations
of prior studies. The historical overview of development of FGM is represented in Fig.
2.1. The FGSPs are gaining demand due to low weight-to-strength ratio, bending
rigidity, and fatigue characteristics. These FGSPs contains porosity imperfection that
occurs during manufacturing process and require cutout due to practical requirement.
The FGSPs are subjected to thermal and nonuniform in-plane loads in their service life.
These members are susceptible to buckling and vibration in their design life. Further,
the nonconservative nature of forces acting on the FGSP member can lead to flutter
instability, where it experiences an unbounded increase in the amplitude of vibration.
So, the studies have also been modified regularly in the past to make predictions that
are more accurate and to get closer to what happens in real life.

In this context, many researchers (Swaminathan and Sangeetha (2017); Jha et al.
(2013a); Garg et al. (2021); Saleh et al. (2020); Swaminathan et al. (2015); Udupa et
al. (2014); Zhang et al. (2019); Thai and Kim (2015); Datta and Biswas (2011)) have
published several review articles describing vibration, buckling and dynamic instability
characteristics of FGM. Further, to keep the discussion concise, we will only discuss
some of the already published literature in the following sections. To summarise, the
available literature has been divided into the following sub-sections:

i.  Vibration analysis of FGM
ii.  Buckling analysis of FGM
iii.  Dynamic instability studies of FGM
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Fig. 2.1 A breakdown of significant moments in history of the study and the development of FGMs

For clarity the organization of literature review of the current study is presented in the

form of flowchart in Fig 2.2

2.2 VIBRATION ANALYSIS OF FGM

This segment discusses the free vibration characteristics of the FGM plate exposed to
ambient and thermal environments with and without temperature-dependent material
properties of the individual material constituent. Here, works related to the vibration of
the FGM plates with geometric discontinuity and porosity are also discussed. The
review has been divided into two major categories—vibration without and with

temperature effect—in order to retain brevity.

2.2.1 Vibration Without Temperature

Multiple research studies on the free vibration responses of FGM plates under ambient
circumstances have been documented. In the following lines, a few lately made
contributions to free vibration analysis are brought to light and addressed below:

Zenkour (2005) arrived at sinusoidal shear deformation theory for vibration and

buckling analysis of power law based simply supported FGM-Ceramic-FGM (FCF)
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FGSP. Zhao et al. (2009a) studied the vibration characteristics of FGM plates with
arbitrary boundary conditions incorporating the element free-kp Ritz method and FSDT
kinematics. Hosseini-Hashemi et al. (2010) presented an analytical solution to study the
free vibration response of FGM plates with different support conditions and in turn
resting on an elastic foundation based on FSDT kinematics. Jha et al. (2013b) have
investigated vibration behaviour of simply supported FGM plates based on higher-order
shear deformation theories analytically. Reddy et al. (2014) developed an analytical
solution to study the free vibration characteristics of FGM plates using HSDT. Talha
and Singh (2010) studied the vibration and static response of FGM plates using the FE
technique and HSDT. The authors modified the transverse direction term of the
displacement field to improve accuracy. Zhao et al. (2018) developed 3-D elasticity
solutions to obtain natural frequencies of rectangular power law-based FGM plates with
even, uneven, and logarithmic porosity distributions with different boundary
conditions. Thai and Choi (2013) presented a closed-form solution for bending and free
vibration analysis of power law based simply supported FGM plate using FSDT.
Chakraverty and Pradhan (2014) have used the Rayleigh-Ritz method to investigate the
free vibration characteristics of plates with material variation according to exponential
law. The authors considered different sets of boundary conditions and Kirchhoff's plate
kinematics. Here the authors used Chebyshev polynomials to expand three
displacements and the Ritz method to obtain natural frequency. Jin et al. (2014) arrived
a three-dimensional exact solution for the free vibration analysis of thick FG plates
supported on arbitrary boundary conditions.

Defects in the form of porosity or micro-voids may also occur in the FGSPs during the
sintering procedure owing to the considerable variation in the solidification
temperatures of constituent materials. These defects affect the vibration characteristics
of FGM plates; hence, several studies have been carried out recently considering plates
with porosity. In this context, the FE technique and FSDT were used for nonlinear free
vibration studies of FGM plates considering the influence of several porosity
distributions by Kumar et al. (2021). Kiran et al. (2018) studied the consequence of
porosity defect on static and free vibration characteristics of Functionally Graded Skew
Magneto-Electro-Elastic (FGSMEE) plates using the FE method and FSDT kinematics.
Further, Addou et al. (2019) analyzed the influence of porosity and an elastic foundation
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(Winkler/Pasternak/Kerr) on the dynamic response of FGM plates by employing simple
quasi-3D hyperbolic shear deformation plate theory.

Closed-form solutions are obtained by Kaddari et al. (2020) to study bending and free
vibration characteristics of simply supported FGM plates with graded porosity resting
on Winkler, Pasternak, or Kerr foundation. Kumar et al. (2021) investigated the
vibration response of variable thickness of porous FGM plate resting on Winkler and
Pasternak elastic foundation using Galerkin Vlasov's method. The authors adopted
power, exponential, and sigmoidal material idealization techniques and FSDT
kinematics. The free vibration and static behaviour of the FGM plate due to different
porosity models was investigated analytically using FSDT kinematics and Navier's
solution by Akbas (2017). Merdaci et al. (2021) analyzed the vibration behaviour of
rectangular and square FGM plates with various porosity distributions using HSDT.
Here authors adopted the Navier solution technique. Rezaei et al. (2017) investigated
the vibration response of the FGM plate with porosities analytically for the Levy-type
boundary condition plate. The authors considered uniform and central distributed

porosity distributions in their studies.

2.2.2 Vibration with Temperature

This part offers a comprehensive analysis of the free vibration behaviours exhibited by
plates made of FGMs in a thermal environment. It explores several studies that
investigate the effects of temperature-dependent material properties of the FGM
constituents on these vibration responses.

In this context, the vibration and dynamic behaviour of an FGM plate in a thermal
environment is inspected by Huang and Shen (2004), HSDT and von-Karman type
geometric nonlinear strain equations. Natarajan and Manickam (2012) studied the
bending and free vibration behaviour of FGSP using different displacement models.
The temperature profile was assumed linear through the thickness, and properties were
supposed to be independent of temperature. Pandey and Pradyumna (2015) adopted a
layer-wise FE technique to study the vibration behaviour of FGSP in the thermal
environment using FSDT. The authors considered Mori-Tanaka and the rule of mixture
material homogenization techniques on two sandwich configurations, i.e., FGM-

Ceramic-FGM (FCF) and Metal-FGM-Ceramic (MFC). Burlayenko and Sadowski
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(2019) presented a computationally efficient approach to obtain accurate free vibration
results of FGSPs in a thermal environment incorporating 3-D elements in the ABAQUS
FE package. The study conducted by Gupta and Talha (2018a) employed
nonpolynomial higher-order shear and normal deformation theory to examine the
impact of porosity on the flexure and free vibration properties of FGM plates subjected
to heat conditions.

The geometric discontinuity in the form of cutouts is provided in the plate to pass fuel
lines, electrical conduits, and structural connections, and sometimes to alleviate the
weight. These cutouts change the plate's stiffness and affect the vibration response of
the FGM plate. In this context, Do and Lee (2019) presented a vibration analysis of
FGM plates with complex cutouts using HSDT. Bansal et al. (2020a) analyzed the
consequence of porosity on the vibration behaviour of FGM plates with circular cutouts
and resting on partial supports. The researchers adopted closed-form and FE solution
techniques to analyze the vibration response of the plates. Bansal et al. (2020b) explored
the free vibration behaviour of porous FGM plates with cutouts resting on an elastic
foundation in a thermal environment. The authors have considered unconventional
boundary conditions such as partial support incorporating the FE technique in their
study. Singh et al. (2022) investigated the influence of cutout and porosity on the
vibration response of power law-based MFC FGSP resting on an elastic foundation
using a non-polynomial-based HSDT resting in a hygro-thermal environment. It was
observed that natural frequency variation with increased cutout size is not monotonic.
Now in the subsequent subsections, various studies related to the stability of plates are

discussed.

2.3 BUCKLING ANALYSIS OF FGM

The phenomenon of plate buckling is widely recognised as a consequence of the effects
of in-plane loading situations. These loads can be mechanical, thermal, or
thermomechanical in nature. The FGM plates may contain porosity due to the
manufacturing process, thereby degrading the stiffness and in turn affecting the
buckling behaviour of the FGM plate. Further, FGM plates containing cutouts are
susceptible to buckling when subjected to thermal or mechanical loads individually or

under thermomechanical loads in their service life. Many research works on the
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buckling performance of FGM plates with and without a cutout, with and without
porosity under axial compression and thermal load, have been published in the past. In
this regard, various approaches are implemented to accomplish the desired analysis, and
the details are discussed in the following subsections. In order to ensure conciseness, the
review has been divided into two broad categories: buckling with temperature and buckling

without temperature effect.

2.3.1 Buckling without Temperature

This section discusses the literature on the buckling characteristics of FGM plates
subjected to mechanical in-plane edge loads. Many research articles are available in the
open literature on the buckling behaviour of plates exposed to uniform in-plane edge
loads. Reddy et al. (2013) developed closed-form solutions using Navier's solution to
examine buckling characteristics of simply supported FGM plates subjected to uniform
in-plane edge loads. Swaminathan and Naveenkumar (2014) developed an analytical
solution for simply supported FGSP subjected to uniform in-plane loads considering
HSDT. Bakoura et al. (2021) discussed the stability characteristics of FGM plate acted
upon by uniform in-plane mechanical loading incorporating HSDT with the stress
function method. To arrive at important conclusions, the authors conducted several
parametric studies with varying geometric and material properties.

In practical scenarios, uniform loads are very rare, and hence researchers started
investigating the buckling behaviour of plates considering localised and non-uniform
loads. In this regard, Chen and Liew (2004) studied the buckling response of FGM
plates subjected to localised, concentrated, and parabolic in-plane edge loads using a
mesh-free-based numerical method. In this study, non-uniform prebuckling stresses due
to applied loads are found in the initial step, followed by the evaluation of buckling
loads. Based on classical plate theory, Bodaghi and Saidi (2011) developed analytical
solutions for buckling analysis of FGM plates subjected to NIELs. They were using
Classical Plate Theory (CPT) and the differential quadrature method. Lal and Saini
(2013) examined the buckling and vibration response of exponentially graded FGM
plates subjected to linearly varying in-plane edge loads. Uymaz (2021) analyzed the

buckling behaviour of FGM plates under uniaxial and biaxial linearly varying in-plane
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edge loads incorporating the Ritz method. Chaabani et al. (2022) recently presented
buckling characteristics of porous FGSP subjected to NIELs using the FE approach.
The defects in the form of porosity or micro-voids may also occur in the FGSPs during
the sintering procedure owing to the considerable variation in the solidification
temperatures of constituent materials. In this context, Gupta and Talha (2018b) studied
the influence of porosity and imperfection in geometry on the buckling behaviour of
FGM plates considering nonpolynomial higher order and normal deformation theory.
The authors employed eight noded isoparametric elements to analyze using minimum
computational effort. Chen et al. (2019) proposed a novel form of FG porous plates and
compared its bending and buckling performance of sandwich plates with uniform
porous core. The authors employed the Ritz method with Chebyshev polynomial and
FSDT kinematics. Daikh and Zenkour (2019) reported analytical solutions for vibration
and buckling analysis of power law and sigmoidal function-based porous FCF FGSP
under uniform axial and biaxial in-plane edge loads. The authors reported that natural
frequency and critical buckling load decreases with an increase in the porosity indices.
Singh and Harsha (2020b) studied the influence of vibration and buckling
characteristics of FGSP having different boundary conditions employing Galerkin
Vlasov's method. They have considered sigmoidal function and introduced an uneven
unsymmetric type of porosity. Van Vinh and Huy (2021) examined the consequence of
porosity on bending, free vibration, and buckling responses of FGSPs by means of the
FE technique. Bekkaye et al. (2020) studied the effects of porosity on the bending and
buckling response of simply supported FGM plates with power law and exponential
function material variation analytically using Navier's solution technique. Recently, the
effect of micro-structural defects such as porosity on the stability behaviour of power
law and sigmoidal function-based FGM plates and spherical caps under uniaxial,
biaxial compression, biaxial compression, and tension in-plane edge loads were carried
out by Zghal and Dammak (2021) with the aid of FE technique. The influence of
porosity distribution on natural frequency and critical buckling load of FG sandwich
plates have been investigated analytically by Sah and Ghosh (2022a) using the Navier
solution technique.

Further, geometric discontinuity in the form of cutout also exists in the FGMs due to

many practical requirements. Natarajan et al. (2014) addressed the consequence of
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cracks and cutouts on the buckling response of non-porous single-layer FGM plates
exposed to mechanical and temperature loads in the framework of the extended FE

method using shear flexible four-noded quadrilateral element.

2.3.2 Buckling with Temperature

Numerous investigations have been reported on the buckling responses of the FGM
plates in thermal environments, as FGM plates find multiple applications in thermal
environments. A few recent contributions based on the buckling analysis under thermal
loads are discussed in the following lines. Here works with and without temperature-
dependent properties are included.

Lanhe (2004) adopted the FSDT displacement model to study the buckling behaviour
of moderately thick FGM plates under thermal loads by obtaining analytical solutions.
Materials properties were varied according to power law, and it is reported that critical
buckling temperature increase with the increase in aspect and thickness ratio. Shariat
and Eslami (2006) investigated the thermal buckling behaviour of FGM plates using
closed-form solutions. The influence of geometrical imperfections is considered, and
CPT is used. The critical buckling temperature was found to be greater than the perfect
plates. In a subsequent study, Prakash et al. (2009) expanded upon their previous
research to investigate the impact of the neutral surface's position on the stability
characteristics of FGM plates. Matsunaga (2009) examined the thermal buckling
behaviour of simply supported FGM plates. The author used the method of power series
expansion of displacement components and the principle of virtual work to arrive at the
equations of the higher-order theory. A pseudo-spectral method that involves a FE
method and collocation method was used by Jalali et al. (2010) to study the thermal
stability of laminated FGM circular plates based on the FSDT and subjected to uniform
temperature rise. A thermal buckling analysis was presented by Zenkour and Sobhy
(2010) for simply supported FGSP considering sinusoidal shear deformation theory.
The governing equations are solved analytically, and the authors noticed that critical
buckling temperature decreases with an increase in the core thickness. The element-
free Galerkin method approximation was used by Jaberzadeh et al. (2013) to study the
thermal buckling of FGM skew and trapezoidal plates based on CPT. Ghiasian et al.

(2014) developed a solution procedure to determine the critical buckling temperature
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of an annular plate considering temperature-dependent properties and FSDT
kinematics.

Lee et al. (2016) investigated the thermal buckling behaviour of FGM plates based on
FSDT kinematics and incorporated a neutral surface as a reference plane due to
asymmetry in the material property variation across the thickness direction. Daikh and
Megueni (2018) presented analytical solutions to obtain critical buckling temperature
of power law-based FGSP using HSDT. The authors discussed the effect of two
configurations of FGM (Homogenous face layers with FGM core and FGM face layers
with homogenous core). It was found that thick plates offered higher critical
temperatures in comparison with thin plates. Also, the significant effect of the volume
fraction exponent is noticed. The critical buckling temperature difference decreases as
the side-to-thickness ratio increases, while it increases as the plate aspect ratio
increases. Atmane et al. (2016) arrived at equilibrium and stability equations to
determine critical buckling temperature for simply supported sigmoidal function-based
Al,03-Al FGM plate using FSDT. Singh and Harsha (2020a) examined the
consequence of porosity and thermal loads on the stability behaviour of sigmoidal-
based FGSP resting on an elastic foundation. Sah and Ghosh (2022b) reviewed
analytically the result of the several porosity distributions on thermal buckling
behaviour of power law and sigmoidal-based FGSP based on sinusoidal shear
deformation theory.

Prakash et al. (2008) used an eight-nodded C° shear flexible quadrilateral plate element
to study the nonlinear bending and pseudo-post-buckling behaviour of FGM plates
based on the Mindlin formulation under thermo-mechanical load. They concluded that
temperature-dependent material properties overestimate the thermal buckling
resistance. Zhao et al. (2009b) carried out buckling analysis of FGM plates with and
without cutouts subjected to mechanical and thermal loads incorporating element-free-
kp-Ritz and FSDT kinematics. Talha and Singh (2011) investigated the buckling
characteristics of FGM plates subjected to thermomechanical loading using the FE
technique. An improved higher-order shear deformation plate theory is employed to
account for the transverse shear strains by maintaining the stress-free top and bottom
faces of the plate with the C° plate element. The effective material properties of FGM

plates are assumed to be temperature-dependent and vary in the thickness direction by
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employing power-law distribution of the volume fractions of the constituents.
Numerical results have been presented for different volume fraction exponent,
thickness ratios, temperature rise, and varying combinations of the boundary
conditions. It is concluded that the gradation in the material properties and the
temperature field have a considerable influence on the buckling load parameter of the
FGM plates. Yaghoobi and Yaghoobi (2013) studied the buckling behaviour of power
law-based FCF FGSP subjected to thermomechanical loads by arriving at a closed-form

solution and incorporating FSDT kinematics.

Abolghasemi et al. (2014) presented the stability analysis of an FGM plate with a cutout
subjected to thermomechanical loads using the FE technique. The study used four
noded isoparametric elements and considered uniaxial, biaxial, biaxial compression,
and tension-type of in-plane edge mechanical loadings. Sharma and Kumar (2017)
presented buckling, post-buckling, and failure analysis of perforated FGM plates
exposed to thermomechanical loads. The study considered temperature-dependent
material properties, nonlinear FE formulation, and FSDT plate kinematics. Rezaei et al.
(2015) investigated the stability characteristics of rectangular FGM plates with
eccentrically placed cutouts exposed to temperature loads in the framework of the FE
technique. Hussein and Mulani (2018) investigated the buckling behaviour of silicon
carbide and aluminium-based square and rectangular FGM plates with cutouts under
uniaxial uniform in-plane edge loads. The authors considered volume fraction
variations in terms of the polynomial expansion approach. Now in the subsequent
subsections, various studies related to the dynamic stability of plate structures are

discussed.

2.4 DYNAMIC INSTABILITY ANALYSIS OF FGM

Forces in engineering structures can be classified into several types based on how they
affect the structure's functionality. As the structure is subjected to a nonconservative
system of forces (follower force) whose direction changes with deformation, it may
exhibit dynamic instability (flutter) depending on system parameters, causing
unbounded deformation or vibration. Therefore, it is essential to study the dynamic
instability characteristics of plates. In this regard, various researchers have studied the

dynamic instability of isotropic, laminated, FGM plates with or without cutouts
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subjected to intricate loading conditions. In this section, the literature concerning the
effects of the nonconservative system of forces on the structural stability behaviour of

plates is discussed briefly.

Adali (1982) studied a rectangular plate's flutter and divergence instabilities with two
independent loading parameters. Galerkin's theory was used to analyze the plate with
distributed follower forces acting on the surface of the plate by Leipholz and Pfendt
(1983). The plate is subjected to the combined action of a tangential follower force and
a unidirectional axial force along one edge. Two opposite sides of the plate are simply
supported, one side being clamped and the other being a free edge where the in-plane
forces act. The influence of Poisson's ratio and the elastic foundation on the flutter load
and frequency is investigated. Datta and Deolasi (1996) studied the flutter
characteristics of a plate subjected to localised follower forces positioned at the center
and applied on the free edge in the framework of the FE technique. Kim and Kim (2000)
studied the dynamic stability of isotropic, orthotropic, and nonsymmetric laminated
composite plate under follower force considering Mindlin assumption. They
investigated the effect of shear deformation and rotary inertia under follower force.
Park and Kim (2000) extensively studied the dynamic stability characteristics of
completely free circular cylindrical and stiff edged cylindrical shells subjected to
follower force using the FE method.

Kumar et al. (2003) presented the dynamic instability characteristics of laminated
composite plates subjected to partial follower type of edge load with damping. Cross-
ply and angle ply laminated plate is subjected to nonuniform follower load, analyzed
using the FE method, and discretized using 8 nodded isoparametric quadratic element.
The effect of the direction control parameter, load width ratio, and structural damping
are studied. Flutter is observed to be more common than divergence due to follower
load. Load bandwidth and type of load condition have significant effects on flutter.
Using the FE approach, Biswas et al. (2012) studied vibration, buckling, and dynamic
instability characteristics in damaged cross-ply and angle-ply curved panels. The panels
are subjected to non-uniform, centrally, and edge-distributed localised follower forces.
The dynamic instability of isotropic and variable stiffness rectangular composite under
nonconservative compressive or shearing follower forces is studied using the FE

method by Rasool and Singha (2019). The authors also employed eigenvalue or method
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of multiple scale to understand dynamic instabilities regions under pulsating follower
forces.

Ruan et al. (2012) analyzed the instability behaviour of power law-based FGM skew
plates subjected to uniformly distributed tangential follower forces on its surface
incorporating the differential quadrature method and Kirchhoff thin plate theory. The
impact of volume fraction exponent, skew angle, and aspect ratio on the instability
behaviour of the FGM plate is studied. Torki et al. (2015) explored the consequence of
axial deformation on flutter characteristics of FG structure subjected to axial follower

force.

2.5 RESEARCH GAP

A literature review of various studies about vibration, buckling, and dynamic instability
analyses of FGM sandwich plates and FGM plates has been presented in the preceding

section. The gaps in the current literature are identified and listed as follows:

i Most of the approaches employed for the analysis of FGM plates are the
extensions of similar methods used either for laminated composite plates
or for isotropic plates

il. The vibration and buckling problems of FGM plates were investigated
under in-plane edge loads that are uniform in nature; however, in most
cases, the in-plane loads are non-uniform due to practical circumstances.
The studies considering the effect of non-uniform in-plane loads on
vibration, buckling and dynamic instability characteristics of FGM
plates are scanty.

1. In most of the literature, closed-form solutions are incorporated to
predict the exact response of the structure, but they can only be used for
simple problems. For problems with geometric discontinuities, the
solution method involves mathematical complexities, making them
computationally tedious and time-consuming. Hence numerical
approach such as FE method needs to be adopted, which is flexible to
handle.

iv. The porous sandwich plates with cutouts significantly affect the FGSP

members' vibration and buckling response when acted upon by NIELs,
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vi.

Vii.

Viil.

resulting in premature failure at the lower stress levels. The investigation
of such a problem is not found in the literature and requires more
research.

Several investigations are reported on evaluating material properties
using the power law homogenization technique. It was observed that
power law leads to stress concentration. In contrast, the sigmoidal
function reasonably reduces the stress concentration due to the smooth
distribution of constituent materials across the thickness direction of the
plate.

It is observed from previously reported literature that the mid surface is
considered as the reference plane in the formulation for the analysis of
FGM. In such cases, stretching—bending coupling effect is observed due
to the asymmetry of material properties in the thickness direction.
However, the coupling effect vanishes using a neutral surface as a
reference plane in the formulation.

A more general mathematical formulation is required to predict the
vibration and buckling response of FGSP with a cutout capable of
dealing with the combined effect of several porosity distributions and
thermomechanical loads considering temperature-dependent properties.
Such studies were not dealt with in the literature already reported.

The flutter behaviour study is important as it leads to failure of members
due to unbounded motion. Most of the investigations found in literature
where restricted to flutter behaviour of isotropic and laminated

composite plate. The studies on flutter behaviour of FGSP are minimal.
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CHAPTER 3

THEORETICAL FORMULATION AND SOLUTION

3.1 GENERAL

There are two primary approaches utilised for ascertaining structural reactions, namely
laboratory testing and numerical simulation. The present investigation centres on the
numerical analysis of the FGM plate, which exhibits inherent microscopic-scale
heterogeneity. The prototype testing of structural components poses significant
challenges due to the grading disparities between two distinct materials, namely metal
and ceramic. It is indeed accurate to state that closed-form solutions are straightforward
to obtain for simple geometries, material models, and support conditions. However, the
complexity of the problem increases substantially when considering coupled situations.
The utilisation of the numerical method known as FE, characterised by reduced
mathematical intricacy, facilitates the straightforward resolution of these intricate

issues.

3.1.1 Assumptions

The currently used mathematical formulation has been created based on a set of
fundamental assumptions as below:
i.  The fundamental geometric arrangement under consideration in this context is
a plate that exhibits a square or rectangular shape.
ii.  The plate is modelled employing a 2D equivalent single-layer theory.
iii.  Itis presumed that the transverse normal is unable to achieve extension.
iv.  The impact of transverse normal stress on the overall behaviour of the plate is
insignificant, resulting in a plane stress condition.
v.  The FGM exhibits isotropy and inhomogeneity.
vi.  For the current analysis, it is assumed that the system is undamped.
vii. It is postulated that the metal-rich and ceramic-rich phases are located at the

lower and upper surfaces of the FGM plate, respectively.
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viii.  The unidirectional gradation of FGM constituents is assumed, i.e., along the

thickness direction only.

3.2 EFFECTIVE MATERIAL PROPERTIES OF FGSP

In the current investigation, a single layer and three distinct configurations of FGSPs
are investigated. The details are as follows.

i.  Single layer FG: A single layer plate in which metal properties are gradually
varying from the ceramic phase at the top surface to the metal phase at the
bottom surface, as shown in Fig. 3.1(a).

ii.  Homogenous ceramic core and FG face sheets (FCF): An FCF sandwich is a
plate with FG face sheets on the top and bottom surfaces with ceramic material
in the core, as shown in Fig. 3.1(b).

iii. FG core and homogenous faces sheets (MFC): MFC sandwich refers to a

sandwich plate with a homogeneous metal bottom face sheet and a ceramic top

face sheet with FG material as the core, as shown in Fig. 3.1(c).

Fig. 3.1 Schematics of configurations of FG plates (a) Single layer (b) FCF Sandwich (c¢) MFC
Sandwich (d) MFM Sandwich
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iv.  FG core and metal homogenous faces sheets (MFM): MFM sandwich refers to
a sandwich plate with a homogeneous metal top and bottom face sheet with FG
material as the core, as shown in Fig. 3.1 (d).

member, correspondingly, whereas /; signifies the interface point amid the core sheet
and bottom face sheets. Likewise, s> represents the z-direction interface location
amongst the core and top face sheets. The plate is shown in a rectangular coordinate
system, with a z-axis pointing in the thickness direction and a y-axis pointing in the
width direction (Fig. 3.1). Additionally, various sandwich layer schemes are obtained
by changing the thickness of the core and face sheets. The various sandwich layer
schemes considered in the current study are charted in Table 3.1

To effectively predict the vibration and buckling responses of the FGSP used in a high-
temperature environment, the temperature dependence of the constituent materials

should be considered. Therefore, material properties such as Young's modulus £(z),

density, and thermal expansion coefficient of FGM constituents are expressed as

general term 13( T) and can be expressed as a function of temperature (Singh and

Harsha (2020c)) as Eq. (3.1):
P(m)=B(PT'+1+BT+PT*+PT’) (3.1)
where j% , 13‘ , f’_l and 152 are the coefficients of temperature 7 (K) and are exclusive

to the constituent materials. It is assumed that the temperature field exhibits uniformity
in the direction of thickness. The initial temperature of the surroundings is represented

by Tp =300 K, and the distribution of temperature is indicated by the equation (3.2).

Where AT denotes temperature rise. Utilising rule of mixture and z indicating the
location in the thickness path, the FGM effective material properties may be stated as
in Eq. (3.3)

P(z,T)=B,+(B-B,V,(z)-(B.+E,)P,(2) (3.3)

The ceramic and metal material properties are denoted by P, and pm separately. The

term P(z,T)is the general term to represent Young's modulus E(z,T), density
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p(z, T) and thermal expansion coefficient (o) of plate constituent materials across the
thickness are given. P,(z) denotes porosity distribution function across the thickness,

and depends upon the kind of porosity distribution.
Table 3.1 Various layer schemes of FGSPs (Daikh and Zenkour (2019))

Sl. No.  Layer schemes ho hy h; h;
1. 1-2-1 -h /2 -h/A4 +h/4  +h/2
2. 1-1-1 -h /2 -h/6 +h/6  +h/2
3. 2-1-2 -h /2 -W/10  +h/10 +h /2
4, 1-0-1 -h /2 0 0 +h /2
S. 2-2-1 -h/2 -h/10 +3R/10 +h /2
6. 2-1-1 -h /2 0 +h/4  +h/2

Vf (2) denotes the volume fraction of the ceramic material at any point along the z-

direction. For single-layer FG plate is given by Eq. (3.4). The variations of volume
fraction of ceramic material along the dimensionless thickness of single-layer FGM

plates for different volumes fraction exponent is shown in Fig. 3.2.

Vf(z){%%jn, hy<z<h, (3.4)

The term n denotes the volume fraction exponent. The volume fraction can be varied to

obtain power law or sigmoidal function-based plates.

3.2.1 Power Law Functionally Graded Sandwich Plate (PFGSP)

A fundamental power law-based material idealization technique is considered in the

06 n=0.2 n=3.0 = —n=0.4
7 n=5.0 n=10.0 = = n=0.0
© o n=0.8 = ~n=10
< 044
~ |
2 i
£ 02 !
g ]
P ]
= 0.0 !
.2 !
& ]
Q
£-02+ !
a 1
1
0.4 ]
1
T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

Volume fraction of cermaic (Vy)

Fig. 3.2 Variations of volume fraction of ceramic material along the dimensionless thickness of single
layer FGM plates for different volumes fraction exponent
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current study to describe the variation in material properties across 4. The volume

fraction of bottom, core, and top sheets along the thickness direction is expressed as

V;’ (2), V°(z)and respectively (also shown in Eq. (3.5)). Further, the term z

represents the distances of any points from the mid surfaces along the z- directions.
The variations of the volume fraction of ceramic material along the dimensionless
thickness of FCF PFGSP for different volumes fraction exponent are displayed in
Fig. 3.3(a).

z—h
Vi(z) = 0|, hy<z<h
7 (2) h—h 0 |
Vy (2)=1, h <z<h, (3.5)
z—h )
Vi(z) = 3, h,<z<h
r(2) b, > 3

3.2.2 Sigmoidal-Based Functionally Graded Sandwich Plate (SFGSP)

Compared to the stresses produced by power law, sigmoidal FGM reduces the stress
concentration.(Chung and Chi (2001)). Here the variation of volume fraction based on
the sigmoid function in the z-direction is given by Eq. (3.6). The variations of volume
fraction of ceramic material along the dimensionless thickness of FCF SFGSP for

different volume fraction exponents are displayed in Fig. 3.3(b).
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Fig. 3.3 Effective Young's modulus versus dimensionless thickness of FCF (a) PFGSP (b) SFGSP for
several volume fraction exponent (7)
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V;’(z)=l Zh | go<o<h V;(z)=1—l Z7h | <o<h
2\ h —h,

V}(z)=l—%[hz_h}lh], h,<z<h V;(Z)zl(z_h3], h,<z<h (3.6

Vi(z)=1, h<z<h,

Whereh, =(h,+1)/2 and h, = (h,+h,)/2 indicates the middle surface positions of

the lower and upper face sheets correspondingly. Eq. (3.5) and Eq. (3.6), which
correspond to FCF sandwich plates, can be modified accordingly for MFC and MFM
sandwich plates (Singh and Harsha (2020a)).

Due to the absence of symmetry, FG plates' neutral surface may not coincide with their
middle surface. By setting the origin of the coordinate system on the neutral surface,
FG plate problems can be treated with the homogenous isotropic plate theories. Two
distinct planes, zxs and z,s are taken into consideration to determine the location of the
neutral surface of the FG sandwich plate, as illustrated in Fig. 3.4. Thus, the shift of

neutral surface d can be obtained as given in Eq. (3.7).

Iy ) h
I E(zy5)Zpdz + J‘ E(zy5)zpsdz + JE(st )Zmsdz
d="lo hy hy

I h I3
I E(z,,5)dz + I E(z,,5)dz + j E(z,,5)dz

h h h (3.7)
Where Ey is the effective Youngs modulus given by Eq. (3.3), zms and z,s are the z

coordinates based on the middle and neutral surface of the FGM constraining layers,

respectively.
Ceramic face
h3
hy
d r Middle surface
h
ho

Metallic face

Fig. 3.4 The position of the middle surface and neutral surface for FGSP
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3.3 POROSITY DISTRIBUTION MODELS

The porosity defect can appear as micro voids during the FGSP manufacturing process
due to significant differences in the solidification temperature of FGM constituents. In
certain instances, the difference in temperature between the die and the material being
poured causes the percentage of porosity to be more significant at the surface. In other
instances, the longer solidification times cause the porosity distribution to be higher
near the core of the samples (Vynnycky (2020)). The mechanical strength of FGM can
vary due to different porosity distributions. Therefore, it becomes essential to study the
effect of varying porosity distribution and percentage of porosity during the analysis
phase. To address this issue, several porosity distributions are modelled using the
mathematical function varying across thickness as listed in Table 3.2, Table 3.3, and
Table 3.4 for single-layer FGM, FCF FGSPs, and MFC FGSPs, respectively. Here
porosity index is represented by p:.. Fig. 3.5 and Fig. 3.6 show the schematic

representation of porosity distributions across the thickness direction in FCF and MFC
FGSP, respectively. Here sz and Pf refers to the top and bottom sheet porosity
distribution, respectively

Table 3.2 Porosity models and corresponding distribution functions for single layer FGM plate
(Kiran et al. (2018))

Description Porosity distribution functions

1. U-D:
In this model, the pores are distributed / _ pb _ b
uniformly along with the plate F(2)=F () ==
thickness.

2. X-D:
In this case, the porosity is distributed b »; Pzzq
such that porosity concentration is high Py (z)=—+| —
at the top portion but low at the mid- 2| A
height of the plate.

3. O-D:
In this case, the concentration of b i
porosities is high at the mid-height of B @) =—=l-—
the plate and low at the top and bottom 2| i
portions.

4. V-D:
In this case, the porosity concentration de @)= bi
is high at the top portion of the plate and
low at the bottom portion.
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Table 3.3 Porosity models and corresponding distribution functions for FCF ((Daikh and Zenkour

(2019))

Description

Porosity distribution functions

1.

U-D:
In this model, the pores are
distributed uniformly along
with the plate thickness.

X-D:
In this case, the porosity is
distributed such that porosity
concentration is high at the
outer surface and interface but
low at the middle thickness of
face sheets.

O-D:
In this case, the porosity
concentration is high at the
middle thickness of face sheets
and low at the outer surfaces
and interface.

Log O-D:
In this case, porosity
concentration varies
logarithmically across the
thickness of face sheets.

V1-D:
In this case, the concentration
of porosity in face sheets is
high at the interface and low at
the outer surfaces.

V2-D:
In this case, the porosity
concentration in the face sheets
is low at the interface positions
and high at the outer surfaces.

Fi(2)=F@)="ly <z <hy

N12z—=(hy +h
P;(z)—%{%} hy<z<h
1 — "o

N 2z—(hy +h
P‘;(z)=&|:—| Zh3(_3h7 zﬂ, hy <z<hy

b pi|, |22+ )
Pd(Z):j{l—W 5 h()SZShl
¢ Di |2Z (3 +hy )l
z)="*|1l-— h<z<h
Pd() 2|: h3—h2 N 2<z<3
[ 22—y + 1)
Pf(z)—log(l+%)[l—ﬁ:|, hy <z<h
[ 22—y + 1)
Pé(:’)=log(1+p7)|:1—|h3+hzzl:|, hy SZSh3
Ple=Lil1- z—ly , hy<z<h
2| hy—h,
pi|l z—h
Piz) =L , hy<z<h
4@ Z{hz—hj ) 3
5 pi| z—h
P =— , hy<z<h
4@ 2{}’0_}11} o |
Pdt(z)=&{l— z=hy } hy<z<h
2 hy —hy

Fig. 3.5 Schematic cross-section of 1-1-1 FCF FGSP with porosity distribution (a)U-D (b)X-D (¢) O-D

0o
@

@

()

(d) V1-D () V2-D
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Table 3.4 Porosity models and corresponding distribution functions for MFC

Description Porosity distribution functions
I U-D: - . . o Pip<o<p
This model distributes pores uniformly with (‘):?’hl ==
plate thickness.
2. X-D: o p|2z=h—h)
The porosities are less concentrated at the P"(z)=—|——— [ <z<h,
center portion and highly concentrated at the 2 hy, =,
interface.

2

3. O-D: o op| |2z-h-h)
The porosities are highly concentrated at the P;*(z)=—|1-———=|,h, <z<h
center portion and less concentrated at the 2 h,=h
interface of the FG core.

4. V1-D o z—h
In this case, the concentration of porosity is P(z)== Jh <z<h,

high at the top interface positions and low at 2\ hy=h
the bottom interface.
5. V2-D o D, z—h
. . . P =L|1-| — ||, <z<h
In this case, the concentration of porosity is 4 (2) 2 { [hz _h1 H hl z 2

low at the top interface positions and high at
the bottom interface.

@ ©

Fig. 3.6 Schematic cross-section of 1-1-1 MFC FGSP with porosity distribution (a)U-D (b)X-D (¢)O-D
(d)V1-D (e)V2-D

3.4 GEOMETRY OF SANDWICH PLATE

FGSPs with a circular shaped cutout with diameter ‘d’, length ‘a’, width ‘6> and
thickness ‘4’ along with a positive set of the coordinate system with respect to x, y, and
z directions are as exemplified in Fig. 3.7. The terms u, vy, w, are the components of
displacements along the coordinate’s directions x, y and z respectively of an arbitrary
point on the planes z = 0 (mid-planes). Further, the rotations of the normal to the mid

planes about y- and x-axes are represented by 6, and 6,, , respectively.
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Fig. 3.7 Schematic of FGSP with a circular cutout
3.5 DISPLACEMENT MODEL

In this work, FGSP is used based on a neutral surface as a reference plane, and Reissner-
Mindlin first-order shear deformation theory (Whitney and Pagano (1972)) is adopted
in this examination centred on the assumption that the normal to the midplane remain
straight and need not to be perpendicular to the mid plane after bending so that the
displacement field in deformable shear plate is shown in Eq. (3.8)

u(x,y,z) =uy(x,y) +z6,(xy),

V(X 2,2) =V (x, 1) + 26, (x, )., (3.8)

w(x, y,z) = wy(x, »).

3.6 STRAIN-DISPLACEMENTS RELATION

Green—Lagrange’s type of strain displacement relation is incorporated for this analysis.
The elastic stiffness matrix is determined by considering the linear component of strain,
while the geometric stiffness matrix is derived by considering the nonlinear component
of strain. By substitution of the displacements field given by Eq. (3.8) in strain terms,
strain displacements relations are obtained as in Eq. (3.9). The linear strain
displacement relations are:

r_|ou, ov, Ou, 0V, ow, ow,
. M Ny Py T g Mg N
{8 X gy ny yyz yxz} { Ox ay ay ax ¥ a X O

}T
(3.9)
T
f B2,

ox E oy Ox
the terms &, &, and y,,, are linear in-plane normal, and shear strains at a point in the

plate with references to the FG plates axes, respectively. The terms y,, and y,, are
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transverse shear strains. Further, the nonlinear parts of the strains are selected to
evaluate the geometrics stiffness matrix by using strain energy owing to in-plane axial

stress and nonlinear strain (Bathe (2014)) and are expressed as Eq. (3.10).

3T

il = ax Ox Ox
V(ou} (v (ow} Ll(e0, Y (a0,

T
2 |\ oy oy oy | oy oy |

= @al + @@ + @% +22 a@x aex +%a&
Tonl =\ ax oy ) \ax oy ) Uax oy ox oy ox oy

The terms &yy, €,y and Y, indicate nonlinear normal and shear strains at an arbitrary

(%)

LS}

——

(3.10)

——

point in the plate with reference to the FG plate axes, respectively. The nonlinear strains
are used in the strain energy equation, and the geometric stiffness matrix is obtained

(Cook et al. (1989)).

3.7 CONSTITUTIVE RELATIONSHIP

The FGM plate linear constitutive relation can be stated as in Eq. (3.11) (Singh and
Harsha (2020a))

ol [0 Qp 0 0 0]|e-a(z)aT
oy O, On 0 0 0 |lg -a(z)AT
=0 0 O, 0 0 0 (3.11)
T, 0 0 0 05 0 0
.| L0 0 0 0 O] 0
where,

EzT) vE(z,T) E@zT)

011700~ 70270 =5 0353704y =05s=———
(1-v°) (1-v°) 2(1+v)

Where ( oy, 0y, Txy , Ty; , Txz) are stresses and (&y, €y, VxyVyz Vxz) are strains with
respects to plate reference axes. While £ (z, T) signifies the temperature-dependent
Young’s modulus at any point along the z-direction.

The total in-plane force resultants and moments, produced due to temperature rise are

defined as
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x X +h/2 o, Q +h/2 sz
NI M |=[NT M= [ {0 ((12)dz, [Q*} | L }dz
Yy

T T 2 w2tz
ny M v T,

The thermal force and moment resultants {M r } can also be represented as

+h/2

[N"}= | {piaTd:
—h/2
+h/2

(M} = [ {B)ATzdz

—hf2

where,
(QI] + Q12 ) o

B= (Q12+Q22)a
0

N, A; B; 0 3

M,. = Bij sz 0 kj

0, 0 0 S;|l7

In the abbreviated form, Eq. (3.12) is written as shown in Eq. (3.13)

Ny =[DPlie}

(3.12)

(3.13)

The term, N, =[N, N, N Xy]T are in-plane stress resultants, M, =[M M M 1" are

_ T
moments stress resultants, and O, =[0, O,]" are transverse shear stress resultants;

o . _ T _ T
likewise are strains, k; =[k k k] are curvatures, and 7, =[y.7.] are transverse

shear strains. Further, the term Aj is extension-extension matrix, Bj is the extension-

bending matrix, l_)q is the bending-bending matrix, and can be written as Eqs. (3.14)

and (3.15)

+h/
(4,.B,.D,)= ]jz(l,z,zz)Qljdz i,j=12,6

—hf2
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+h/2

S, = j kO,dz  i,j=4,5 (3.15)

)

The shear corrections factor is expressed by the term k and is incorporated ins; .

3.8 LINEAR STRAIN-NODAL DISPLACEMENT MATRIX

The elemental displacements can be expressed into nodal displacements, as shown in

Eq. (3.16). The strain field is expanded using shape functions as shown in Eq. (3.17):
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15) TN _
= % 0 0 0 0

Oox Ox

a .

= 0 N, 0 0 0

ou Ov _ _

oy ox ox oy .

00 _ i

- 0 0 0 oN; v

Ox B o

00 - | w,

—= o o o o N N

Oy dy gx,

00, + % 0 0 0 % % Yi)i=18

dy Ox ox 0Oy

M. o o NN

ox " Ox
G o o M o n
» - oy di=18 (3.17)

The strain-nodal displacement equation for j* element can be abbreviated as shown in
Eq. (3.18)
{e}j =[B]{d}j (3.18)

Where [B ] is strain displacement matrix and {d} is displacement matrix

3.9 FINITE ELEMENT FORMULATION

A closed-form solution is tedious to solve complex problems in terms of geometry,
loading, and boundary condition. Numerical technique such as FE provides an
alternative in such case. In this study, vibration, buckling, and dynamic instability of
FG plate with a cutout under in-plane loads and follower load are investigated using a

FE approach.

3.9.1 Iso-Parametric Element

In the present study, an 8-noded ‘serendipity’ element has been used to discretize the
domain of the FG plate. Fig. 3.8 shows the schematic diagram of the isoparametric
element.

In the current work, the FGM plate is discretized with the aid of eight noded

isoparametric elements with 5 degrees of freedom per node viz. u, v, w, 6, and 68, per
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node is used. The generalized displacement vector and element geometry of the model

at any point can be represented in terms of shape functions as expressed in Eq. (3.19).
8 8
{d}j=Ni{di}’x=ZINixi’y:ZINiyi (3.19)

where {d} :{ui,v[,w 0.0 } is displacement vector and 4;,V;,W;,0, and 9ﬂ are the

12> xi> Y yi
respective values at node i. Further, x; and y; are the cartesian coordinates of the i™
nodes. The interpolating (shape) function A;in terms of the normalized coordinates

1 and & can be defined for 8-noded isoparametric element as Egs. (3.20-3.22)

For corner nodes 1, 3, 5 and 7

1
N; = Z(l +EENES; +nn; =D (nm; +1) (3.20)
For middle nodes 2 and 6
1
Ni=5(1—§2><1—nn,-) (3.21)
7 (-1,1) 6 5(1,1)
-O- ©
8 i 4
O -O

L(-1-1) 2 3(1:1)
Fig. 3.8 Rectangular Element with natural coordinates and local node number

For middle nodes 4 and 8
1
N =2+ E5)01- ) (3.22)

The derivatives of the shape functions concerning the global coordinate systems are

related to their derivatives in the natural co-ordinates system as given in Eq. (3.23)

v [av
x|t Of 323
av, =[] oN, (3.23)
oy on
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Here [J] is the Jacobian matrix and is used to map the natural coordinate system to the

cartesian coordinate system is given by Eq. (3.24)

a
g g

J|= 3.24

NI (3.24)
on On

3.9.2 Elemental Stiffness Matrix

The strain energy U, due to linear strains in the entire plate can be stated in terms of the

stresses and linear strains below.
1 T
U= [{er) {o}av (3.25)

The strain energy in the /" element can be obtained by substituting and Eq. (3.17) and
Eq. (3.18) in Eq. (3.25).

U, = % [{a)7[B] [p],[B], {d}, 4 (3.26)

The total strain energy of the overall plate can be found by summation of individual

element strain energies as shown in Eq. (3.27)
S T 17
U= 3]t (B 12, (8], ) s 627)

The above equation is alternatively stated as in Eq. (3.28)

U= 13 al K], 4}, (3.28)

in which [K]j :I [B]j [D]j [B]j dA4 is the stiffness matrix of the j” element.
A

Where, [B] is the linear strain-displacement matrix and [D] is the matrix of stiffness.
The finite element assemblage is done by adding the above elemental matrices, taking
the global displacement vector of the nodes of the entire plate to be {d}, which results

in the following relation. As shown in Eq. (3.29)
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1
U, =E{d}T[K] {d) (3.29)
This point [K ] is called the global elastic stiffness matrix of the entire plate.

3.9.3 Geometric Stiffness Matrix

The plate losses its stiffness when acted upon by an in-plane edge load. The geometric
stiffness matrix is used to take into account the loss of stiffness. Here Green-Lagrange’s
strain displacement relations, as shown in Eq. (3.10), is considered. The strain energy

due to nonlinear strains arising from unit in-plane load can be expressed as in Eq. (3.30)

U = [{o"} {e)av (3.30)

Where {¢”} is the initial in-plane stress field due to unit in-plane load computed at each
point where Gaussian Quadrature has been performed to evaluate the integrals.

Substituting Eq. (3.10) in Eq. (3.30), we obtain
2 2 2 2 2
o0
2 g ox ox ox ox ox
2 2 2 2 2
o0
lJ.O'O a_u + @ + % +72 % +| Y dv
2N a) o) o ») o (3.31)

00, 00
+J.Tg a_ua_u T @@ + %% + 52 %%+_y_y dv
7 Ox Oy Ox Oy ox Oy ox oy Ox Oy

v

This equation can be integrated across thickness 4, and the strain energy of a j element

is:
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The above Eq. (3.32) is abbreviated as

Uy == {7} [S]{r}da (333)

where

_ X
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Using shape functions defined in Eqs (3.20-3.22), the nonlinear strain vector { f },

defined in Eq. (3.34), can be expressed in terms of the nodal displacement {4 }jfor the

j™ element as
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For the j” isoparametric element, the previous relationship is abbreviated as,

Substituting Eq. (3.36) into Eq. (3.33), we obtain the energy due to nonlinear strains for

the j element.

Uy = Jla)] {61718, (6], 1) as

(3.37)
R Y,
U =1d)! [KG_EL {a},
where [K Ge] = Geometric or stress stiffness of the j element
J
T
[ Ke.] =[6T}[8],[6], a4 (338)
T A

As assembly over all the m elements will yield the total non-linear strain energy
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i ’ (3.39)

Where [ Kc] is the geometric stiffness matrix for the whole plate

3.10 ELEMENTAL MASS MATRIX

The plate in motion, dependent on time, has some kinetic energy. The displacements,
in this case, are the functions of time. If %, Vand i are the translational velocities and
6, and Gy are the rotational velocities of a differential portion of the plate, then the
kinetic energy ‘T’ of a FGM plate can be written as
1 h/2 ) ) . 2
T=—pjj[u + VW ]dsz (3.40)
2 A-h/2

In which p is mass per unit volume

T=lpj hf [(a +26, ) +(@W+z0, )’ +w~’]dzcm (3.41)
2 A-h)2 ’

Simplifying the above and expressing it in matrix form, we get

(R 0 0 0 0]
e T i
u 0O h 0 0 014
. v 0O 0 h 0 o]
=P j Wl JE Widg (3.42)
y (_;,x 0 0 0 E 0 é.x
6. 3 1g
o o0 o0 L
L 12

Considering the j” element in the discretized plate (out of a total of ‘m’ number of
elements), the velocity vector can be expressed in terms of shape functions and nodal

velocity vectors of that element as

T=§£{d}T[I] {d}dA (3.43)

Where,
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The above equation is condensed as
N =[N|d! (3.44)
{d}=[N]{d},

The kinetic energy of the j” element is arrived by substituting the above Eq. (3.44) into
Eq. (3.43), to obtain

1 .

= {d} [¥],11),[ V] {d}j 4 (3.45)

Therefore, the total kinetic energy in the entire plate panel is obtained by summing the

energies of all the individual elements,

L e N e - .
The expression for kinetic energy is written in abbreviated form as
1o’ :
) EZ{”’ } [m]; {d } (3.47)
J=1 j j

_T _ _
Where {m}J = I[N ] [/IINJdA is an elemental mass matrix of the j element.
A
An assembly over all the elements will yield the total kinetic energy of the entire plate
as mentioned in Eq. (3.48), in which [M] is called the mass matrix of the entire plate
1 -y7 i
T = E{a‘} [m] {d} (3.48)

3.10.1 Work Done by Follower Force

A rectangular cantilever plate acted upon by follower force at the free edge is illustrated

in the Fig. 3.9. The follower force forms an angle of @0y with the plate's mid-plane. The

48



parameter ¢ is termed as the direction control parameter, and it has a value ranging

from 0 to 1. When this parameter is set to 0, the system is conservative and only uses

zll

|
|
|
|
|
|
|
a

Fig. 3.9 Plate with tangential follower load

in-plane forces. When ¢ is set to 1, the system is completely dependent on follower

force, hence making it a nonconservative problem.

Considering that the follower force acts on the n nodes, the variational work done by

the follower force at the i node can be expressed in the form of the product of matrices

as:

n n
oWy = i;aWﬁ -~ iglawﬁ(-qeyj )

5”,‘
5Vi
00,.;

o0

=-{0d}; [ Kre |

»i

T

oS O O o O

oS O O O O

—~—

oS O O O O

——

1

oS O o o O

c o v o o

=

PP 2o

(3.49)

(3.50)

[K Fe ];is an unsymmetric matrix corresponding to the change in the stiffness due to

follower force. The global follower force stiffness matrix, [k ,.] is obtained by a finite

element assembly of [K , |;. The total variational work done by the follower force is

given by

oW, =~ {od)] [Kr. )
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3.11 GOVERNING EQUATION

The various energies and the work done due to conservative and nonconservative forces

have been formulated earlier and are summarised here for clarity.

The strain energy due to linear strains in the plate is U, ,:%{d }T [K,]{d}

The strain energy due to non-linear strains in the plate is Uy = %{d yr [K¢]{d}

The kinetic energy in the plate is
1 ¢ <5T ;
7= 34} [M]id}
The variational work done by the follower force is given by
T
oW p =-{od}; [KF,e]{d}i

Hamilton's principle, which traditionally considers work performed by conservative
forces, can also be extended to include work performed by non-conservative forces as

well. A modified form of Hamilton’s principle representing a structure under a

nonconservative loading system can be written as,

f[é(T'Ul-PUnl)‘FPéWf]dt:O (3.52)
Jtoay” (a1} (K, PR+ it} =0 (3.53)

Since all variations are arbitrary, Eq. (3.53) can be satisfied in general only when the

term in square brackets vanishes, i.e., when
[m]{d}+[[K,]-P[[Ks]HKT]]{d}=0 (3.54)
Eq. (3.54) is the most general governing differential equation of motion for solving

flutter problems under follower loading conditions.

The above-generalized equation can be reduced to represent the problem under a

conservative loading system by substituting [ &, ] = 0 in Eq. (3.54) to obtain:

[Mid} +[[ K, ]~ P.[K:1]{d} =0 (3.55)
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Eq. (3.55) represents governing differential equilibrium equation for the FGSP with

cutouts subjected to mechanical in-plane edge load and thermal loads. The matrix [k ]
is a modified stiffness matrix, which is the function of temperature and is expressed as

[K ]=[K ]—[Ké ].Here [ K, ] denote the global structural elastic stiffness matrix, and

m e

[K g] is the global geometric stiffness matrix due to temperature. While [M] represents

global consistent mass matrix and [K;] is geometrics stiffness matrix due to

mechanical in-plane edge load. These matrices are found by assembling each individual
corresponding element level matrices and are deposited in a skyline technique. Further,
the terms {d} and {d} are displacement and acceleration. Further, to obtain a buckling
load, the intensity of the load is increased; as the load increases, the natural frequency
keeps on reducing and reaches zero. The P corresponding to zero frequency is the
buckling load. This method of obtaining buckling loads is known as the dynamic
approach.

3.12 CLASSIFICATION OF PROBLEMS

The governing Eq. (3.55) can be modified to arrive at several problems as follows:
I.  Freevibration: Here, during the absence of load, i.e., P = 0, problem reduces

to free vibration
[K,, [{d}-0*{d}[M]=0 (3.56)
Eq. (3.56) represents the eigenvalue problem, where w? is the eigenvalue yielding
natural frequency and {d} depicts the eigenvector for different modes of the plate. The
Lowest value of the eigenvalue denotes the fundamental natural frequency.
1. Vibration with in-plane load: The plate vibrates harmonically with a given P,
then Eq. (3.55) reduces to,
[[K,,]- PIK,]]{d}-0’ {d} [ M]=0 (3.57)
1.  Static stability (buckling): Setting the load to be static and acceleration of the

structure to be zero {43 =0, in Eq. (3.55), we obtain

[[K,]- P,1K;]]/di=0 (3.58)
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The above Eq. (3.58) yields eigenvalues. The lowest eigenvalue is termed as the critical
buckling load of the plate.

IV.  Follower force problem: The equation reduces to

[M1{d}+[[K,]-P,(K; +K,)]|{d}=0 (3.59)

The geometric stiffness matrix owing to follower loading is denoted as (K, + K;). The

magnitude of the applied follower load is denoted by P, while the nodal displacement
vector is denoted by {d} in Eq. (3.59). The [k ] matrix considers the applied load's

total in-plane component, whereas the [k ,.] matrix considers the follower load's non-

conservative component perpendicular to the plate undeformed mid-plane.

3.13 SUPPORT CONDITIONS

In the present investigation, for each support condition, two sets of boundary conditions
are considered. In string used to describe any support conditions, the letters ‘S’, ‘C’,
and ‘F’ designates simply support, clamped, and free end conditions, respectively. The
first two terms in the support condition string represent the right and left side support
condition, while the last two terms denote the top and bottom support condition of the
plate. The first set of boundary conditions is for the static analysis to determine pre-
buckling stresses, and the second set of boundary conditions is for the buckling analysis.
For the geometry of the FGM plate shown in Fig. 3.1, the boundary conditions at the
plate edges corresponding to a few support conditions considered are represented in

Fig. 3.10.

Buckling Conditions
v=0,# 0&v=w=0,=0

Pre buckling Conditions
w=0,=0

" . Buckling Buckling
Pre bL!ckllng > | b SSSS S Pre ch}dmg Conditions b SSSS Conditions
Conditions Conditions -9.%0 -0 %0
w=0,=0 Y 4 w=0,=0 V= Sx Y V=S
v a v u=w=0,=0 a u=w=8,=0
X X

Pre buckling Conditions
w=0,=0

Buckling Conditions

v=0y# 0&v=w=0x=

0

Pre buckling Conditions Buckling Conditions

w=6,=6,=0 u=w=6,=v=0y=0

Pre buckling | | Pre buckling Buckling Buckling
Conditions b ceec Conditions  Conditions b ccce Conditions

w=0,=0,=0]Y a w=6,=6,=0 u=w=60,=v= u=w=0,=v=

X 0y=0 < a 0y=0

Pre buckling Conditions Buckling Conditions
w=0,=0,=0 u==v=w=06,= 8y=0
Au:o atx=a/2 >v=0 aty=a/2
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3.14 COMPUTER IMPLEMENTATION

The computer implementation of the present FE formulation is executed by developing a
suitable computer code in MATLAB R2012b environment. Different programs are built
for various analyses, viz., free vibration, buckling, and dynamic instability. The execution
for MATLAB codes of different analyses are performed using a laptop with the
specification of Intel(R) Core (TM) i5-2600 CPU @ 3.4GHz, 8.00GB RAM, 64-bit
Operating system.

3.15 CLOSURE

In this chapter, detailed theoretical formulations and solution methodology for the free
vibration, buckling, and dynamic stability analyses of FGM plates based on FSDT are
presented. The effective material properties of the FGM are evaluated through Voigt’s
micromechanical model through the power-law and sigmoidal function-based distribution.
Four types of sandwich configurations and different types of porosity distribution models
considered are presented. The properties of FGM are assumed to be temperature-dependent
and graded along the thickness direction. The domain is discretized using suitable finite
element steps through an eight-noded quadrilateral isoparametric Lagrange element. In the
following chapter, the numerical results obtained and a discussion of various plate problems

using the above techniques are presented.
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CHAPTER 4

VIBRATION AND BUCKLING ANALYSIS OF POROUS FG
SANDWICH PLATE WITH/WITHOUT CUTOUT SUBJECTED
TO LOCALISED IN-PLANE EDGE LOADS

4.1 PRELIMINARY REMARKS

FGM plate members, which finds a place in the application of spacecraft (Noda (1999))
and thrust chamber of rockets (Udupa et al. (2014)), are usually idealization of a smaller
portion of much larger and more complicated built-up or stiffened structure exposed to
the thermal and mechanical loads. The applied loads are exerted on the smaller portion
by the adjacent plates, and hence uniform load is meager, as the force transferred
between the plate members depends on their relative stiffness. These forces vary from
one structure to another and cannot be computed without complex analysis. It becomes
essential to analyze the structure assuming different types of in-plane edge load
distributions. These loads can be uniform, linearly varying, nonlinearly varying,
localised, or concentrated. In a few circumstances, localised edge loads arise from
adjoining and connected plate members during the operational condition and also due
to the reaction from the supports. In addition, such loads occur due to the partial failure
of connection components. The non-uniformity in the stress due to in-plane load will
further increase due to the formation of porosity and cutouts, significantly affects the
vibration and buckling response of FGSPs.

Hence, this chapter attempts to analyze and discuss the vibration and buckling
characteristics of FGSP with/without cutout under localised in-plane edge loads. To do
so, a general formulation, as presented in Chapter 3, has been developed by taking
Green-Lagrange type nonlinear kinematics, and it is utilized to compute the desired
responses. Because the stress distribution within the plate element is significantly non-
uniform, a dynamic technique was employed to solve the buckling problems, with two
sets of boundary conditions, one for pre-buckling stresses and another for buckling load
calculations. The effects of various geometrical, material parameters and the support

conditions on vibration and buckling response of FGSP under different localised in-
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plane edge loads are studied. Finally, this chapter is summarised with the concluding

remarks in chapter 8.

4.2 PROBLEM DESCRIPTION

In the present investigation, different types of in-plane edge loads acting on two
opposite sides of the plate are considered for the study are discussed in detail. The
localised uniformly distributed in-plane edge load from one end is referred to as
Type-I (Fig. 4.1 (a)), localised uniformly distributed in-plane edges load from both ends
is referred to as Type-II (Fig. 4.1 (b)). The localised uniformly distributed in-plane edge
load from the center of the plate is referred to as Type-III (Fig. 4.1 (c)), and concentrated
load from one end of the plate is referred to as Type-IV (Fig. 4.1 (d)). The term ¢
represents the width of the load in case of uniformly distributed edge load (Type-I,
Type-I1, Type-III), and for Type-IV, it is the distances of the concentrated loads from
the lower edges of the plate along the width. While b is the total widths of the plates.
To compare the effect of each loading condition, the total load (Pyc) is kept constant
irrespective of the position and width of edge loads. Further, P, represents load intensity
(i.e., load magnitude/c) in the cases of Type-I, I, and III. In cases of Type-IV, where P
represents the magnitude of the concentrated load. The percentage shown in Fig. 4.1
denotes the portion of the width over which the load is acting for e.g., 100% denotes
that the edge load is acting over the entire width of the plate.

In the current study, single-layer FGM, FCF, and MFM sandwich configurations, as
shown in Fig. 3.1 are incorporated. In addition, in this investigation, U-D, O-D, X-D
and V-D porosity for single-layer FGM plates, as mentioned in Chapter 4, are
considered. While for FCF and MFM sandwich configurations, U-D and V-D porosity
are incorporated to study the vibration and buckling response of FGM plate

with/without cutout under localised in-plane edge loads.

4.3 RESULTS AND DISCUSSION

The vibration and buckling responses are obtained using a developed mathematical
formulation and an in-house MATLAB code that can be extended for any general case.
The convergence study of the FGSP with cutout under localised in-plane edge load is

performed for various geometrical and material configurations.
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Fig. 4.1 Representation of loading cases (a) Type-I, (b) Type-I1, (c) Type-III, (d) Type-IV
Consequently, a variety of examples is solved for validation purposes by comparing the
present results with those available in published literature. After the exhaustive
evaluation of the present model, an inclusive parametric study of FGSP under localised
in-plane edge is performed. Here, the vibration and buckling response of FGSPs is
analyzed various geometrical and material parameters and support conditions. The

material properties of FGM constituents used throughout the analysis are taken the
same as in Table 4.1. If not stated otherwise, critical buckling loads ( P, ) and natural
frequencies ( @ ) are represented in non-dimensional form as

P =Pb’/D, D=EI /12(1-V)

o =wb’\|p./EN

where p. is the material density of ceramic, D = Ech’/12(1-V?) is the flexural rigidity of
the plates.

4.3.1 Convergence and Validation Studies

Example 1: In this example, a single layer FGM square thin plate with side-to-
thickness ratio (b/h) of 100 under the application of load Type-III with ¢/b = 0.2 and n
= 1.0 is considered, and the numerical results are tabulated in Table 4.2. The ceramic
and metal material properties of the plate are presented in Table 4.1. The results are

presented for buckling analysis of the plate with SSSS and CCCC support conditions.
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Table 4.1 Materials Properties used in FGM plate (Hosseini-hashemi et al. (2010))

) Properties
Materials
E (GPa) p (kg/m?) v
Aluminium (Al) 70 2707 0.3
Zirconia (ZrO») 151 3000 0.3

For vibration analysis, SSSS plates are considered without in-plane load ( P/ P.. = 0.0)
and with in-plane load ( P/P.. = 0.5). It is noticed from Table 4.2 that the buckling, as
well as vibration results, converge well ata 10 x 10 mesh size. Henceforth, analysis in

the consequent numerical studies is carried out considering these mesh sizes.

Example 2: Subsequently, the comparison study is carried out by considering localised
edge loads (Type- III), and the results are tabularized sideways with the results
presented by Sundaresan et al. (1998) in Table 4.3. The P.,/B., (P, = P,b%/Eh3;
P..” = P%b%/Eh3, where P, and P.. are the critical buckling load due to localised edge
load and uniformly distributed in-plane edge load respectively, £ is Young’s modulus
of isotropic material) obtained for isotropic thin square plate (b/2 = 100) agree well
with the literature as percentage error is appreciably less (< 0.74%). The appreciable
similarity in results between the literature and the current study demonstrates the
correctness of the formulation of several stiffness matrices involved. It is also noted

that P,/ B, increases with an increase in the % loaded edge length.

Example 3: This example is carried out for a single-layer FGM thin plate (b/4 = 100)
subjected to Type-IV load with SSSS and CSCS support condition The present P.,
(P.; = P.;b/D¢e; Dee = Ecch®/12(1 — v?)) are compared with results reported by
Chen and Liew (2004), considering plates with an aspect ratio (a/b) equal to 0.5, 1.0
and load width ratio (¢/b) equal to 0.5, 0.25 and 1.0. The material properties considered
for the present comparison study are shown in Table 4.1. The volume fraction exponent
(n) considered is 1.0. It is perceived from Table 4.4 that the non-dimensional critical
buckling load for plates with SSSS and CSCS support conditions decrease as the
concentrated load move towards the centre of the plate with a/b = 0.5 and 1.0. It is
evident from Table 4.4 that the present outcomes are in good agreement with the

literature.
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Table 4.2 Convergences of non-dimensional critical buckling loads (P.,.) and non-dimensional natural
frequencies (@) of thin square single layer FGM plate subjected to load Type-III with ¢/b = 0.2.

Non-dimensional critical Non-dimensional Frequency
Mesh division buckling load (P..) (@) SSSS
SSSS CCcCC P/P,.=00 P/P,.=05
2x2 68.773 83.677 8.328 4.021
4x4 21.996 93.620 5.103 3.858
6x6 19.887 54.846 5.064 3.675
8x8 19.257 49.553 5.064 3.620
10x 10 18.966 47.992 5.061 3.594
12x 12 18.968 47.981 5.061 3.592

Table 4.3 Variation of P,/ P., for an isotropic thin square plate (a/4 = 100) subjected to Types-III load

SSSS CCCC
% Loaded Sund | Sund y
undaresan etal. undaresan et al. (
edge length  Present (1998) % Error Present (1998) Error
20 0.668 0.667 0.12 0.691 0.688 0.33
40 0.721 0.719 0.36 0.754 0.749 0.75
60 0.804 0.804 0.08 0.840 0.836 0.53
80 0.905 0.905 0.04 0.924 0917 0.73
100 1.000 1.000 0.00 1.000 1.000 0.00

Example 4: The validation study is further continued by considering moderately thick
(b/h =10) FCF square FGSP subjected to uniformly distributed in-plane edge load. In
the current example, the effect of different layer schemes and volume fraction exponent
is calculated, and buckling results are tabularized in Table 4.5 along with the results
from Adhikari et al. (2020), Zenkour (2005) and Swaminathan and Naveenkumar
(2014). The FGM sandwich plate is made of Aluminium (£, = 70 GPa, p, = 2702
kg/m*) and Alumina (E., = 380 GPa, p.. = 3800 kg/m?). The Poisson’s ratio (v) is
considered 0.3 for both metal and ceramic materials. The sandwich plates with various
layer schemes, as mentioned in Table 3.1, are considered for the analysis. The non-
dimensional critical buckling load (P., = P..a?/100Eyh3,E, = 1 GPa) obtained
from the current FE model shows the minimal difference with the results presented in
the literature. Swaminathan and Naveenkumar (2014) and Zenkour (2005) have
obtained P, using closed-form solution with HSDT-12 and sinusoidal shear

deformation theory respectively while, Adhikari et al. (2020) employed the FE
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Table 4.4 Comparison of non-dimensional critical buckling load
(P, = P.,.b/Dge; Dy = E,och®/12(1 — v2) ) of SSSS and CSCS single-layer FGM (Al/ZrO) plate
subjected to Type-1V load

b b SSSS . CSCS .
Present Chen and Liew (2004) Present Chen and Liew (2004)

0.1 56.656 55.986 95.137 91.455
0.5 0.25 26.891 27.093 62.381 62.547
0.5 21356 21.39 57.796 58.136
0.1 35.111 36.723 45.749 46.286
1 025 26271 25.96 42.109 42.374
0.5 18.5 18.429 33.721 33.891

Table 4.5 Comparison of non-dimensional critical buckling load
(P, = P..a?/100E,h3, E, = 1 GPa) of simply supported FCF FGM (Al/Al,05) sandwich plate
subjected to uniformly distributed uniaxial compressive load

Sandwich Layer schemes

n Source 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
Adhikari et al. (2020) 13.005 13.005 13.005  13.005 13.005  13.005
Zenkour (2005) 13.004  13.004 13.004 13.004 13.004 13.004

0 Swaminathan and
Naveenkumar (2014) 12.953 12.953 - 12.953 - 12.953
Present 12.816  12.816 12816 12.816  13.729 13.729
Adhikari et al. (2020) 7.364 7.941 8.224 8.437 8.810 9.217
Zenkour (2005) 7.337 7913 8.200 8.437 8.787 9.195

0.5  Swaminathan and
Naveenkumar (2014) 7.333 7.912 - 8.406 - 9.184
Present 7.228 7.796 8.078 8.285 8.656 9.059
Adhikari et al. (2020) 5.166 5.839 6.193 6.464 6.949 7.507
Zenkour (2005) 5.142 5.814 6.170 6.465 6.926 7.484

1 Swaminathan and
Naveenkumar (2014) 5.148 5.819 - 6.443 - 7.482
Present 5.065 5.726 6.076 6.342 6.821 7.372
Adhikari et al. (2020) 2.653 3.036 3.394 3.575 4.107 4.734
Zenkour (2005) 2.638 3.023 3.385 3.559 4.092 4714

5 Swaminathan and
Naveenkumar (2014) 2.642 3.025 - 3.563 - 4.720
Present 2.599 2.976 3.331 3.505 4.028 4.643

method using HSDT-9. The difference in results is due to the different techniques for
solution and displacement fields considered in the literature, which require more

computation effort than the present method involving FSDT.
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Example 5: In this example, the non-dimensional natural frequencies
2
(@ =w (“7) JPo/Eo, Eo = 1 GPa, py = 1 kg/m?) of SSSS FCF moderately thick

(a/h = 10) FGSP are obtained by considering various n and layer schemes. The FGSP
is made of Aluminium (E,, = 70 GPa, p,, = 2707 kg/m3)and Alumina
(E.e = 380 GPa, p. = 3800 kg/m3). The Poisson’s ratio (v) is considered 0.3 for
both metal and ceramic materials. A sandwich plate with various layer schemes, as
mentioned in Table 3.1, is considered for the analysis. The results found are compared
with those obtained analytically by Zenkour (2005), as shown in Table 4.6. The close
agreement between the present study and the literature show the correctness of the mass

matrix in the formulation.

Example 6: The comparison study is further continued to ascertain the exactness of the

present formulation for the plate with porosity imperfection. Towards this, the non-

2

dimensional natural frequencies (¥ = w (a?) 00/Eo,Eo = 1 GPa, py = 1 kg/m3)

of simply supported square porous FGM sandwich plates is obtained and compared
with results presented in the research article by Daikh and Zenkour (2019). The
sandwich plate is moderately thick (a/h = 10) with n = 2.0. The FGM sandwich plate is
made of  Aluminium (E,, = 70 GPa, p,, = 2707 kg/m3)and  Alumina
(E;e = 380 GPa, p., = 3800 kg/m?). The Poisson’s ratio (v) is considered 0.3 for
both metal and ceramic materials. The authors have incorporated simple higher orders
shears deformation theory to perform free vibrational analysis. Here, the FCF FGM
sandwich plate is considered with U-D type porosity distribution. The porosity index
pi= 0.1 and 0.2 is considered. A sandwich plate with various layer schemes, as
mentioned in Table 3.1, is considered for the present analysis. It is perceived from Table
4.7 that non-dimensional natural frequencies decrease with an increase in the porosity
index irrespective of the layer schemes. The comparison is presented in Table 4.7, and
the presented results are convincingly close to those available in the literature in terms

of accuracy.

Example 7: Lastly, the comparison study is continued to ascertain the exactness of the
present formulation for P.. (P, = P,a?/100Eyh3,E, = 1 GPa) of the plate with

porosity imperfection. Towards this, the non-dimensional critical buckling load of
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Table 4.6 Comparison of non-dimensional natural frequency (® = @ (%) v Po/Ey,

Ey = 1 GPa, py = 1 kg/m3) of simply supported FCF FGM (Al/Al,03) sandwich plate.

Sandwich Layer schemes
1-0-1 2-1-2  2-1-1  1-1-1 2-2-1 1-2-1
Zenkour (2005) 1.825 1.825 1.825 1.825 1.825 1.825

n Source

00 Present 1.825 1.825 1.825 1.825 1.825 1.825
0.5 Zenkour (2005) 1.442 1482 1510 1517 1.545 1.573
Present 1.442  1.482 1505 1517 1.545 1.573
L0 Zenkour (2005) 1.243 1300 1349 1353 1.408 1.439
Present 1.240  1.297 1332 1351 1.394 1437
50 Zenkour (2005) 0946 0982 1.074 1.045 1.147 1.174
Present 0943 0979 1.030 1.042 1.108 1.172

simply supported square porous FGSP is obtained and compared with results presented
in the research article by Daikh and Zenkour (2019) (Closed form solution) and
Vinh and Huy (2021) (FE technique). The sandwich plate considered is moderately
thick (a/h = 10) with volume fraction exponent » = 2.0. The FGM sandwich plate is
made of Aluminium (E,, = 70 GPa, p, = 2707 kg/m?) and Alumina (E. = 380
GPa, pc. - 3800 kg/m*) The plate is subjected to uniform compressive in-plane edge
load. The Poisson’s ratio (v) is considered 0.3 for both metal and ceramic materials.
Here, FCF FGM sandwich plate is considered with U-D type porosity distribution. The
porosity index p;= 0.1 & 0.2 is considered. Sandwich plate with various layer schemes
as mentioned in Table 3.1 is considered for the present analysis. It is perceived from
Table 4.8 that non-dimensional critical buckling load decrease with increase in the
porosity index irrespective of the layer schemes. The comparison is presented in Table
4.8, and the presented results are convincingly close to those available in literature in

terms of accuracy.
4.3.2 Parametric Studies

A comparative study of the results obtained from current formulation with literature
results are carried out in section 4.1. After the comparative study, parametric studies
are carried out to examine the influence of porosity on vibration and buckling responses
of FGM single layer and FGSP exposed to localised edge load by varying volume
fraction exponent, porosity distribution, porosity indices, side-to-thickness ratio, load

width ratio, aspect ratio and support condition.
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Table 4.7 Comparisons of non-dimensional natural frequency (w = % po/Eq ,Ey = 1GPa,
po = 1 kg/m?) of simply supported square FCF FGM (Al/Al,03) sandwich plate with porosity

Sandwich Layer schemes

Di Source
1-0-1 1-1-1 1-2-1 2-1-2  2-2-1  2-1-1
01 Daikh and Zenkour (2019) 0.9825 1.1207 1.2493 1.0471 1.1819 1.0935
Present 0.9885 1.1272 1.255 1.0536 1.1895 1.102
02 Daikh and Zenkour (2019) 0.8786 1.0420 1.1915 0.9549 1.1105 1.0055
Present 0.8914 1.0551 1.2027 0.9685 1.1249 1.0218

Table 4.8 Comparison of non-dimensional critical buckling load P., (P., = P.,a?/100E,h3,

Ey = 1 GPa) of simply supported square FCF (Al/A1,0O3) sandwich plate with porosity and subjected
to uniform compressive in-plane edge loads.

Sandwich Layer schemes

pi  Source 1-0-1 1-1-1 1-2-1  2-1-2  2-2-1 2-1-1
Present 1.357 1.989 2.606 1.659 2260 1.841
0.1 Daikh and Zenkour (2019) 1.362 1.997 2.622 1.665 2272 1.849
Vinh and Huy (2021) 1.343 1.969 2586 1.641 2240 1.822
Present 0.973 1.620 2272 1278 1.892 1.450
0.2 Daikh and Zenkour (2019) 0.960 1.605 2265 1262 1.881 1.436
Vinh and Huy (2021) 0.946 1.582 2234 1244 1.854 1.415

4.3.2.1 Vibration behaviour of single layer FGM and FGSP with and without Porosity

under localised edge loads

The FGM plates with different sandwich configurations, sandwich layer schemes, types
of porosity distributions, and porosity index to investigate the influence of the free
vibration characteristics are considered for the analysis. The effect of initial stresses on
the variation in non-dimensional natural frequencies of single layer FGM plate is
examined by choosing load Type-III. The outcomes are displayed in Figs. 4.2(a) and
(b). Initially, a square plate with the volume fraction exponent and porosity index
n = 1.0 and p; = 0.0 is considered to study the effect of load width ratio (Fig. 4.2(a)).
The load width ratio is varied from 0.2 to 1.0. The results represented in Fig. 4.2 indicate
that for any given load width ratio, the non-dimensional natural frequency decreases
with increase in the intensity of edge load and reaches zero frequency at the onset of
critical load. Also, for a certain non-dimensional load P), the frequency increases with

increase in the load width ratio. The reason behind such behaviour is due to the increase
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in the effect of support restraints as the load width increases. Hence, the natural
frequency of plate is increased with an increase in load width ratio.

Further, a similar study is examined by considering different volume fraction exponents
(n) and the consequences are shown in Fig. 4.2(b). The plate is subjected to localised
edge loads with ¢/b = 0.6. It is perceived from Fig. 4.2(b) that for a specified non-
dimensional load , the non-dimensional natural frequency decreases with the rise in
volume fraction exponents () and is found to be maximum for » = 1.0 and least for
n =100.0. In an FGM plate with a lesser volume fraction exponent, ceramic content is
greater than that of metal. The Young’s modulus of ceramic material is higher than
metal; the plate with lesser volume fraction exponent exhibit higher natural frequency
due to increased stiffness as the ceramic material content is high. Likewise, an increase
in the volume fraction exponent results in an increase in the metal content and hence
the natural frequency of the FGM plate decreases.

The study is extended to understand the influence of different porosity distributions on

the vibration behaviour of single layer FGM plate, as shown in Fig. 4.3(a).

6

Single layer FGM| Single layer
51 > -— bLoad width ratios —> *—1|, FGM
01:: | =02 51 01:: =—|° Volume fraction
il —e— ¢/b=04 exy :
n=1.0,p=0.0 —A— c/b=0.6 4 b=0.6,p~0.0  —=—n=1.0

—— ¢/b=0.8
—*— ¢/b=1.0

—e—n=5.0
—a—n=20.0
——n=50.0
<*— n=100.0

Non-dimensional natural frequency
Non-dimensional natural frequency
“w
|

>
=
=
o o

10 15 20 25

0 5 10 15 20 25 30
Non-dimensional load Non-dimensional load

(a) (b)
Fig. 4.2 Variation of non-dimensional natural frequency of single layer FGM plate for different (a) load
width ratios (b) volume fraction exponents
The porosity index and volume fraction exponent are chosen as p;= 0.2 and n = 1.0
respectively. The plates are subjected to Type- III loading with ¢/b = 0.2. Here four
types of porosity distributions, as mentioned in section 4.2 are considered for the study.
Fig. 4.3(a). shows that with an increase in the initial stress, the frequency parameter

decreases and approaches zero irrespective of the type of porosity distribution. Fig.
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4.3(a) also depicts that O-D type of porosity distribution exhibits the highest natural
frequency amongst all the porosity distribution in the order of O-D > X-D > U-D >
V-D. A similar trend is observed as the initial stresses resulting from the localised edge
loads increases. The physical reason behind higher natural frequency for plates with
O-D type distribution is due to the concentration of pores close to mid surface of the
plate. As the pores are close to the mid surface, reduction in stiffness is not significant,
hence O-D type exhibits higher natural frequency as compared to other porosity
distributions.

The investigation is further extended by considering FCF FGSP with porosity, and the
outcomes are exemplified in Fig. 4.3(b) by considering different sandwich layer
schemes. The U-D type porosity with a porosity index, p;= 0.2, volume fraction
exponent, n =5 and load width ratio, ¢/b = 0.2 are considered for the study. It is inferred
from Fig. 4.3(b) that the non-dimensional natural frequencies decrease with the
increment in the intensity of the applied load and attain a value of zero at the respective
critical buckling loads. However, the difference in natural frequency of the plate with
different layer schemes is minimal when the initial stresses are absent, but the effect

gradually increases with the introduction of initial stresses.

5

Single layer ECF Sandwich

5 — e FGM —> -— Layer schemes:
C]:—’ e—|b  Porosity 01:: :: b 1-1-1
™ I~ Distributions | 3.4 7 ——2-1-2
4- —#=UD n=5.0,c/b=02 422!
n=1.0, c¢/b=0.2 —e—0D ; 0.2 —e—1-2-1
3 pi=0 —h— 1-0-1

p=0.2  —A—XD

—*—V-D 2-1-1

Non-dimensional frequency
w
1

(=]

0 T T T
0 2 4 6 8 10 12
0 5 10 15 20 . .
. . Non-dimensional load
Non-dimensional load
(b)
(@)

Fig. 4.3 Variation of non-dimensional natural frequency for plates subjected to load Type-III and
different (a) porosity distributions (Single layer FGM) and (b) layer schemes (FCF sandwich).

It can be comprehended that the sandwich with 1-2-1 and 1-0-1-layer scheme give
maximum and minimum non-dimensional natural frequency, irrespective of initial
stresses. For 1-2-1 layer scheme, the increased non-dimensional natural frequency is

due to the increased stiffness contributed by the higher thickness of the ceramic core
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sheet. Likewise, the sandwich plate with a 1-0-1 scheme exhibits a lesser non-
dimensional natural frequency due to the presence of only porous FGM face sheets and
the absence of stiffer core sheets. The effect of porosity indices on the non-dimensional
natural frequency of FCF and MFM square thin (b/2 = 50) sandwich (1-2-1) plates
subjected to Type-II localised edge loads is studied, and the outcomes are presented in
Fig. 4.4. In this study, U-D type of porosity is selected with p; = 0.0, 0.1, 0.2, 0.3, 0.4
and 0.5. The volume fraction exponent and load width ratio are selected as 0.5 and 0.6,
respectively. It is observed from Figs. 4.4(a) and (b) that the non-dimensional natural
frequency reduces with an increase in the porosity indices for both FCF and MFM
sandwich plates at certain non-dimensional loads. The reason behind such behaviour is
due to the reduction in the stiffness of the sandwich plate with an increase in the
porosity indices. Further, it can also be noticed that the amount of reduction in non-
dimensional natural frequency with an increase in porosity indices is more significant
in FCF sandwich plates with two porous face sheets as compared to MFM sandwich

plates with the single porous core.

6
A i 5 -
ez Dl fM ) Ci MFM Sandwich
orosity indices: ™ <~ | Porosity indices:
5 b—=—p;=00 b —=—p;=0.0
| —*—p,=01 44 | —e—p.=01
i
. n=0.5, c/b=0.6 —A—p,=0.2 n=0.5, ¢/b=0.6 ——p,=0.2
-2-1, UD : p;=0.3 X 1-2-1, UD p;=0.3
—Oo—p;=04 ] —o—p;=0.4
“—p;=0.5 —&—p,=0.5

Non-dimensional natural frequency
(.I»-)
Non-dimensional natural frequency

=1

T T T T
0 10 20 30 40 0 5 10 15 20 25 30

Non-dimensional load Non-dimensional load
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Fig. 4.4 Variation of non-dimensional natural frequency with porosity indices for (a) FCF and
(b) MFM 1-2-1 sandwich plates having U-D type of porosity under load Type-II with ¢/b = 0.6.

The influence of the type of localised edge loads on the non-dimensional natural
frequency of FCF and MFM square sandwich plates (1-2-1) with V-D type porosity is
illustrated in Figs. 4.5(a) and (b), respectively. It is observed that for a certain non-
dimensional load, the non-dimensional natural frequency is maximum for plate

subjected to Type—II localised edge load, followed by Type—I, Type—IV and Type—IIl
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Fig. 4.5 Variation of non-dimensional natural frequency for (a) FCF and (b) MFM 1-2-1 FGSP having
V-D porosity distribution subjected to different types of localised edge load with ¢/b =0.2.

loads. The reason behind the increased non-dimensional natural frequency of plates
subjected to Type—II is due to the fact that the loads are located at the stiffer region of
the plates i.e., close to supports. Due to this, the plate remains stiff, which in turns

increases the non-dimensional natural frequency.

4.3.2.2 Buckling characteristics of single layer FGM plate without porosity under load
Type-1I and Type-11

The buckling responses of single layer FGM square plates without porosity subjected
to localised edge load from one end of the plate (Type-I) is analyzed in these sections,
and the outcomes are projected in Figs. 4.6(a) and (b). It is witnessed from Fig. 4.6 (a)
that the non-dimensional critical buckling load (P,,.) reduces with the rise in load width
ratio up to a ¢/b of around 0.6 and subsequently increases with the further rise in ¢/b
regardless of volume fraction exponents. The non-dimensional critical buckling load
(P.) is also observed to be much higher when loading is close to the edges of the FGM
plate. It might be owing to the influence of edge constraints, where the stiffness of the
FGM plate is considerably higher in comparison with the central region of the single
layer FGM plates. It is essential to note that for a given ¢/b, the variation in the value
of P, is insignificant at higher volume fraction exponents as compared to that of lesser
volume fraction exponents. The non-dimensional critical buckling load variation with
various aspect ratios (a/b) is further studied by selecting volume fraction exponent, n =

1.0 and outcomes are illustrated in Fig. 4.6(b).
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Fig. 4.6 Variation of non-dimensional critical buckling load with load width ratio for single layer
FGM plates without porosity subjected to Type -I loading (a) Influence of various volume fraction
exponents (b) Influence of different aspect ratio of the plates

As itis observed from Fig. 4.6(b) at lower load width ratio (¢/b) the variation in the non-
dimensional critical buckling load for FGM plate with different aspect ratios is
significantly large, while at higher ¢/b the non-dimensional critical buckling load
variation is relatively less, especially at ¢/b = 0.5 & 1.0. It is further noticed that with
increase in a/b, non-dimensional critical buckling load of single layer FGM plate
decreases only till certain ¢/b (i.e., ¢/b < 0.4) and with increase in ¢/b the buckling
behaviour changes, i.e., the buckling resistance of single layer FGM plate increases
with the rise in the aspect ratios (a/b) of FGM plate.

This variation in behaviour may be due to the change in the amplitude of buckling
mode shapes particularly at the stiffer region of the plate, which can be seen in Fig. 4.7
at ¢/b = 0.2 and 0.6. It is essential to observe that the value of P, remains constant
irrespective of a/b at around ¢/b = 0.45. It may be due to closely constant amplitude
of buckling modes shapes in any aspect ratios of the FGM plate, which can be observed
in Fig. 4.7 for ¢/b = 0.45. In addition, a similar study is continued by considering
Type-II load and results are depicted in Figs. 4.8(a) and (b). From Fig.4.8(a), it can be
witnessed that the buckling resistance of the single layer FGM plate gradually
decreases as the load width ratio (¢/b) increases irrespective of volume fraction
exponent (7). This behaviour is because of the reduction in the influence of edge
restraints with the increase in the load width ratio (¢/b). Also, when the load width ratio
(¢/b) approaches the extreme value, the single layer FGM plates are prone to buckling

at significantly lesser non-dimensional critical buckling load as compared to
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Fig. 4.8 Variation of non-dimensional critical buckling load with load width ratio for single layer
FGM plates without porosity subjected to Type-II loadings (a) Influence of various volume fraction
exponent (b) Influence of various aspect ratio of the plate

the corresponding non-dimensional critical buckling load at minimum load width ratio

(¢/b). Considering the volume fraction exponent n = 1.0, the influence of different
aspect ratios of single layer FGM plate on the buckling behaviour (P.,) is investigated
by considering load Type-II, and the results are illustrated in Fig. 4.8(b). The graphical
representation indicates that with the rise in aspect ratios (a/b) of single layer FGM
plate, the buckling strength of the plate decreases and is found to be extreme and least
at a/b = 1 and 4, respectively. It can also be understood from the graph that the
difference in the value of P.,. with a/b is found to be substantial at lower load width

ratio (¢/b) and trivial at higher load width ratio (¢/b).

4.3.2.3 Buckling characteristics of different cases of FGM plate with porosity under
load Type—I and Type—II

The effect of various volumes fraction exponent and porosity index on the buckling
characteristics of single layer simply supported FGM square plates is investigated and
the outcomes are tabularized (Table 4.9). The non-dimensional critical buckling loads
are obtained here using Type—I and Type-II localised edge loads with ¢/b =0.2. It can
be noted that for any given porosity index, the non-dimensional critical buckling load
decreases with increase in volume fraction exponent. It is worth nothing that for any
volume fraction exponent, the buckling resistance of the FGM plate decreases with an

increase in the value of porosity index (p;). Further, for V-D porosity type the effective
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Young’s modulus becomes negative for p; > 0.4 in case of n = 0.5. And for volume
fraction exponent n = 1.0, 2.0, 5.0 the effective Young’s modulus becomes negative for
p; = 0.3 as shown in Fig. 4.9. The negative value for effective Young’s modulus is not
possible in actual conditions. Hence for V-D porosity type, P., is obtained by limiting
the porosity index to 0.3.
Table 4.10 depicts the effect of different porosity indices on the non-dimensional
critical buckling load (P.,.) of FCF and MFM type of FGM FGSP subjected to Type-I
and Type-II localised edge loads. In this study, four different types of FGM layer
schemes are considered with U-D type porosity. The porosity index is chosen as
p; = 0.1, 0.2 and 0.3. Here, the localised edge loads with load width ratio ¢/b = 0.2,
0.4 and 0.6 are considered. Few of the results generated are also compared with the
results from the ABAQUS software tool, and results show good comparison. In the FE
software, the FGM plate is modelled by considering shell elements made up of a
number of layers and varying the effective material properties of each layer according
to a modified power law. For FCF, FGSP with 1-2-1 and 2-1-2 layer scheme show
maximum and minimum buckling strength irrespective of porosity indices. While for
MFM FGSP 2-1-2 and 1-2-1, layer scheme with porosity show maximum and
minimum buckling strength irrespective of porosity indices. But for non-porous MFM
FGM sandwich plate, 1-2-1 and 2-2-1 layer scheme exhibits maximum and minimum
buckling strength, respectively. However, the non-dimensional critical buckling load
variation among different layer schemes for a particular porosity index in an MFM type

sandwich is negligible as compared to that of non-dimensional critical buckling load

08 06 04 02 00 02 04 06 08 10 12 L4
Effective Youngs Modulus (Pa) x10"!
Fig. 4.9 Variation of effective Young’s modulus through the thickness of single-layer FGM plates with
V-D type porosity distribution
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variation among FCF sandwich types. Subsequently, it is worth taking note that the
buckling strength offered by FCF type of sandwich plate is greater than MFM type of
sandwich plates at porosity index p; = 0.0. At higher porosity index (i.e., p; = 0.3)
MFM type of sandwich plate offers slightly higher buckling strength than FCF type of
sandwich plate irrespective of layer schemes. The higher buckling strength of FCF type
sandwich plates in comparison with MFM type of sandwich plates at p; = 0.0 is due to
the stiffer core of ceramic material and non-porous FGM face sheets in FCF type of
sandwich plate which contribute together for better buckling resistance. While at
porosity index p; = 0.3, the effects of porosity in reducing the buckling strength is more
prominent in sandwich plates with two porous FGM faces sheets and non-porous
ceramic cores (FCF) in comparison with MFM type of sandwich plates having only one
layer of porous FGM core and nonporous homogenous metal face layers.

The investigations are further carried out to understand the influence of porosity index,
and the type of porosity distribution on buckling behaviour of single layer FGM plate
subjected to Type-I and Type-II localised edge load. The load width ratio considered
for this investigation is 0.2. Fig.4.10 represents the effect of porosity distribution, and
porosity index on the buckling behaviour of simply supported square single layer FGM
plate. It can be observed that with the increase in the porosity index, the non-
dimensional critical buckling load decreases for all types of porosity distribution
considered. It also be perceived that the effect of the increase in porosity index on a
decrease of buckling strength of plates with O-D type of porosity are marginal
compared to the plates with the remaining type of porosity distributions considered,
while the rate of decrease in non-dimensional critical buckling load with the increase
in porosity index is significant for V-D type of porosity. And also, for V-D type of
porosity, non-dimensional critical buckling load is found up to porosity index, p;= 0.4.

The reason behind this consideration is discussed earlier.

4.3.2.4 Buckling characteristics of single layer FGM plates without porosity under load
Type-1lI and Type-1V

The case of localised edge loads from the centre of the plates (Type-III) is considered
in this subdivision, and the buckling variation of single layer FGM plates is shown in

Fig. 4.11(a) by considering different volume fractions exponent (n). It can be

74



comprehended from Fig. 4.11(a) that the non-dimensional critical buckling load (P.,.)
increases as the load width ratio (¢/b) increases irrespective of volumes fraction
exponent (n) and found to be maximum at ¢/b = 1.0 and least at ¢/b = 0.2. In this load
case, the plate is primarily loaded at lower stiffness region, i.e., at the mid-portion of
FGM plate and as the load width increases, it progressively transfers towards the higher
stiffness area (i.e., edges of the FGM plate), wherein the considerable compressive zone
gets extended over a wide plate area of supports at the edges. Therefore, this provides
reason for the above-mentioned behaviour. Nevertheless, this behaviour is completely
inverted in the load Type-II. It is vital to note that for a given ¢/b, the variation in the
value of P, is significantly higher at lower volume fraction exponents as compared to

that of higher volume fraction exponents.
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Fig. 4.10 Variation in the non-dimensional critical buckling load (P,,) of simply supported single layer
FGM plates under localised edge load with porosity index and porosity distribution (Type-I and
Type-1I, n=2.0, ¢/b = 0.2, b/h = 100)

Subsequently, a similar study is carried out further to study the effect of different aspect
ratio of single layer FGM plate by considering volume fraction exponent, n = 1.0. The
outcomes are exemplified in Fig. 4.11(b). It is apparent from Fig. 4.11(b) that the value
of P, increases with the increase in plate aspect ratio irrespective of load width ratio
except at ¢/b = 1.0, wherein the value of P, is found to be nearly constant for all
aspect ratios of the plate. It is also witnessed from the figure that for any given ¢/b, the
buckling strength of the single layer FGM plate increases with the increase in aspect

ratio (a/b) and is observed to be least at ¢/b = 0.2 and maximum at ¢/b = 1.0. It is worth
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to note that the variation in the value of P.. among different a/b is found to be
maximum when the load are concentrated towards the centre of the panel (¢/b = 0.2)
and this variation reduces as the ¢/b increases. At ¢/b = 1.0 the variation in P., is found
to be negligible.

The effect of different position of concentrated edge load (Type-IV) on the buckling
characteristics of single layer porous FGM plate with different volume fraction
exponents (n) is studied in this section, and the outcomes are demonstrated in Fig.
4.12(a). It can be seen from Fig. 4.12(a) that the buckling resistance of the FGM
plate decrease as the load moves towards the middle edge portion of single layer FGM
plate, i.e., ¢/b = 0.1 to 0.5. The physical reason behind this behaviour may be due to the

reduction in the effect of edge restraints.

Single layer FGM 35 Single laver
_|Volume fraction exponent—>| [
40 ¢l — b FGM )
—8— n=0.0 —<¢— n=10.0"~ —| le— 4 ¢ rati 01_. :: b
—o— n=1.0 —>— n=20.0 spect ratio = —
B a—n=20—0—n=500 700 30 ——ab=L0
—v—n=5.0 ——n=100.0 —o—a/b=2.0 n=1.0
—A—a/b=3.0
—v—a/b=4.0

25 Pi=0
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Non-dimensional critical buckling load
Non-dimensional critical buckling load

0.2 0.4 0j6 0.8 1.0 02 0.4 0.6 0.8 1.0

Load width Load width
(a) (b)

Fig. 4.11 Variation of non-dimensional critical buckling load with load width ratios of single layer
FGM plates without porosity subjected to Type-III loading (a) Effect of volume fraction exponent (b)
Effect of aspect ratio of the plates.

By considering single layer FGM plate with n = 1, the analysis is carried out to examine
the effect of plate aspect ratio and the results are showcased in Fig 4.12(b). It is noticed
from Fig. 4.12(b) that the value of P, decreases with the increase in the plate aspect
ratio (a/b) only up to ¢/b = 0.2, and thereafter asymmetric behaviour is observed,
wherein the values of P.. increases with the increases in the FGM plates aspect ratios.
This behaviour is almost similar to that of the plate under load Type-I, and hence the
reason which holds good for the plate with load Type-I also draws out to plates with
load Type-IV.
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4.3.2.5 Buckling behaviour of different cases of FGM plate with porosity under load
Type-1ll & Type-1V

The influence of volume fraction exponent and porosity index on non-dimensional
critical buckling load of single layer FGM plate subjected to Type-III and Type-IV
localised edge loads is studied. Here, load width ratio, ¢/b = 0.2 is considered for the
analysis and results are tabulated (Table 4.11). It can be seen from Table 4.11 that the
non-dimensional critical buckling load decreases with increased porosity index
irrespective of the type of porosity distribution. Also, the O-D type of porosity exhibits
maximum buckling resistance, and V-D type of porosity distribution offers minimum
buckling resistance irrespective of the volume fraction exponent, porosity index, and

type of localised edge loading.
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Fig. 4.12 Variation of non-dimensional critical buckling load with load width ratio for single layer
FGM plates without porosity subjected to Type-IV loadings (a) Effect of volumes fraction exponents
(b) Effect of aspect ratio of the plate

As discussed earlier, for V-D type porosity with volume fraction exponent n = 5.0, the
porosity index is restricted to p; = 0.3, since the effective Young’s modulus tends to
become negative for p; = 0.4 as shown in Fig. 4.9.

The effect of the porosity index and the layer scheme on the buckling behaviour is
studied in this section by considering Type-III and Type-IV localised edge loads. The
obtained numerical values are tabulated in Table 4.12 for the FCF & MFM
configuration of sandwich plates. In consistent with the discussion in the last section,
trends are similar for different layer schemes and porosity indices. However, for FCF

sandwich configuration, the plate with 1-2-1 layer scheme offers the highest buckling

77



8L

(0°0 ='d) Ansozod noypm sajed D 10J 18 UWIN[OD SIY} JOPUN UMOYS SIN[BA O} [[V 4

- ye0°sl 806°€C ¥10°6 768'8C - 191°8 €86°CI y68'% 989°GI S0

- P8L1 o1 wOrel 768'8C - L89°6 14229 60¢€'L 989°G1 70
8798  0€9'0C  ¥S6'SC 8IS'LI 768'8C 69'v 00C'T1T €60v1 116°6 989°GI €0 oS
EYL'ST  86€°€C  LYV6'9C Y6€'1¢ 768°8C LYS8 €0LCI €971 91911 989°C1 (40
coy'ce  IS1'9¢ §C6'LT ELI'ST 768'8C Y91°Cl 86111 91°¢1 L99°¢1 989°C1 o

- S80°LI 296°SC 65601 SET'IE - VLT 6 L60V1 6v6°S €0691 0]

- 8€6°61 6£0°LT 96¢°S1 SEI'TE - €¢8°01 189¥1 86¢'8 €06°91 70
S9¢°0T  S9L°CT 160°8C 8csol SEI'TE SEL'S 8GECI IsTsl 109°01 €06°91 €0 0z
CSL'LT  TLS'ST I21°6¢ 681°¢€C SET'IE LE9'6 88¢l [18°CI cSLT €0691 4
IPS¥yT  09€°8¢ SET0¢ IeLT SEI'TE €Ceel 96¢€°S1 19¢€91 I8 PI €06°91 1o

- LOT'0C  ¥86'8C L6S V1 §96°¢E - €16°01 9¢LCl €C6'L 6£v°81 0]

- S06'CC  LOO0OC 8981 §96°¢E - €V Tl 16C91 [44N0\! 6EY 81 70
0001  889'6C  VIOIE L19°CT §96°¢E 665°L Pr6'€l 8€8°91 8LTCI 6EY 81 €0 01
I¥8°0C  LSY'8T 800°C¢E 9t 9C §96°¢E €Ie1l Y Cl LLELT [42%4! 6£v°81 (4
€Y'LT 91T IE 166°C¢ €eC0¢e §96°¢E 60611 9r6°91 0T6'LT ey 9l 6¢v'81 1o

- EIv'vec  06T¢EC vov ol 100°8¢€ - [sTel YLO'81 85701 0€9°0C S0

- wl'LT Sveve 9LT €T 100°8€ - €ELYI 16581 9¢9°CI 0€9'0c  v0
0€L8T  ¥98°6C  061°S¢E €00°LT 100°8¢ 991°01 11291 corel 65911 0€9°0¢ €0 0
8CT'ST  186°CE ce19¢ €69°0¢ 100°8€ ¥69°€1 989°L1 919°61 79991 0€9°0C 4
0y9'1€  €6C°S¢E 890°LE 9sEve 100°8¢€ OLT'LT oSl ol y21°0T 15981 0€9°0C 1o
a-A a-Xx a-o an *Dd aInd a-A ax ao an D4 g

AI-QdAT NI1-9d4 L 'd u
SurpeoT jo odA],

(T°0 = 9/2) speo| a3pa pasi[ed0] AT-adA T,
pue [[-odA], 01 paroalqns sajejd ND J1oAe] 9[3uls JO peo[ SUIPONQq [EONLIO [BUOISUSWIP-UOU U0 Xapul A)1so1od pue juouodxo UOroel) WN[OA JO 1001 [ [+ 9[qel



resistance amongst all the other layer schemes plates without porosity in the order of
1-2-1>2-2-1 > 1-1-1 > 2-1-2 irrespective of load width ratios (¢/b) under Type-III and
Type-1V loading condition.

Similarly, in the MFM type of sandwich the higher buckling resistance is in the order
2-2-1 > 1-2-1>1-1-1 > 2-1-2 for non-porous plate and it is in the order of 2-1-2 > 1-
1-1 >2-2-1 > 1-2-1 for any kind of porosity indices, irrespective of load width ratios
(¢/b) under Type III and Type IV. As discussed earlier, among FCF and MFM types of
sandwich plate, the MFM type of sandwich shows the highest buckling resistance only
for higher porosity index irrespective of sandwich layer schemes. But this is not true
for plates without porosity, where FCF type sandwich plates show the highest buckling
resistance irrespective of layer schemes.

Moreover, for MFM sandwich configuration plates, 2-1-2 layer scheme shows less
sensitivity towards the decrease in non-dimensional critical buckling load with increase
in porosity index and also exhibits maximum buckling resistance. The poor sensitivity
in buckling behaviour of behaviour the (2-1-2) layer scheme plate is due to the smaller
thickness of porous FGM core sheet and larger thickness of non-porous metal face
sheets (i.e., 0.32% decrease in non-dimensional critical buckling load with a decrease
in porosity index from 0.1 to 0.3, for Type-III loads with ¢/b = 0.2). Along the same
lines, 1-2-1 layer scheme of MFM porous FGM sandwich plate having a greater
thickness of porous FGM core sheet portrays higher variation of critical buckling load
with the change in porosity index (i.e., 4.14% decrease in non-dimensional critical
buckling load with a decrease in porosity index from 0.1 to 0.3). Also, the study is
carried out to examine the effect of porosity distribution and porosity index on the
buckling behaviour of a simply supported square single layer FGM plate subjected to
Type—IIl and Type-IV localised edge loads. The results obtained are graphically
presented in Fig 4.13. Here the porosity indices are chosen as p; = 0.1, 0.2, 0.3, 0.4 and
0.5. As mentioned in the discussion for similar studies on the plate under Type-I and
Type-II loading, the non-dimensional critical buckling load decreases with increase in
the porosity index for all the types of porosity distributions. It can be perceived that the

decrease in porosity index is significant in the case of V-D porosity distribution and
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minimal in the case of O-D type porosity.

4.3.2.6 Effect of side-to-thickness and support conditions on different cases of FGM
sandwich plate with porosity

Table 4.13 presents the effect of side-to-thickness ratios, support condition and porosity
distributions on the non-dimensional critical buckling loads (P.,) of single layer FGM
plates with SSSS and CCCC support conditions subjected to various types of localised
edge loads. In this study, the load width ratio is chosen as 0.2 for all types of localised
edge loads. The volume fraction exponent and porosity index are considered as 2.0 and
0.1, respectively. The increase in the side-to-thickness ratio led to an increase in non-

dimensional critical buckling load irrespective of the type of porosity distribution.
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Fig. 4.13 Variation of non-dimensional critical buckling load (P,,.) for simply supported single layer
FGM plates subjected to localised edge load with different porosity indices and porosity distribution
(Type-Ill and Type-1V, n = 2.0, ¢/b =0.2)

In thick plates (b/h = 5) the change in non-dimensional critical buckling loads with the
porosity distribution is negligible for both SSSS and CCCC support conditions
compared to that of thin plate configuration. The thick and moderately thick plates
witness a sudden increase in the non-dimensional critical buckling loads with the
increase in the side to thickness ratio. Further, there is a steady increase in the buckling
load in thin plates (i.e., b/h > 50). Also, there is a large difference in critical buckling
load between SSSS and CCCC support conditioned thin plates. But this is not followed

in the case of thick plates, wherein critical buckling load differences between SSSS and
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CCCC edged plates are almost negligible, irrespective of porosity distributions and
localised edge loads.

Additionally, Table 4.14 represents the influence of side-to-thickness ratio, support
condition and layer schemes on the buckling characteristics of FCF and MFM FGM
sandwich plates. Here, the plate are subjected to Type-I localised edge load with
¢/b = 0.2. Also, U-D and V-D types of porosity distributions are considered with a
porosity index of p; = 0.2. It can be noticed from Table 4.14 that the sandwich plates
with V-D type of porosity distributions yield a higher buckling load as compared to that
of plates with U-D type of porosity distributions. Hence, U-D type of porosity
distribution is more dangerous than V-D type of porosity distribution for the same
percentages of porosity imperfection. This observation can be described on the basis of
the distribution of pore concentration from the mid surface. In the U-D type pores are
distributed away from the mid surface; hence the buckling load decreases. The non-
dimensional critical buckling loads increases with an increase in sides-to-thickness ratio
irrespective of the type of porosity distributions. This unforeseen behaviour is due to
the non-dimensional critical buckling load term, which contains the thickness
parameter of the plate (%) in the numerator. This behaviour stands for all the FGM layer
schemes. It is also observed that a 1-2-1 layer scheme offers higher buckling resistance
for porous FCF FGM sandwich plates. As observed in the earlier section, variation
between non-dimensional critical buckling loads of SSSS and CCCC support thick

plate is almost negligible irrespective of layer scheme.

4.3.2.7 Buckling characteristics of FGSP with porosity and cutout under load Type-1
and Type-I1

The influence of cutout ratio on the bucking characteristics of square simply supported
porous FCF PFGSP (b/h = 100) subjected to Type-I and Type- II localised edge loads
has been examined in this section, and the outcomes are illustrated in Fig. 4.14 (a) and
(b), respectively. In this study, FCF PFGSP with U-D, porosity index, p; = 0.2 and
volume fraction exponent, n = 5.0 is considered. From Fig. 4.14(a) it can be noticed
that the nondimensional critical buckling decreases with increase in ¢/b ratio up to ¢/b
of around 0.6, and further increases with increase in the load width ratio irrespective of

cutout ratio. The rigidity of the FGM plate is noticeably lower in this area of the mid-
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edge length portion as compared to the edge region of the single-layer FGM plates,
which may be due to the effect of edge restraints. For Type- II localised edge load it
can be witnessed from Fig. 4.14 (b) that the buckling resistance of the FCF FGM plate
gradually decreases as the load width ratio (¢/b) increases irrespective of cutout ratio.
This behaviour is because of the reduction in the influence of edge restraints with the
increase in the load width ratio (¢/b). Further it can be noticed that, with increase in the
cutout ratio the buckling load decrease at higher load width ratios, but at lower ¢/b i.e.,
at ¢/b < 0.45 buckling resistance increases. The reason for the increase in buckling
resistance may due to diffusion of stresses to stiffer region of plates with cutout that

occurs when loads are acting at edges of the plate (i.e., lower load with ratio)

4.3.2.8 Buckling characteristics of FGSP with porosity and cutout under load Type-I111
and Type-1V

Fig. 4.15 (a) and (b) depicts the effect of cutout ratios on P.,. of square simply supported
porous FCF PFGSP (b/h = 100) subjected to Type-III and Type-IV localised edge load.
Here, the load ¢/b is varied. Also, U-D of porosity distributions are considered with a
porosity index of p; = 0.2 and volume fraction exponent, » = 5.0. It can be observed
from Fig. 4.15(a) that the nondimensional critical buckling load increases with increase
in ¢/b ratio as discussed earlier. Further, with increase in the cutout ratio the
nondimensional critical buckling load decrease irrespective of load width ratio. The
decrease in the nondimensional critical buckling due to increase in the cutout ratio may

be due to increase in the stresses in vicinity of the cutout portion. Further, as noticed in
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Fig. 4.14 Variation of nondimensional critical buckling load with load width ratios for FCF FGM plates
with porosity and varying cutout ratio subjected to (a) Type-I (b) Type-II
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Fig. 4.15 Variation of nondimensional critical buckling load with load width ratios for FCF FGM plates
with porosity and varying cutout ratio subjected to (a) Type-III (b) Type-IV

Fig. 4.15(b), the nondimensional critical buckling load of the plate subjected to
Type- IV decreases as the load moves towards middle edge portion of the plate and this
behaviour is due to reduction in the effect of edge restraints near the middle edge
portion of the plate. In continuation, it is seen form Fig. 4.15(b) that the non-
dimensional critical buckling load of the plate decrease with increase in cutout ratio for
all load width ratio, except for d/b =0.7, for which that the nondimensional critical
buckling load slightly increase at ¢/b < 0.2. This behaviour may be due to diffusion of

stress towards the edges, i.e., higher stiffness regions.

4.4 CLOSURE

This chapter uses the FE method to study the vibration and buckling response of porous
FGSP with and without cutout subjected to localised inplane edge loads. The effective
properties of the FGSP are evaluated using power law-based homogenization
technique. Four types of porosity distribution models are explored, and the porosity
imperfections are modelled as the criteria of stiffness reduction. The current study
incorporates two distinct kinds of sandwich configuration in such a way that there is no
material mismatch along the thickness direction. The application of different cases of
localised loads on the plate with/without cutouts leads to the development of
nonuniform stresses. Hence a novel dynamic approach has been proposed to evaluate
buckling loads by implementing two sets of boundary conditions. The results obtained

from current FE formulations are compared with results obtained from analytical
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solution and numerical methods available in the literature. After establishing the
accuracy wide variety of numerical or parametric studies have been carried out and
useful conclusions are drawn from the analysis. Following chapter investigates
extensively the vibration and buckling characteristics of porous FGSP with cutout

under NIELSs.
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CHAPTER 5

VIBRATION AND BUCKLING ANALYSIS OF POROUS FG
SANDWICH PLATES WITH AND WITHOUT CUTOUT UNDER
NONUNIFORM IN-PLANE EDGE LOADS

5.1 PRELIMINARY REMARKS

The FGSPs are a small portion of a complicated built up-structure, and the load transfer
between these plates takes place in the form of in-plane loads through the plate edges,
and these in-plane loads are rarely uniform due to the relative stiffness of adjacent
members, support restraints and external loading conditions. The non-uniformity in the
stress due to in-plane load will further increase due to the formation of porosity and
cutouts, which significantly affects the vibration and buckling response of FGSPs.
Hence, this chapter attempts to analyze and discuss the effect of porosity on vibration
and buckling characteristics of FGSP with cutout under nonuniform loads. In order to
do so, a general formulation, as presented in Chapter 3 has been developed by taking
Green-Lagrange strains displacement relation, and it is utilized to compute the desired
responses. Because the stress distribution within the plate element is significantly non-
uniform, a dynamic technique was employed to solve the buckling problems, with two
sets of boundary conditions, one for pre-buckling stresses and another for buckling load
calculations. The effects of various geometrical and material parameters and the support
conditions on vibration and buckling response of porous FGSP under different NIELs
are investigated in this chapter. In the end, this chapter is summed up in chapter 8 with

some useful conclusions.

5.2 PROBLEM DESCRIPTION

In the present study, different cases of uniaxial in-plane loads acting on the opposite
edge of FGSPs considered are discussed in detail in this section. Two sets of NIELs are
considered; they are linearly and nonlinearly varying in-plane edge loads. In this
analysis, seven different cases of linearly and nonlinearly varying in-plane edge loads
that can occur in practical conditions are chosen as displayed in Fig. 5.1 and Fig. 5.2,

respectively. The term P, signifies the maximum intensity of load per unit length. The
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loading patterns are represented using a mathematical equation in Table 5.1. The term
n represents y/b and P, denote the loading parameters for NIEL acting on the edges
parallel to the y-axis of the plate.

In the present study, FCF and MFC sandwich configurations as shown in Fig. 3.1 are
considered. These sandwich configurations with U-D, O-D, Log O-D, and V1-D
porosity distributions, as mentioned in Chapter 3, are considered to study the vibration
and buckling response of FGSP with cutout under NIELs. Firstly, the accuracy of the
solution obtained is established by comparing the present results with those available
in the literature. After verifying the accuracy, parametric studies have been carried out

extensively.

5.3 RESULTS AND DISCUSSION

The vibration and buckling responses are obtained using developed mathematical
formulation through an inhouse MATLAB code that can extend for any general case.
The convergence study of the FGSP under nonuniform load is performed for various

geometrical and material configurations.

Py 0.5P, 0.5P, Py L P Py

T FAS
HAAA NA

Py Py Py Py Py Py
LL-1 LL-2 LL-3 LL -4 LL-5 LL -6 LL-7

Fig. 5.1 Various cases of linearly varying in-plane edge loads

2P, Py P P,

:
p

Py Py Py Py
NL-1 NL-2 NL-3 NL -4 NL -5 NL-6 NL -7

Fig. 5.2 Various cases of nonlinearly varying in-plane edge loads
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Table 5.1 Loading Equations

Linearly Nonli | .
Sl. No.  varying Loading equation oninearty varyms Loading equation
load case
load case
- 2
L. LL-1 P, =H NL -1 gvzgj(l_,ﬁz,])
2
2. LL-2 P, =P (1-059) NL-2 d =17)(1-'7 )
3 LL-3 P=P(l—17) NL -3 P:P(z)
. y=h v = ho\l
4, LL-4 Py:PO(I-l‘Sn) NL -4 1}:130(1—3n+2772)
2
5. LL-5 P, =R (1-29) NL-5 P =PU(1+17—277 )
o pohEm esrER b -s8fr-7)
P, =2R(1-n) b2<y<b y T\

P, =F(1-27) 0<y<b/2

2
7. LL -7 N ] (_ )
P,=R(27-1) b/2<y<b P =R (1-2+2

Consequently, a variety of examples are solved for validation purposes by comparing
the present results with those available in published literature. After the exhaustive
testing of the present model, an inclusive parametric study of FGSP under nonuniform
load is performed. Here, the vibration and buckling response of FGSPs are analysed for
various geometrical parameters, material parameters and support conditions.

The material properties of constituent materials considered in the current study are
En=70 GPa, E.= 380 GPa, p» = 2707 kg/m>, p.= 3800 kg/m> and Poisson’s ratio v =
0.3. In continuation, the effects of different parameters on the vibration and buckling

response of porous FGSP with cutout are discussed in detail. If not stated otherwise,
critical buckling loads (P, ) and natural frequencies (@) are represented in non-
dimensional form as

P =Pa /EN

@ =(wa’ | h\/p,|E,,E, =1GPa, p, =1kg/m’

A refined mesh pattern implemented in this work can be noticed in Fig. 5.3, along with

a non-uniform loading pattern. The terms nx, ny, 1y, ny; and ny are the mesh control
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parameters in the respective directions, and detailed mesh specifications are discussed

in the subsequent section, 5.3.1, containing convergence and validation studies.

5.3.1 Convergence and Validation Studies

Example 1: Here, the convergence study is performed by choosing finer mesh near the
surrounding area of the cutout and coarser mesh away from the cutout portion, as shown

in Fig. 5.3. The mesh control parameters, n. = n,, n.; = ny;, n, are also depicted in Fig.

53.The P

., are evaluated for simply supported square single layer FG plate with n =1
and 2 and subjected to LL-1 by varying the mesh size. The properties of the constituent

materials (Al/A1,O3) incorporated are mentioned in Section 5.3. The mesh size is varied

by changing the mesh control parameters. The P results are evaluated for d/b ratios

0.3 and 0.5, and outcomes are listed in Table 5.2 for different mesh sizes. It can be
inferred from the table that for d/b = 0.3, 184 elements give good convergence. While
plates with d/b = 0.5 require 196 elements. Finally, it is concluded that the convergence
criterion has been satisfied for plates with circular cutouts. After meeting the
convergence criteria, comparison studies were conducted to validate the buckling and
vibration response of the FGSPs. To validate and check the effectiveness of the
foregoing FE formulation, results arrived are compared with results existing in the

previously published literature as mentioned in the examples below.

Example 2: The critical buckling loads of FCF PFGSP acted upon by LL-6 are found
and compared with results published by Adhikari et al. (2020) as mentioned in
Table 5.3. The P., (P., = P.,a?/100Eyh3®,E, = 1 GPa) are found for FCF PFGSP
having U-D type of porosity with p; =0.3.

— o~ 7 r
6 1 I
' |
b2 s +— N .
4 I
1 R L4 4
Number of section between \ j
12=n,23=ny !
3-4=n, 4-5=n,;=ny

5-6 =ny=n,

Fig. 5.3 Detailed Mesh pattern over full plate featuring a circular shaped cutout acted by NIELs
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Table 5.2 Convergence of P.,. for a simply supported single layer FG plate with a central circular cutout
under the action of LL-1

Mesh order P..
Cutout ratio (d/b) nx=n, nu=nw m Number of elements n=1 n=2
2 2 24 112 7.8919 6.1580
03 2 3 24 136 7.8872 6.1543
’ 2 4 24 160 7.8865 6.1538
2 5 24 184 7.8865 6.1537
1 2 32 100 7.0914 5.5332
0.5 1 3 32 132 7.0867 5.5296
’ 1 4 32 164 7.0857 5.5288
1 5 32 196 7.0854 5.5286

Table 5.3 Comparison of P..for FCF PFGSP (Al/Al,O3) with U-D porosity distributions and subjected
to LL-6.

Sandwich Layer scheme

Supp(?rt b/h 2-1-1 1-1-1 1-2-1
condition Adhikari et al. Present Adhikari et al. Present Adhikari et al. Present
(2020) (2020) (2020)

20 1.517 1.511 2.177 2.169 4.524 4.507

SSSS 50 1.520 1.520 2.182 2.181 4.541 4.539

100 1.521 1.521 2.183 2.183 4.544 4.54

20 3.934 3.882 5.638 5.568 11.651 11.511

CCCC 50 3.966 3.966 5.690 5.690 11.825 11.831
100 3.973 4.001 5.701 5.735 11.862 11.908

The volume fraction exponent of the sandwich plates with n = 5 is considered. The

properties of the constituent materials (Al/Al,0O3) incorporated in this example are

mentioned in Section 5.3. The P. are obtained for plates with b/4 = 20, 50, and 100.

The buckling loads are found for plates with SSSS and CCCC support conditions. It is
evident from Table 5.3 that the results are in good agreement for different /4 and
support conditions.

Example 3. In this instance, the free vibration and buckling study for all sides simply
supported square moderately thick (a/k = 10) PFGSP and SFGSP with porosity has

been performed. The properties of the constituent materials (Al/Al2O3) incorporated are

mentioned in Section 5.3. The @ and P,

. are found for FCF plates having U-D and
O-D type of porosity with porosity indices pi = 0.1 and 0.2. The volume fraction
exponent of the sandwich plates with » =2 is considered. Fig. 3.1 shows a few sandwich
layer schemes considered in this example. Here, uniaxial compressive in-plane edge
load is considered to check the validity of the current formulation for the buckling
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problem. The Non-dimensional fundamental frequencies @ = (wa?/ h)\/m JEy =
1GPa, py = 1kg/m® and non-dimensional critical buckling load P.. (P, =
P..a?/100Eyh3®,E, = 1 GPa) obtained are presented along with analytical solutions
given by Daikh and Zenkour (2019) in Table 5.4 and Table 5.5. Here the @ and P,,. for
PFGSP with U-D porosity distributions are also compared with results presented by
VanVinh and Huy (2021) (FE-based solution). Table 5.4 and Table 5.5 show that the
outcomes obtained are in good harmony for different porosity distributions, porosity
indices, and FGSPs with two other material idealization techniques.

Example 4. Finally, in this instance, P., of thin (a/ = 100) square isotropic plates with
cutout is calculated and verified by comparison with outcomes of Abolghasemi et al.
(2019), Sabir and Chow (1986) and El-Sawy and Nazmy (2001) considering different
cutout ratios and support conditions. Abolghasemi et al. (2019) have obtained analytical
solutions for buckling problems of plates with SSSS and CCCC. At the same time,
Sabir and Chow (1986) and El-Sawy and Nazmy (2001) have employed the FE method
to compute P, for SSSS. The present authors have arrived at a critical buckling load
using FSDT. In this example, a structural steel material plate with 200 GPa as Young’s
modulus and 0.3 as Poisson’s ratio is considered. The P, considered for the analysis is
taken as P.,. = P..b?/m?D. The obtained results are presented in the Table 5.6. It is
apparent from the comparison study that the current outcomes are in decent harmony
with those present in the literature and thus validating the current formulation for plates
with cutouts. It is noticed that P.. reduces with rise in the cutout ratio, irrespective of

the support conditions.

5.3.2 Parametric studies

In the preceding section, it is noticed that the current outcomes using FE formulations
are in good concurrence with the results existing in the literature. Thus, in the
subsequent subsections, the vibration and buckling responses of the FGSPs are
examined by considering several parameters such as volume fraction exponent, support
condition, nonuniform load case, plate aspect ratio, porosity distribution, sandwich

layer scheme, cutout ratio, etc.
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Table 5.6 Comparison of B,,. for isotropic square simply supported plate with various cutout ratios and
support conditions.

Support condition
SSSS CCCC
d/b Source Source
Abolghasemi et al. Sagllro:?d El-Sawy and Present Abolghasemi, et Present
(2019) (1986) Nazmy (2001) al. (2019)

0 3.986 - 4.000 3.997 9.914 10.071
0.1 3.924 3.691 3.859 3.837 9.723 9.464
0.2 3.571 3.445 3.531 3.513 8.958 8.778
0.3 3.23 3.185 3.24 3.23 8.735 8.589
0.4 3.023 3.049 3.04 3.026 8.381 8.520
0.5 2.89 2.84 2914 2.896 7.801 8.208
0.6 2.818 - 2.829 2.806 7.099 7.774

The loading cases considered here are given in Fig. 5.1 and Fig. 5.2. The loading case
shown here is compressive in nature. The parametric studies related to vibration and

buckling characteristics are discussed in the successive sub-sections.

5.3.2.1 Vibration characteristics of porous FGSPs with cutouts subjected to NIELs

The investigation is carried out to comprehend the impact of different cases of
nonlinearly varying NIELs on the variation of the @ due to an increase in the non-
dimensional in-plane edge load for square simply supported porous FCF PFGSP
(b/h =100, n = 1.0) with cutout ratio (d/b = 0.2) as displayed in Fig. 5.4. The porosity
distribution U-D and p;= 0.2 is chosen. It is noteworthy to observe that plates subjected

to NL-4 show highest @ with an increase in the non-dimensional in-plane load in

FCF, PFGSP, 1-1-1, | Nonuniform
1.25 1 n=10,U-D,p,=0.2, loads
_ —8—NL-1

5 d/b=10.2 —o— NI2
S 1.00- —0—NL-3
s —v—NL-4
& W —*—NL-5
S 0.75 W —O— NL-6
3 *OW NL-7
'z \\\
g *®
£ 050 \\\
7 *C®
=
=}
Z 0.25 - \\

0.00 e T T T T T

0 5 10 15 20 25 30 35 40

Non-dimensional load

Fig. 5.4 Variation of “w for square porous FCF PFGSP with cutout subjected to nonlinearly varying
loads
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comparison with @ of plates subjected to other cases of nonlinearly varying loads. The
reason behind such behaviour is mainly due to the existence of a tensile portion of the
loads along with compressive loads, as in NL-4. These tensile loads cause a stretching
effect, which leads to an increase in the stiffness of the plate and hence the @ increases.
Similarly, LL-5 exhibits the highest @ among several linearly varying loads due to the
existence of tensile loads along with compressive loads. For the sake of brevity, only
the variation of the non-dimensional frequencies of plates subjected to nonlinearly
varying loads are presented. Thus, the type of NIELs significantly impact the @ of the
porous FGSPs with cutout. Further, the impact of various sandwich layer schemes and
cutout ratios on the @ of square simply supported porous FCF PFGSP (b/h = 100, n =
1.0) subjected to NL-1 with d/b = 0.2 is investigated, and the outcomes are depicted in
Fig. 5.5 and Fig. 5.6, respectively. The porosity distribution U-D and p;= 0.2 is chosen.
It is witnessed from Fig. 5.5 that the PFGSP with 1-2-1 and 1-0-1 sandwich layer
schemes shows the maximum and minimum non-dimensional frequencies,
respectively. The higher @ for 1-2-1 sandwich layer scheme is due to the larger
thickness of the ceramic core sheet compared to thin face sheets, which offer higher
stiffness to the plate. It is worthwhile to mention that for a certain non-dimensional in-
plane edge load, the @ increases with the increase in the volume of the material at the
core portion of the FCF PFGSP. Furthermore, it is comprehended from Fig. 5.6 that the
 of the square simply supported porous FCF PFGSP (b/h = 100, n = 1.0) subjected to

NL-1 increases with the
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Fig. 5.5 Variation of @ for square porous FCF PFGSP with cutout subjected to NL-1 for different
sandwich layer schemes
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Fig. 5.6 Variation of @ for square porous FCF PFGSP with cutout for different cutout ratios

increase in cutout ratio only up to certain non-dimensional loads, and thereafter, the
reverse response is noticed. It also perceived that for any cutout size, the @ decreases
with an increase in the non-dimensional load and approaches zero at a particular non-
dimensional load. Thus, the non-dimensional load corresponding to the zero-frequency
parameter gives the P, of the plate. This method of deriving P, for a plate member
acted upon by in-plane edge load is known as the dynamic approach. This approach is
adopted in the current study to determine the critical buckling loads for porous FGSPs
with cutouts acted upon by NIELs. The effect of the type of material idealization
technique on the variation of @ due to the increase in the non-dimensional load of
square simply supported porous FCF PFGSP and SFGSP (b/h =50, n =0.5) with cutout
(d/b = 0.4) is illustrated in Fig. 5.7 considering p; = 0.1 and different porosity
distributions. The plate is acted upon by NL- 3. It can be revealed that at any non-
dimensional load, the @ for the PFGSP is greater than that of SFGSP irrespective of
the porosity distribution at a given n =0.5. The SFGSP shows a lesser @ because of the
fact that the stiffness of SFGSP is less than that of PFGSP at n = 0.5, but as the »
increases, the behaviour reverses due to the variation of the material distribution pattern
across the thickness of the plate, which leads to change in the stiffness of the plate.

Next, the influence of porosity distribution and porosity indices on the variation of
 due to the increase in the non-dimensional load on square simply supported porous
FCF SFGSP (b/h = 50, n = 2.0) with cutout (d/b = 0.6) subjected to NL-5 are studied,
and outcomes are depicted in Fig. 5.8. It is perceived that V1-D porosity distribution

exhibits higher @ followed by Log O-D, O-D, and U-D.
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and porosity indices

Subsequently, it can be observed that plates with PT-1 are more sensitive, while V1-D
is least affected by the change in porosity indices in terms of @ regardless of the load.
Thus, it can be decided that the porosity distribution plays a significant role in the free
vibration response of FGSPs with cutouts.

The influence of different n on the variation of @ is studied for square simply supported
porous FCF SFGSP (b/h = 50) with cutout ratios (d/b = 0.2 and 0.6), and outcomes are
exemplified in Fig. 5.9. The porosity distribution U-D and p;= 0.2 is chosen. The plate
is acted upon by NL- 3. It is clearly perceived that at any non-dimensional load, the @
decreases with an increase in the volume fraction exponent due to the increase in the

metal content in the FGSPs, which in turn results in the decrease of the stiffness of the
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plate irrespective of the cutout ratios. Also, the decrease in @ due to an increase in the

n is not substantial at higher volume fraction exponents.

5.3.2.2 Effect of different cases of NIELs and cutout ratios on buckling characteristics
of porous FGSPs

The influence of linearly and nonlinearly varying NIELs on the bucking characteristics
of square simply supported porous FCF PFGSP (b/h4 = 100) with cutouts have been
examined in this section, and the outcomes are illustrated in Figs. 5.10(a) and (b),
respectively, by considering different cutouts ratios. In this study, FCF PFGSP with
U-D, porosity index, p;/= 0.2, and volume fraction exponent, n = 1.0, is considered. It is
seen from Fig. 5.10(a) that the P., decreases with the increase in d/b, irrespective of
linearly varying edge load cases except for the case LL-5 (i.e., pure bending case),
wherein a slight increase in P., is detected for higher cutout ratios. It is also noticed
that the P.,. is observed to be maximum for LL-5 (i.e., pure bending case) and minimum
for LL-1 (uniform load case). It is to be noted that among various linearly varying loads,
LL-4 & LL-5 provide higher buckling resistance for all the cutout ratios.

The reason for such behaviour is the presence of both tensile and compressive loads
that act at the same edges of the plate. Thus, high-intensity stresses are developed at the
top and bottom regions of the plate, as observed in in-plane stress distribution plots, as
shown in Fig. 5.11. The in-plane stress contours in Fig. 5.11 are obtained through

ABAQUS (Version 2021) FEM software package.
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Fig. 5.9 Variation of @ for square porous FCF SFGSP with cutout for different cutout ratios and
volume fraction exponent
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The increase in buckling resistance of the plate in the case of such loading is due to the
phenomena of stress diffusion, where the stresses try to move towards the stiffer region
of the plate, i.e., towards edges of the plate or away from the less stiff region of the
plate (i.e., the region surrounding the cutouts). Similar behaviour can also be observed
in the case of a plate subjected to load cases LL-7, as high stress is formed at the top
and bottom edges of the plate, as noticed in Fig. 5.11. Further, for load cases LL-1, 2,
3, and 6, high stresses are formed at the vicinity of the cutouts, which is the lesser
stiffness zone in the plate; therefore, the buckling resistance of the plate is relatively
less. Further, consistent with the discussion from the previous paragraph, FCF PFGSP
subjected to NL-4 with a combination of tensile and compressive loads on the plate
edges shows higher buckling resistance amongst various nonlinearly varying loads
regardless of the cutout ratios, as observed in Fig. 5.10(b). The In-plane stress
distribution for NL-4 shows the formation of high stress at the top edges of the plate,
clearly due to the loading profile, and stress diffusion leads to the increase in the
buckling resistance of the plate.

Furthermore, plates subjected to load case NL-3 offer higher buckling resistance as high
stresses are formed at the top edge of the plates. While for the rest of the nonlinearly
varying edge load cases, the buckling resistance of the plate is seen to be relatively less
as the high stresses are formed in the vicinity of the cutouts, which is the less stiff region

in the plate, as shown in Fig. 5.11.
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Therefore, the different types of NIELs significantly affect the buckling characteristics
of porous FGSPs with varying cutout ratios and must be considered during the
analytical and experimental investigation phases to simulate most of the possible
loading cases occurring during the practical conditions to know the plate behaviour.
Previously the study was carried out considering constant porosity distributions and
porosity indices. In order to understand the buckling behaviour of plates acted upon by

NIELs due to the variation in porosity, the current investigation is carried out.

LL-1 LL-2 LL-3 LL-4

NL-2 NL-4 NL-5

fZ stress diffusion

N = stresses

NL-6 NL-7 Legend

Fig. 5.11 In-plane stress contours for FCF PFGSP subjected to uniaxial linearly and nonlinearly
varying in-plane edge loads

In this study, linearly varying loads LL-4, LL-5, LL-7 and NL-3, NL-4, NL-7 are
considered as these loads provide the highest critical buckling loads among the several

cases of nonuniform loads and cutout ratios considered, as noticed from Fig. 5.10. Also,
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the behaviour of plates under such loads is noticeably different as compared to other
cases of loads. For this study square simply supported FCF PFGSP (b/h =20, d/b = 0.5,
n = 0.5) with four types of porosity distributions and porosity indices varying from 0.0
to 0.4 are chosen. The critical buckling load outcomes are presented in Figs. 5.12(a)
and (b) for PFGSP with cutouts subjected to linearly varying and nonlinearly varying
nonuniform loads, respectively. As seen, the non-dimensional buckling load reduces as
the porosity indices increase due to the reduction in the plate's stiffness caused by the
removal of materials due to the occurrence of the pores. Similar results can be observed
for plates subjected to different cases of NIELs and porosity distribution types. It is
worth mentioning that plates acted upon by LL-5 and NL-4 show a significant reduction
in buckling resistance with an increase in the porosity indices as compared to other
cases of nonuniform loads. This behaviour may be attributed to a significant decline in
the stiffness of the plate under both the compressive and tensile nature of loading on
the plate edge as the porosity indices increase. Thus, porosity plays a significant role in

the buckling response of plates acted upon by different cases of NIELs.

Non-dimensional critical buckling load

15 T T T 5 T T T
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
Porosity index Porosity index
(@) (b)

Fig. 5.12 Effect of porosity on P, of FCF PFGSP subjected to (a) Linearly varying loads (b)
Nonlinearly varying loads

5.3.2.3 Effect of material idealization technique on buckling characteristics of porous
FGSPs with cutouts

Figs. 5.13(a) and (b) exhibit plots of P..variation with volume fraction exponent for
power law and sigmoid function based square simply supported FCF and MFC FGSPs
(b/h = 100) with cutouts, respectively. The plate consists of cutouts with d/b = 0.2, and

the plate is considered to be acted upon by nonlinearly varying in-plane edge load case
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NL-6. The pi is chosen as 0.2, and the sandwich layer scheme considered is 1-1-1. As
mentioned in section 5.2, four types of porosity distributions are considered for the
investigation. It can be noticed that the material idealization technique has a substantial
impact on the buckling characteristics of the two different configurations of FGSPs. In
Fig. 5.13(a) and (b), it can be detected that an increase in 7 results in a decrease of P,
values regardless of the porosity distribution model and material idealization technique.
However, for FCF sandwich configuration, it can be noticed from Fig. 5.13(a) that there
is a rapid decrease in the P, with an increase in the n from 0 to 2, and thereafter the
variation is found to be gradual in the case of FCF PFGSP, while in the case of FCF
SFGSP, the reduction is observed to be gradual from n = 0.0 to 2.0 and thereafter the

reduction is found to be minimal as compared to that of FCF PFGSP.
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Fig. 5.13 Effect of type of material idealization technique on P., of PFGSP and SFGSP (a) FCF (b)
MFC with cutouts subjected to load NL-6

Also, the P., of FCF PFGSP reduced by 86.08 % due to a reduction in 7 from 0.0 to
10.0, whereas it is 36.18 % for FCF SFGSP with U-D porosity and subjected to
nonuniform loading conditions. Further, a similar trend in variation of P.,.with respect
to the increase in volume fraction exponent is observed for MFC PFGSP and MFC
SFGSP with the cutouts, as demonstrated in Fig. 5.13(b). Here, the reduction in P, with
an increase in the n is perceived to be 26.49% and 11.

38% for MFC PFGSP and MFC SFGSP, respectively. Therefore, it can be noted that
SFGSP behaves better by exhibiting a smaller percentage of decrease in buckling
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resistance with the increase in n, irrespective of the type of sandwich configuration and

porosity distribution models.

5.3.2.4 Effect of porosity distribution on buckling characteristics of porous FGSPs with
cutouts

Table 5.7 depicts the effect of porosity distribution models on P, of square simply
supported porous FCF SFGSP (b/h = 100) with various volume fraction exponent,
sandwich layer schemes, and cutout ratios. The plate is considered to be subjected to
NL-2 case loading conditions. The p; is restricted to 0.3, as the effective Young’s
modulus across the thickness of FCF SFGSP becomes negative for porosity distribution
model U-D and O-D when p; = 0.4 and n = 5.0. In support of this, the variation of
effective Young’s modulus for different porosity indices of FCF SFGSP along with
different volume fraction exponent, is plotted in Fig. 5.14. It is interesting to notice
from Fig. 5.14 that the effective Young’s modulus becomes negative for U-D and
O-D, while for other porosity distributions, the effective Young’s modulus remains
positive. Hence, this can be labelled as the limiting criteria of U-D and O-D porosity
distribution models. Table 5.7 implies that the porosity distribution models significantly
affect the buckling characteristics of FGSPs with different cutout ratios and sandwich
layer schemes. It is distinctly clear from this study that the P., declines with an increase
in the porosity index regardless of the porosity distribution model. It can be seen from
Table 5.7 that sandwich plates with porosity distribution V1-D offer the highest
buckling strength amongst all other porosity distribution models, and it is in the order
of V1-D > Log O-D > O-D > U-D. It is noteworthy to mention that the reduction in
P, with porosity index is predominant in the case of U-D, whereas it is least in the case
of V1-D regardless of the cutout ratio, sandwich layer scheme and volume fraction
exponents. The reason for the increased buckling resistance of plates with V1-D can be
attributed to the position of pore concentration, i.e., maximum porosity is concentrated
close to either side of the neutral axis of the plate where the in-plane stresses are
relatively low. However, for plates with U-D, pores are concentrated away from the
neutral axis and show a noticeable change in the reduction of buckling strength of the
plate with an increase in porosity indices. It can also be noticed that the difference in

P, of plates with Log O-D and O-D porosity distribution is small. It can also be

106



LOT

8CTL'LO €980 L19°LO LS80 60S°L0 095°80 £88°S0 §20°80 180°60 1-¢-¢
#8790 €61°L0 ¥01°90 601°L0 066'S0 960°L0 WT0 §CS90 S¥9°L0 I-1-¢ 0'S
86880  8¢L'60 L0880 00L°60 LOL80 88960 1TTLO0  €61°60 8LI0I 1-C-1
1690  0€8°L0 L8L90 S9L°LO LL990 SLLO €€0°S0  +¥0T'LO 68780 I-1-1
0I1'80  110°60 00080 75680 €68°L0 6£6'80 TLT90  LOY'80 65160 1-¢¢
1890 9IL’LO £€990 €€9°L0 0290 079°L0 88L¥0 ¢s0°LO S91°80 I-1-¢ 07
811°60 86660 L90°60 656°60 99680 L¥6°60 18%°LO Ssy60 8¢Y°01 -1
TCeL0 0PT'80 L61°LO SLT'80 L80°LO 79180 erb'so ¥19°L0 66980 I-1-1 90
7980  0¥S'60 €580 18%°60 LTY'80 69¥°60 SI1890  6£6'80 L8660 1-¢¢
PPSLO  THP'80 89¢°L0 65¢°80 9ST'L0 9v¢'80 6£5°S0  T8L'LO 88880 I-1-¢C 01
I18¥'60  19¢01 0¢t°60 el 62¢°60 0r¢ o1 PP8°L0 SIS 60 108°01 1-C-1
968°L0 718°80 ILL'LO 617L'80 199°L0 9¢€L'80 810790 881°80 €LT60 I-1-1
08760 (AN} IL1°60 eIrorl $90°60 101°01 €91°L0 €L5°60 919°01 1-¢-¢
Cly'80 c0€°60 6£7°80 17T°60 8CI'80 80C°60 62190 6179°80 9L 60 I-1-¢ ¢
L1660  96L°01 §98°60 8SL°01 S9L°60 9vL 01 08780  IST01 9€T'I1 1-C-1
8680  €0S°60 09+°80 8¢Y°60 0S€'80 STr 60 LOL90  LLS'80 79660 I-1-1
2580  €TS60 20+°80 LSt 60 78780 £rv 60 8790  €£58'80 02001 1-¢¢
0€690  ¥€6'LO 1€L90 1¥8°L0 §09°90 LT8'LO 6,970  961°L0 €€Y°80 I-1-¢ 0c
€LL60  9YL 0l 91L°60 €0L°01 §09°60 06901 $96'L0  €¥1°01 [4YAN! 1-¢-1
TZ9L0  L£9'80 S8%°L0 §95°80 €9¢°L0 16580 LYS'SO  SP6'LO Sv1°60 I-1-1
816°80 £76°60 97880 LL8'60 LOL'80 798°60 91690 SLT60 8¢Y'01 1-¢-¢
Y1S°LO C1S'80 91¢°L0 0Z¥'80 161°L0 9080 8LTSO 8LL'LO 600°60 I-1-¢ 07
090°01 €e0'l1 ¥00°01 06601 £68°60 LL6°01 16T°80 0€r'0l 61S°11 -1
9L0'80  160°60 8€6°L0 610°60 LI8'LO 70060 10090  66£'80 86560 I-1-1 0
8€S°60 67501 91¥'60 €901 86760 6701 LIS'LO 798°60 [44\nN! 1-¢-¢
¥CE'80 SIE60 6C1'80 YT 60 S00°80 60C°60 801790 L8S'80 808°60 I-1-¢ 01
9¥°01 SEVTI So¥ 01 6¢° 11 6701 6LETI €59'80  T€801 126’11 1-C-1
TIL'80  9TL'60 ¥LS 80 7596 St'80 0¥9°60 9€990  $£0°60 €€T01 I-1-1
wTor  LTTIl 121°01 AN 00701 6vITI €€T80 99501 SIL'TI 1-¢¢
$8T°60 89T 01 £60°60 8LI0I 0L6'80 $91°01 €60°'L0  9t¥S°60 8SL01 I-1-¢ <0
7601 L1611 888701 PLS'TI LLLOT 19811 SEI60  YICTTIO €0y Cl 1-C-1
€LY 60 88701 9¢€'60 91+°01 Y1760 0y01 86¢°L0 96L°60 6601 I-1-1
0g0=d 01°0=d 0go="d or0="d 0g0='d oro='d oco=d  oro=d 00="'d dwayds u ap
A G057 ao an SN0I0J-UON 10K yoimpues

"SOWIOYJS I9A®] yoImpues pue juduodxd
UOTJOBIY SWINOA SNOLIBA 10 Peo] 33ps sue[d-ur Surkrea A[resurjuou 0} pajoafqns synond Prm JSOHAS 1D 103 +g uo uonnquisip Aysoiod Jo 10959 /6 9[qeL



observed that the percentage decrease in P, due to an increase in porosity indices rises
with the increase in n regardless of porosity distribution, cutout ratio, and sandwich

layer scheme.

5.3.2.5 Effect of different sandwich layer schemes on buckling characteristics of porous FGSPs
with cutouts

The effect of the sandwich layer scheme on the P, of square simply supported FCF,
and MFC PFGSP (b/h = 100) with cutouts has been analyzed in this section, and the
outcomes are illustrated in Fig. 5.15(a) and (b), respectively, by selecting various
porosity indices. Here, n = 2.0 is chosen. The plate consists of a cutout with d/b = 0.2
and is subjected to NL-5. The porosity distribution model U-D and O-D are considered
for the present investigation. The porosity indices are varied from 0.0 to 0.4. It is
perceived from Fig. 5.15 that the P.,. for the plate with O-D is higher than U-D porosity,
irrespective of the sandwich layer scheme, type of sandwich configuration, and porosity

indices.
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Fig. 5.14 Effective Young’s modulus versus dimensionless thickness of FCF SFGSP with different
porosity distribution model.

As discussed in an earlier section, it is perceived here that the P.. decreases with the
increase in porosity indices. It is noticed from Fig. 5.15(a) that FCF PFGSP with a
1-2-1 layer scheme possesses maximum buckling strength amongst all other sandwich
layer schemes in the order of 1-2-1 >2-2-1>1-1-1> 2-1-1 > 2-1-2 > 1-0-1 regardless
of porosity distribution model and porosity indices. The highest buckling resistance in

the case of a 1-2-1 sandwich layer scheme is due to the higher thickness of the core
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sheet in comparison to the thickness of the face sheet, wherein the core sheet is made
of ceramic material having a larger Young’s modulus, which contributes to the rise in
the stiffness. As the thickness of the core sheet in the sandwich plate decreases, the
buckling resistance also decreases and is found to be the minimum for a 1-0-1 sandwich
layer scheme, where the core sheet is absent. Further, it can be noticed from Fig. 5.15
(b) that the MFC FGSPs with a 1-2-1 layer scheme are more sensitive, and 2-1-1 is less
sensitive to variation in the porosity indices. The reason behind such behaviour may be
due to the higher thickness of the FG core sheet, which consists of porosity defects in

comparison with the thickness of nonporous homogenous face sheets.

5.3.2.6 Effect of support conditions and side-to-thickness ratio on buckling
characteristics of porous FGSPs with cutouts

The effect of support conditions and b/A ratio on the P.,. of square FCF and MFC SFGSP
with cutouts has been investigated, and the outcomes are tabulated in Table 5.8. Four
combinations of support conditions are considered (SSSS, CCCC, SSCC, CCFF). The
P., is evaluated for the plate with d/b = 0.4 and 0.7, n = 0.5. Also, the plate with a
1-2-1-layer scheme is considered to be subjected to NL-4 case. The porosity distribution
model U-D, O-D, Log O-D, and V1-D are chosen with two porosity indices (p; = 0.1
and 0.3) for the investigation. It is noticed from Table 5.8 that SFGSP with CCCC

support condition possesses the largest P., as expected amid all the other support

conditions considered in the order of CCCC > SSCC > SSSS > CCFF for all the types
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Fig. 5.15 Effect of sandwich layer scheme on P., for (a) FCF (b) MFC PFGSP with cutout subjected to
load NL-5.
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of porosity distribution models and cutout ratios considered. This behaviour of CCCC
plates can be attributed to the increase in the degree of the edge restraints. The P,
reduces with a decrease in the b/h of the plate, and this contrasting behaviour occurs
due to the non-dimensional parameter considered, as mentioned in section 5.3. But in
actual conditions an increase in plate thickness leads to an increase in flexural rigidity,
which causes an increase in buckling resistance. Since the thickness parameter is in the
denominator, as mentioned in section 5.3, it causes a reversal in response to P, leading
to a decrease in P, with an increase in the thickness of the plate.

Further, it can be inferred from Table 5.8 that for both FCF and MFC SFGSP, the
amount of reduction in the buckling resistance with the increase in the porosity indices
is more evident in the case of plates with CCCC support conditions followed by SSCC,
SSSS, and CCFF support condition for any porosity distribution model and cutout ratio.
Furthermore, it is evident that the increase in the porosity indices from p; = 0.1 to
pi = 0.3 leads to a reduction in buckling load, and this phenomenon is accentuated in
the case of thinner plates than in thicker plates with cutouts. Lastly, the buckling
resistance variation of plates with smaller cutout ratios is more sensitive to variation in
porosity indices in comparison to plates featuring larger cutouts regardless of the
porosity distribution model. Thus, porosity significantly influences plates with different

support conditions and bl ratios.

5.3.2.7 Effect of varying aspect ratio and cutout ratio on buckling characteristics of
porous FGSPs

In this segment, the coupled influence of varying aspect ratios and cutout ratios on P.,
has been investigated by considering NL-7, and LL-6 loading cases and the
consequences are portrayed in Figs. 5.16 (a) and (b), respectively. The simply supported
porous FCF PFGSP (b/h = 100) plate with a 1-1-1 layer scheme has been considered
by keeping the width () of the plate constant and varying the length (@) of the plate.
Here porosity distribution U-D with porosity indices p;= 0.2 and 0.4 and n = 0.5 are
selected. It can be noticed from Fig. 5.16(a) that the aspect ratio affects the P., of FGSPs
with cutouts significantly. It is witnessed that the buckling resistance of the plate
decreases with an increase in d/b for plates with an aspect ratio a/b = 1.0, irrespective

of porosity indices. However, the buckling behaviour of the plate changes with an
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increase in the aspect ratio from a/b= 1.0 to 2.0, wherein the buckling resistance
increases with an increase in d/b. This behaviour can also be witnessed in Fig. 5.16 (b),
which shows the changes in P., for porous FCF FGSPs with various aspect ratios and
subjected to LL-6. The probable reason for such behaviour can also be explained by
analysing the buckling mode shape pattern and in-plane stress distribution for various
aspect ratios and cutout ratios of plates, as represented in Fig. 5.17. The decrease in the
buckling strength of the plate with the rise in the d/b can be attributed to the increase in
the magnitude of in-plane stress intensity as well as the distribution of high stresses
around the locality of the cutouts, as seen in Fig. 5.17(a). Whereas, for plates with
a/b = 2.0, the increase in the buckling strength with an increase in the d/b, as witnessed
in Fig. 5.16, may be due to an increase in the number of buckling mode half waves as
observed in Fig. 5.17(b). The In-plane stress distribution and buckling mode shapes, as
in Fig. 5.17 were obtained through ABAQUS. Further, it can be noticed that P.,. reduces
with an increase in the porosity indices regardless of the a/b and d/b, but the amount of
reduction in buckling strength can vary in plates with different aspect ratios. In addition,
the buckling resistance for plates subjected to LL-6 is greater than for plates subjected
to NL-7, as observed in Fig. 5.10.

5.3.2.8 Effect of varying position of the cutouts and cutout ratio on buckling
characteristics of porous FGSPs

The present investigation is performed to analyze the influence of the position of the
cutouts with varying cutout ratios (d/b ranging from 0.1 to 0.7) on the P., of porous
FCF PFGSP (b/h = 100) with a/b = 1.0 and a/b = 2.0, and the outcomes are shown in
Figs. 5.18(a) and (b) respectively. For this study, the plate with porosity distribution
U-D, pi=0.2, and n = 0.5 are considered. The PFGSP is considered to be subjected to
NL-5. The position of the cutout is represented as the ratio of the distance between the
plate edge (loading edge) and the centre of the cutout (x¢) to the length of the plate (a),
and the cutout position is varied in the x-direction along the line passing through the

mid-width of the plate, keeping other parameters unchanged.
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Fig. 5.17 In-plane stress distribution and buckling mode shapes for FCF PFGSP with various cutout
ratios with (a) a/b =1 and (b) a/b =2 subjected to load NL-6

It is revealed from Fig. 5.18(a) that the P, for plates with a/b = 1.0 increases as cutout
moves towards the edge of the plate with d/b < 0.4, while for plates with d/b > 0.4,
P., decreases. The increase in P., as the cutout moves towards the edge of the plate may
be due to the change in the position of cutouts towards the support region, wherein the
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stiffness of the PFGSP is comparatively more than the middle region of the plate.
Subsequently, it can be perceived from Fig. 5.18(b) that the P.,. of porous FCF PFGSP
with a/b = 2.0 decreases as the position of the cutouts moves away from the centre of
the plate for plates with d/b > 0.3. However, for the plate with d/b < 0.3, the
P, decreases initially as the cutouts move away from the centre up to x./a = 0.15, and
then the P, somewhat increases as the cutouts move towards the edge of the plate
(decrease in x./a). This behaviour can be described by studying the variation in the
buckling mode shapes for plates with different cutout ratios and positions of the cutouts,
as shown in Fig. 5.19. The In-plane stress distribution and buckling mode shapes, as
in Fig. 5.19 were obtained through ABAQUS. It can be perceived from Fig. 5.19 that
there is a decrease in the number of buckling mode half waves as the position of the
cutouts is close to the edge of the plate, this may be the cause for a decrease in buckling
resistance with a decrease in x./a. Further, it is noteworthy to mention that for plates
having cutouts close to the centre of the plate, the buckling resistance of the plate
increases with an increase in the d/b. This behaviour of the plate changes in an
asymmetric manner as the cutout is positioned close to the edge of the plate. This may
occur due to an increase in the number of buckling mode half-waves with the increase
in the cutout ratio as the cutout is positioned close to the centre of the plate and vice-

versa for plates with higher cutout ratios. The P, for the plates with a smaller cutout
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ratio is less affected by variation in the position of the cutout. Also, due to an increase

in the porosity indices of the plate similar trend in the variation of P, can be expected.

d/b
=0.2
d/b
=0.7 Sl i =
xe/a=0.5 xo/a=0.4 xe/a=0.25

Fig. 5.19 Buckling mode shapes for FCF PFGSP of a/b =2.0 and subjected to load NL- 5

5.4 CLOSURE

This chapter investigates the vibration and buckling response of porous FGSP with
cutout subjected to nonuniform loads using the FE method. The effective material
properties of the FGSP are evaluated using power law and sigmoidal function-based
homogenization technique. Four types of porosity distribution models are explored, and
the porosity imperfections are modelled as the criteria of stiffness reduction. The
current study incorporates two distinct kinds of sandwich configuration in such a way
that there is no material mismatch along the thickness direction. The application of
different cases of NIELs on the plate with cutouts leads to the development of
nonuniform stresses. Hence a novel dynamic approach has been proposed to evaluate
buckling loads by implementing two sets of boundary conditions. The results obtained
from current FE formulations are compared with results arrived from analytical
solutions and numerical methods available in the literature. After establishing the
accuracy variety of parametric studies have been carried out. The subsequent chapter
extensively investigates the vibration and buckling characteristics of porous FGSP with

cutout under thermomechanical load.

116



CHAPTER 6

VIBRATION AND BUCKLING ANALYSIS OF POROUS FG
SANDWICH PLATES WITH AND WITHOUT CUTOUT UNDER
THERMO-MECHANICAL LOADS

6.1 PRELIMINARY REMARKS

Thermal management plays a critical role in modern engineering applications, where
efficient heat transfer and temperature control are essential for optimal performance,
reliability, and longevity of components and systems. FGM composites offer unique
advantages in addressing thermal management challenges by leveraging their inherent
property gradients. In design life, along with thermal loads, the plates are under
mechanical loads. Therefore, FGM needs to be modelled and investigated not only to
the influence of mechanical but also thermal loads. Under combination of mechanical
and thermal loads, the vibration and buckling behaviour of porous FGM plate with
cutout is significantly affected. The complexity of the stress due to non-uniform in-
plane mechanical edge loads will further increase due to the formation of porosity and
cutouts, which significantly affects the vibration and buckling response of FGSPs in a
thermal environment. Hence, this chapter attempts to analyze and discuss the vibration
and buckling response of porous FGSP with cutout under thermomechanical loads. In
order to do so, a mathematical formulation, as presented in Chapter 3, has been
developed by taking Green-Lagrange type nonlinear strain, FSDT kinematics, and it is
utilized to compute the response under thermomechanical loads.

Because the stress distribution within the plate element is significantly non-uniform,
therefore a dynamic technique has been employed to solve the buckling problems, with
two sets of boundary conditions applied, one for pre-buckling stresses and another for
buckling load calculations. The effects of various geometrical and material parameters
and the support conditions on the vibration and buckling response of porous FGSP with
cutout under thermomechanical loads are extensively investigated. Finally, this chapter
is summarised with the concluding remarks in Chapter 8. The FGM plate finds several
applications in the thermal environment and is designed to perform efficiently in the

thermal field.
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6.2 PROBLEM DESCRIPTION

This section discusses in depth several examples of uniaxial in-plane load acting on the
opposite edges of the FGSPs investigated in the current study. As depicted in Fig. 6.1,
various cases of varying in-plane edge loads that can occurs in reality are selected for
this analysis. Here Load Case (LC), LC-1 is uniformly distributed across the full width
of the plate and other cases are nonuniform in nature. The term Po indicates the
maximum intensity of loads per unit length. As seen in Fig. 6.1, the loading cases are
expressed by a mathematical expression. The terms # represents y/b and P, denotes the
loading function for Nonuniform In-plane Edge Loads (NIELs) acting on the edges
parallel to the y-axis of the plates. Further in this study, porosity distributions, as
mentioned in Table 3.2 are considered.

The present study considers FCF and MFC sandwich configurations as illustrated in
Fig. 3.1. The FCF and MFC FGSP are considered with U-D, X-D, O-D, V1- D, and
V2-D porosity as discussed in Chapter 3 for the analysis of vibration and buckling
behaviour of porous FGSP with/without cutout under thermo-mechanical loads. The
accuracy of the solution obtained is evaluated by comparing the present results with
those available in the literature. After verifying the accuracy of the formulation and

solution, parametric studies have been carried out extensively.

P
Pg 2 P 0 P 0 40—4 P 0
P, Py Py
LC-1 LC-2 LC-3 LC-4  LC-5 LC-6
P,=P P, =Py(l-y+2p))  Py=Pif) Py=Pu(l4u-2) Py=dPyy-rf) Py=Py(1-2n42y))

Fig. 6.1 Various cases of in-plane compressive edge load
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6.3 RESULTS AND DISCUSSION

The vibration and buckling responses are obtained using developed mathematical
formulation through an in-house MATLAB code that can extend for any general case.
The convergence study of the FGSP under thermomechanical load is performed for
various geometrical and material configurations. Consequently, a variety of examples
is solved for validation purposes by comparing the present results with those available
in published literature. After the exhaustive testing of the present formulation, an
inclusive parametric study of FGSP under thermomechanical load is performed. Here,
the vibration and buckling response of FGSPs is analyzed for various geometrical
material parameters and support conditions. The temperature-dependent and
independent material properties of constituent materials considered in the current study
are mentioned in Table 6.1 and Table 6.2, respectively. Unless otherwise specified,
plates made of Si3N4/SUS304 material are employed for convergence and parametric
studies. Figs. 6.2(a) and (b) represents the variation of Young’s modulus and thermal
coefficient of expansion due to change in temperature. In continuation, the effects of
different parameters on vibration and buckling response of porous FGSP with/without
cutout under thermomechanical loads are performed and discussed. If not stated
otherwise, critical buckling loads (P., ) and natural frequencies (w) are represented in
non-dimensional form as

The non-dimensional critical buckling load is given as
P =P.a’ /100El’, E, =1 GPa

Table 6.1 Metal and ceramic material temperature-dependent physical properties

(Reddy and Chin (1998))
Materials  Properties P, B, P, P, P (T=300K)
SisNs E (Pa) 348.43x10° -3.07x10* 2.16x107 -8.946x10°""  322.271x10°
a (1/K) 5.872x10° 9.095x104 0 0 7.4746x10°°
p (kg/m3) 2370 0 0 0 2370
E (Pa) 201.04x10° 3.079x10*  -6.534 x107 0 207.787%10°
SUS304 o (1/K) 12.33x10°¢ 8.086x10* 0 0 1.532x10°3
p (kg/m3) 8166 0 0 0 8166
710, E (Pa) 244.27x10°  -1.371x1073 1.214x107° -3.681x1071°  168.063x10°
a (1/K) 12.766x107¢  -1.491x1073  -1.006x1073 -6.778x10711  18.591x107°°
p (kg/m3) 3000 0 0 0 3000
Ti-Ale-4V E (Pa) 122.56x10°  -4.586 x10* 0 0 105.70 x10°
a (1/K) 7.578 x 10°  6.638 x10*  -3.147x10°° 0 6.941 x 10
p (kg/m3) 4427 0 0 0 4427
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Table 6.2 Temperature-independent material properties of metal and ceramic

(Sah and Ghosh (2022b))
Properties
Materials a

E (Pa) (WK) p (kg/m?) v
Aluminium (Al) 70%10° 23x%10¢ 2702 0.3
Alumina (AL,O3) 380x10° 7.4x10%° 3800 0.3
Titanium alloy (Ti-Ale-4V)  66.20x10° 10.3x10%¢ 4000 0.3
Zirconia (ZrOy) 244.27%10° 12.766x10 5700 0.3

The non-dimensional critical buckling temperature is given as
]_—,cr = 10_3 A]l ,

The non-dimensional natural frequencies are given as

o =(wa’ | h)p,|E,,E, =1 GPa, p, =1 kg/m’

@=(wb® | 7 Jhp/D, D, =E I’/ (12(1-v*)),E, (T, = 300K)

6.3.1 Convergence and Validation Studies

Example 1: The convergence study is essential for selecting the optimum mesh size to
ensure the correct convergence of results while conducting a FE analysis. The mesh
control parameters, n, = ny, nx; = ny1, n; as indicated in Table 6.3, are explained well in
Fig. 6.3. In this study simply supported square FCF PFGSP are considered to be made
of Si3N4/SUS304 and the material properties are tabulated in Table 6.1. In this context,
it can be inferred from the table that for d/b = 0.3, 184 elements give good convergence.
While plates with d/b = 0.5 require 196 elements. Lastly, circular cutout plates satisfy
the convergence requirement. After achieving the convergence criteria, comparison
studies were carried out to validate the vibration and buckling response of the porous
FGSPs with cutout. To validate and check the effectiveness of the foregoing FE
formulation, results arrived at are compared with results existing in the previously

published literature, as mentioned in the examples below.
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Fig. 6.2 Variation of temperature dependent properties (a) Young’s Modulus (b) thermal coefficient of
expansion with temperature

Table 6.3 Convergence of B, for a square simply supported porous FCF PFGSP with a centrally
situated circular cutouts under the actions of LC-1 and uniform temperature rise AT =100 (b/h = 10,
1-1-1, U-D, p;=0.3)

Mesh order P,
Number
Cutout
) of
ratio Ny =Ny Ny =Ny ny n=1 n=2 n=35
elements
(d/b)
2 2 24 112 4.1074 4.0221 3.9051
03 2 3 24 136 4.1139 4.0144 3.9471
) 2 4 24 160 4.1138 4.0143 3.9470
2 5 24 184 4.1138 4.0142 3.9470
1 2 32 100 3.5341 3.4491 3.3921
05 1 3 32 132 3.5339 3.4488 3.3919
) 1 4 32 164 3.5337 3.4486 3.3917
1 5 32 196 3.5336 3.4485 3.3916

Example 2: This instance is executed for the square and rectangular moderately thick
(b/h =10.0) clamped supported Si3N4/SUS304 FGM plate. The temperature-dependent
material property of constituent material is mentioned in Table 6.1. In Table 6.4, five
modes of natural frequencies are obtained considering n = 1.0, 2.0, and 5.0. It is
observed that the outcomes from the current formulation are in close conformity with
the results of Li et al. (2009) as tabulated in Table 6.4. It can be seen that the natural

frequency parameters decrease as the » increases.
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Fig. 6.3 Detailed Mesh pattern over full plate featuring a circular shaped cutout acted by NIELs

Table 6.4: Natural frequency parameters (@) for CCCC rectangular SisN4+/SUS304 FGM plates exposed
to uniform temperature rise A7 =300 K

a/b n Source Modes
[ 02 3 4 (O

1.0 Present 4.0983 8.0509 8.0509 11.4045 13.5231

Li et al. (2009) 4.2110 8.2429 8.2429 11.6602 13.7916

2.0  Present 3.6433 7.1690 7.1690 10.1593 12.0457

Lo Li et al. (2009) 3.7202 7.3010 7.3010 10.3348 12.2256
5.0 Present 3.2780 6.4570 6.4570 9.1511 10.8469

Li et al. (2009) 3.3267 6.5424 6.5424 9.2647 10.9594

1.0 Present 10.1537  12.7848  17.2301 22.1609  22.5669

Li et al. (2009) 10.3932  13.0762  17.5982 22.4803  22.6024

2.0  Present 9.0380 11.3824  15.3429 19.7071 19.9219

02 Li et al. (2009) 9.2111 11.5890  15.5999 19.9043  20.0234
5.0 Present 8.1337 10.2442  13.8074 17.7031 17.7466

Li et al. (2009) 8.2568 10.3868  13.9819 17.8183 17.9309

Example 3: The existing outcomes are compared with experimental results that are
available in the literature to determine whether the current FE formulation is acceptable
in determining the fundamental frequencies of the plate with cutout. Here the
experimental results for laminated plates are considered for comparison as there is a
lack of experimental results pertaining to FGM plates with cutout. The frequencies of
Carbon Fiber reinforced (CFR) laminated plates with cutout obtained using the
developed FE formulation is compared with experimental results from Zang et al.

(2021) (E11= 150.0, E22 = 9.0 GPa, G12 = 5.12 GPa, vi> = 0.24, density = 1650 kg/m?,
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[0/90°T10, @ = 0.160 m, b = 0.08 m, & = 0.004 m, free on all sides) as shown in Fig.
6.4(a).
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Fig. 6.4 Comparison of frequency of (a) CFR (b) GFR laminated composite plate with cutout

In addition, the frequencies obtained for varying cutout ratios from present formulations
are compared with experimental results of Glass Fibre Reinforced (GFR) laminated
composite plates from Sinha et al. (2021) (E11= E22 = 16.07 GPa, Gi12 = G13 = G23 =
2.814 GPa, vi2= 0.25, density = 1664 kg/m?, [0/90°]25, a = b = 0.235 m, 2 = 0.0028 m)
as illustrated in Fig. 6.4(b).The outcomes of the present FE formulation are in excellent
accordance with the experiment data, as can be seen from Fig. 6.4.

Example 4. In this instance, the validation is executed for all sides simply supported
square MFC PFGSP. The properties of the constituent materials (Ti-Ale-4V/ZrO3)
incorporated here are mentioned in Table 6.2. The FGSP with n = 0.5 is chosen. Table
3.1 provides details of the sandwich layer schemes evaluated in this scenario. To

evaluate the efficacy of the current formulation for the thermal buckling problem,

uniform temperature rise across the thickness is taken into account here. The I, =103

AT, obtained from current FE formulations are presented along with analytical

solutions given by Daikh and Megueni (2018). Table 6.5 reveals that the findings
obtained for various thickness ratios and sandwich layer schemes are in satisfactory
correlation.

Example 5: The accurateness of the existing FE formulation in obtaining P., of the
plate exposed to thermomechanical loads is presented in this example. Here FCF

PFGSP (b/h =10, a/b = 1.0) plates with all sides simply support having n = 0.5 and 2.0
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and several sandwich layer schemes are considered. The properties of the constituent

materials (Ti-Als-4V/ZrO>) incorporated in this instance are recorded in Table 6.2.

Table 6.5 Comparison of MFC PFGSP (Ti-Als-4V/ZrO,) square simply supported FGSP of different
sandwich layer schemes and thickness ratio.

| Sandwich Source bh=10 Bbh=15 bh=25 bh=50
ayer Schemes

Ll Present 07359 03373 0.1234  0.0310

Daikh and Megueni (2018) 0.7468 0.3395 0.1237 0.0310

1-2-1 Present 07565 03469  0.127  0.0319

Daikh and Megueni (2018)  0.7676 03492 0.1272  0.0319

Present 07892 03622  0.1326  0.0334

2-2-1
Daikh and Megueni (2018) 0.8008 0.3646 0.1329 0.0334

In the analytical solutions presented by Li et al. (2021) 50% of the TC, increment is
applied through uniform temperature rise to find out the nondimensional mechanical
load (P, (r/2))- Table 6.6 presents a comparison of critical buckling load due to
mechanical load ISCT(T=0 ) critical buckling temperature (i,.) and critical buckling load
due to thermomechanical loads P, (r/2) of current and literature results. It is apparent
that the outcomes from the existing FE formulations are in appreciable concord with
results obtained through analytical solutions, as furnished in Table 6.6.

Example 6: The T, for FCF porous PFGSP and SFGSP (a/b = 1.0 ) resting on simply
supports are evaluated and compared in Table 6.7 with a set of outcomes based on an
analytical solution by Sah and Ghosh (2022b). In this example uniform porosity
distribution (U-D) is considered with porosity index 0.1 and 0.2. The FGSP with » =
2.0 is assumed. The properties of the constituent materials (Ti-Ale-4V/ZrO»)
incorporated are mentioned in Table 6.2. The T, obtained in the current study are in
decent congruence with available results for various p;, sandwich layer schemes, and
FGSPs with two distinct material homogenization techniques.

Example 7: The present example is carried out to present the usefulness of the
established FE formulation in calculating the TC, of FG plate with cutout. They are
obtained for simply supported square FG plates with cutouts and are mentioned
alongside those mentioned in the work of Yu et al. (2016) in Table 6.8. The

constituent materials (Al/Al2O3) properties incorporated are mentioned in Table 6.2.
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The computed 7_1,, from the current FE formulation are consistent with those evaluated

in Yu et al. 2016 as shown in Table 6.8.

Table 6.6 Comparison of Pgy(r—g), T and P,, (r/2) of simply supported FCF PFGSP (a/b = 1.0,
b/h =10.0) (Ti-Ale-4V/ZrO,) of various sandwich layer schemes and n.

Sandwich = = =
n

layer scheme Source Perr=0y  Perayy &
05 Present 2.8189 1.4089 0.7808
1-1-1 ’ Lietal. (2021) 2.8696 1.4348 0.7946
’ Present 1.7956 0.8975 0.6298
Li et al. (2021) 1.8321 0.9161 0.6424
05 Present 3.0408 1.5198 0.7959
’ Li et al. (2021) 3.0933 1.5466 0.8093
1-2-1 Present 2.1285 1.0440  0.6546
2 Li et al. (2021) 2.1692 1.0846 0.6669
05 Present 2.6783 1.3386 0.7782
2-1-2 ’ Lietal. (2021) 2.7275 1.3638 0.7922
’ Present 1.6134 0.8065 0.6375
Li et al. (2021) 1.6474 0.8237 0.6508

6.3.2 Parametric studies

6.3.2.1 Vibration characteristics of porous FGSPs with cutouts subjected to
thermomechanical loads

The current study is carried out to understand the vibration characteristics of porous
FGSP with cutouts exposed to thermomechanical loads. The plate is subjected to
several types of NIELs. Initially, the impact of various cutout ratio on the @ of simply
supported porous FCF SFGSP (a/b = 1, b/h = 10, n = 0.5) exposed to LC -1 and
AT =100 is investigated, and the outcomes are depicted in Fig. 6.5. Fig. 6.5 shows that
the increase in cutout ratio causes the @ of the FCF PFGSP subjected to LC-1 to
increase. This trend is observed up to a certain intensity of non-dimensional in-plane
loads, after which the response tends to reverse. The decrease in @ with an increase in
the cutout ratio at the lower magnitude of in-plane edge load is due to the fact that the
decrease in mass is more significant than the reduction of stiffness of the plate due to
increase in the size of cutout. According to observation, the frequency of the plate with
any cutout size drops as the non-dimensional load increases and eventually approaches
zero at a specific non-dimensional load. Thus, the P, of the plate is given by the non-

dimensional load.
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corresponding to the zero-frequency parameter. This technique of arriving at critical
buckling load for a plate member acted upon by in-plane edge load is identified as the
dynamic approach. This method is used in the existing investigation to establish the
P, for thermomechanical loaded FGSPs with porosity and cutouts.

To show the effect of NIELs on @ of porous FCF SFGSPs (b/h =10, n=2.0, p;=0.2)
having cutout (d/b = 0.2) in thermomechanical environment, the natural frequency for
square plate is plotted against the nondimensional load as shown in Fig. 6.6. It is
detected from Fig. 6.6 that for any type of load, the value natural frequency decreases
with increase in non-dimensional load. Nevertheless, for any given non-dimensional
in-plane load the plates subjected to LC-3 and LC-6 shows the highest @ , whereas
plates with LC-2 exhibits a lesser @. The higher @ obtained in the case of plates with
LC-3 and LC-6 may be due to the formation of tensile stress along with compressive
stress due to the profile of load. These, tensile stresses stabilize the plate and cause the
increase in . On the other hand, plates subjected to LC-1 and LC-2 shows lower @ as
majority of compressive stresses are concentrated near the central portion of the plate

where stiffhess is less due to cutout.
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Fig. 6.5 Effect of cutout ratio on @ of Fig. 6.6 Effect of different NIEL on @
square porous FCF SFGSP (a/b = 1.0) for porous FCF SFGSP (a/b = 1.0) with
subjected to in-plane load and AT = 100. cutout under AT =100

Fig. 6.7 depicts the impact of porosity distributions on the variation of @ owing to an
increase in non-dimensional in-plane load of simply supported FCF SFGSP (a/b = 1.0)
with cutout. The plate is considered to be subjected to LC-1. It is noticed that at
particular non-dimensional in-plane load, the plates with U-D porosity exhibit the
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lowest natural frequency followed by V2-D, X-D, O-D and V1-D. The plates U-D and
V2-D have porosity concentration away from the neutral surface, thus causing larger
reduction in stiffness, thus showing lower frequency.

Further, the consequence of porosity indices and temperature rise on variation of @ of
porous FCF and MFC PFGSPs (b/h = 10, n =2.0) with cutouts (d/b = 0.2) exposed to
inplane edge loads in thermal environment are studied and results are illustrated in Fig.
6.8. Here plates with U-D porosity are considered and is subjected to LC-1. It is
observed that the @ decreases with increase in temperature due to the stiffness
degradation irrespective of porosity indices. Also, with increase in porosity indices the
natural frequencies also reduce irrespective of temperature rise. The difference in
natural frequencies due to increase in porosity indices increases with increase in the

magnitude of in-plane loads in case of FCF PFGSP.
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Fig. 6.7 Effect of porosity distribution on 7] Fig. 6.8 Effect of p; and temperature rise on
for porous FCF SFGSP (a/b=1.0 ) with @ of porous FCF PFGSP (a/b = 1.0) under
cutout under inplane load and AT =100 inplane load.

Further, the impact of porosity and temperature rise on natural frequency variation of
MFC PFGSPs (b/h = 10, n = 2.0) having cutouts (d/b = 0.2) exposed to inplane edge
loads in thermal environment is investigated and outcomes are plotted in Fig. 6.9. The
LC-1 is applied to the plate in this study and U-D porosity is considered. Here, it is
noticed that @ of MFC plates decreases with rise in p; and significant decrease is
observed in plates under higher temperature rise. Also, it is well known and can be
noticed in Fig. 6.9 that the plate @ reduces with upsurge in the temperature rise, due to

the loss of stiffness at higher temperature. For MFC PFGSPs it is observed from Fig.
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6.9 that at lower temperature, the natural frequency of plate is less sensitive to change
in porosity. But at higher temperature, noticeable change in @ is observed owing to the
change in porosity. The effects of boundary condition on natural frequencys variation
of FCF PFGSPs (b/h =10, n =2.0) having cutouts (d/b = 0.3) exposed to LC-1 inplane
edge loads in a thermal environment is investigated, and outcomes are plotted in Fig.
6.10. It can be observed from Fig. 6.10 that @ of FCF plate with CCCC support
conditions possess the highest P., amongst all the other supports conditions in the
orders of CCCC > CCSS > CCFF > SSSS, irrespective of the sandwich layers scheme,
temperature and cutouts ratios. Due to the effect of edge restraints, CCCC plates exhibit
maximum buckling resistance compared to plates with other support conditions. With
the decrease in the edge restraints, the natural frequency of the plate reduces, as noticed

for CCSS, CCFF and SSSS plates.
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Fig. 6.9 Effect of p; and temperature rise
on @ of porous MFC PFGSPs (a/b = 1.0)
under inplane load

Fig. 6.10 Effect of different boundary condition
on @ of porous FCF PFGSPs (a/b = 1.0) under
inplane load and A7 =100

6.3.2.2 Effect of cutout size, temperature and nonuniform loads on buckling response
of porous FGSPs under thermomechanical loads

The consequence of cutout size, temperature and NIELs on P., of simply supported
porous (U-D, pi = 0.2) FCF SFGSP (b/h =10, 1-1-1, n = 2.0) with cutout has been
exhibited in Figs. 6.11(a) and (b). It is detected that increase in cutout size leads to
decrease in P,,. for all the types of loading cases and thermal environment (AT = 50, AT
= 150). The second examination consist of exploration of effect of temperature on

buckling load. As observed, the buckling load reduces with increase in temperature for
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all the cutout sizes and loading cases. Fig. 6.11 revels that the highest P, is obtained
for plates subjected to LC-3 loading amongst all the other loading pattern in the order
of LC-3 >LC-6 > LC-5 >LC-4 >LC-1 >LC-2 irrespective of temperature and cutout
size. It is evident that type of mechanical loading case plays important role in buckling
behaviour of FGSP with cutout. The same behaviour can be seen in detail in the form

of histogram for different temperature rise as shown in Fig. 6.11(b).

6.3.2.3 Effect of cutout size and porosity on buckling response of porous FGSPs under
thermomechanical loads

Fig. 6.12 shows the consequence of cutout size and porosity on buckling characteristics
of square simply supported porous (U-D) FCF SFGSP (b/h =10, 1-1-1). The plate is
considered to be subjected to LC-1 loads. It is shown that ., decreases with an increase
in p; due to reduction of the stiffness of the plate member under thermomechanical
environment. In line with the explanation in the previous section P., reduces as the size
of the cutout increases. The decrease in P, with a rise in p; is more noticeable in plates
with smaller cutout sizes than the plates with larger cutout ratios. To have a clear
understanding the variation in P.,. is also represented in the form of the histogram as

shown in Fig. 6.12(Db).

6.3.2.4 Effect of porosity indices and volume fraction exponent on buckling response of
porous FGSPs under thermomechanical loads

The consequence of p; and 7 on the P., of simply supported square porous (U-D) FCF
PFGSP and SFGSP (b/h = 10, 1-1-1) having cutout (d/b = 0.3) exposed to LC-1 for
several temperature rises is displayed in Fig. 6.13. Three different temperature rises
(AT =50, 200, 300) are considered. As stated in Table 6.1, the material properties are
considered temperature dependent. These figures can be used to generate three levels
of analysis: (a) It can be found that the increasing of AT decreases the P., of the
considered plates, (b) the rise in z leads to decrease in the P.,.. Also, the decrease in P.,
with an increase in # is significant in the case of PFGSP in comparison with SFGSP,
(c) the increase in the p; from 0.0 to 0.4 leads to decrease of the P,,. Also, the decrease
in P, of both PFGSP and SFGSP with increase in the p; is observed to be more

significant at lower temperature rise as compared to the decrease seen at higher
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temperature difference (rise). Further, the effect of p; and 7 on the P.,. of porous simply
supported (U-D) MFC PFGSP and SFGSP (a/b = 1, b/h = 10, 1-1-1) with cutout
(d/b = 0.3) subjected to LC-1 in different temperature environment is analyzed and
observations are displayed in Fig. 6.14. In consistent from discussion from the above
section it can be noticed that the P.,. decreases with increase in n. Also, the decrease in
P.. with n is significant for PFGSP as compared to SFGSP, especially during the
increase in n from 0.0 to 2.0. With further increase in n, the decrease in the P, is not
significant. In addition, it is noteworthy to mention that at lower temperature, the P.,.
decrease with increase in the porosity index, while at higher temperature the P,
increases with increase in the p;. This unexpected increase in P., at higher temperature
rise is due to the reduction in effective coefficient of thermal expansion due to increase
in porosity index, which increases the thermal load-bearing capacity, contrasting to
P.. at lower temperature which decreases with increase in p; due to a reduction in
effective Young’s modulus. Parenthetically, in comparison with MFC, the FCF FGSP
shows significant variation in P, with increase in the n irrespective of material

idealization technique considered.
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Fig. 6.13 Effect of p;and n on P, of porous FCF a) PEFGSP b) SFGSP under uniform temperature
environment

6.3.2.5 Effect of porosity distributions and sandwich configurations on buckling
response of porous FGSPs under thermomechanical loads

Table 6.9 describes the impact of porosity distribution, temperature and sandwich layer

schemes on P., of simply supported square FCF SFGSP (a/b =1, b/h =10, n =2.0) with
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Fig. 6.14 Effect of p;and n on P.,. of MFC a) PFGSP b) SFGSP under uniform temperature environment

cutout (d/b = 0.2 and 0.5). The plate is under LC-1 case of mechanical loading
condition. Three different uniform temperature rises (A7 = 50, 200, 300) are
considered. The plate is analyzed using various porosity distribution functions as
mentioned in Table 3.3 and Table 3.4. For more clarity the outcomes are also
exemplified in Fig. 6.15 (a). In consistent with discussion in the previous section the
P, for FCF plate decreases with increase in the p;. It can be noted from Table 6.9 that
plate with U-D porosity distribution possess lowest P, amongst all the other porosity
distribution in the order of U-D < V2-D < X-D < O-D < V1-D irrespective of the
sandwich layer scheme, temperature and cutout ratio.

Among all the porosity distribution, V1-D type of porosity shows maximum P.,
irrespective of temperature and porosity index as maximum pores are distributed close
to the neutral surface of the plate. This effect is stronger with U-D pores than with
irregularly distributed pores, demonstrating once more how the distribution of pores
can enhance the buckling response of PFGSP. Therefore, the distribution of pores has
a notable impact on the elastic modulus of FGSP and, consequently, the buckling
behaviour of these structural components. Thus, in the design and experimentation
phases of aeroelastic, automotive, and reactor components in thermomechanical
environment, this parameter is crucial.

A similar study is carried out considering MFC SFGSP (b/h =10, n = 2) having cutout
(d/b = 0.2 and 0.5) and results are tabulated in Table 6.10. To have insightfully view

the results are also illustrated in Fig. 6.15 (b). It can be observed that the variation in
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P.. of MFC plates due to increase in porosity index is not pronounced as compared to
FCF plates. The reason for such behaviour is owing to the presence of porous FGM
core close to the neutral surface of the sandwich plate. At lower temperature rise P,
decreases with increase in p; but with increase in temperature rise P, increases with
increases in porosity index due to effect of reduction in effective thermal expansion
coefficient as noticed in earlier section. It is noticed that at AT=50 plates with U-D type
exhibits significant reduction in P, and has the lowest P,,., while plates with V-D type
shows least variation in P., (showing highest P, ). The reason for such phenomena is
owing to the fact that at lower temperature rise Young’s modulus governs the change
in P, due to change in p; and hence plate with U-D and X-D distribution in which pores
are distributed away from neutral surface shows significant reduction in P, (and
lowest). Also, plates with V2-D porosity shows lesser P.., as maximum porosity is
distributed near bottom interface of plate which has metal content. Further at higher
temperature rise (AT =200 and 300) due the role of thermal expansion coefficient, the
P, increases with increase in porosity index. And U-D demonstrates significant
variation (also highest P,,. ) amongst the several other porosity distributions considered
irrespective of cutout ratio. While plate with other porosity distributions such as X-D,
0-D, V1-D and V2-D shows small variation in P,,. with increase in the pi.

The influence of sandwich layer schemes on the buckling behaviour of FCF and MFC
SFGSP is now investigated using the results tabularized in Table 6.9 and Table 6.10
respectively. For more clarity the results are also displayed in Figs. 6.16 (a) and (b) for
AT =50 and AT = 300 respectively. Table 6.9 also presents the P.,. values of FCF
SFGSP for different sandwich layer schemes. The plates with 1-2-1 layer scheme hold
highest P.,. amid all the layer scheme in the order of 1-2-1 > 2-2-1 > 1-1-1 > 2-1-1
> 2-1-2 irrespective of the temperature rise. In consistent with discussion in the above
section the P., decreases with increase in the porosity index in case of all the sandwich
layer schemes, however the decrease in the P.. is prominent in case of lesser
temperature (i.e., AT = 50). Among plates with several layer scheme, plates with 2-1-2
layer scheme is sensitive to variation in porosity index as it contains larger thickness of
porous face sheets irrespective of porosity distribution, cutout ratio and temperature

rise. However, the plate with layer scheme 1-2-1 exhibits less variation in P., with
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increase in the porosity index as it contains lesser thickness of porous layers/larger
thickness of nonporous core. In continuation with previous discussion, P., variation of
MEFC plates of different sandwich configuration plates is observed in Table 6.10 and
Fig. 6.16(b). It is noticed that plates with 1-2-1 layer scheme exhibits noticeable
variation in P, with increase in porosity index as it contains larger thickens of porous
FG core. While plate with 2-1-2 layer scheme shows least variation in P,,.. Additionally,
it can be highlighted that at lower temperature the P.,. of the plate decreases with the
upsurge in pi, while at higher temperature rises the P.,. increases owing to dissimilarity

in thermal expansion coefficient of the constituent materials.
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Fig. 6.15 Effects of porosity distribution on the P, of (a) FCF SFGSP (b) MFC SFGSP under a
thermomechanical environment (n=2, b/h=10, d/b = 0.5).

6.3.2.6 Effect of support condition on buckling response of porous FGSPs under
thermomechanical loads

The impact of different support condition on P., of porous (U-D) simply supported
square FCF SFGSPs is inspected and results are tabularized in Table 6.11. Irrespective
of porosity index, temperature, volume fraction exponent and cutout ratio it is noticed
that plates with CCCC and SSSS support condition provides the highest and lowest P,
respectively. While the P., of plates with CCSS falls in between P,,. of SSSS and CCCC
plate. The reason for increase in P,,. for CCCC plates is due to the increase in the edge
restrains, as the edge restraints decrease the P., decreases as observed in case of plates

with CCSS and SSSS. It can be also observed that plates with CCCC and SSSS show
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Fig. 6.16 Effects of sandwich layer scheme and porosity distribution on the P, of FCF and MFC
SFGSP (Si3N4/SUS304) (a) AT = 50 (b) AT =300 under thermomechanical environment. (b/4 =10)

maximum and minimum decrease in P, due to the increase in porosity index
irrespective of cutout ratio and temperature rise while decrease in P, for plates with

CCSS support condition lies in between.

6.3.2.7 Effect of material thermal expansion coefficient on buckling response of porous
FGSPs under thermomechanical loads

Figure 6.17 (a) and (b) are plotted to study the effect of material thermal expansion
coefficient on P, on porous MFC SFGSP (a/b = 1, b/h =10) having cutout (d/b = 0.1)
and simply support. Two set of material combinations (Si3N4+/SUS304 and
Zr0,/SUS304) are carefully chosen in this study and their temperature dependent
properties are mentioned in Table 6.1. It is to be noted that for Si3N4/SUS304, 0c < 0m
and for ZrO»/SUS304, om < ac. The plate is subjected to LP-1 and U-D form of porosity
is considered for the current study. It can be perceived from Figs. 6.17(a) and (b) that
P, of MFC plates made of SisN4+/SUS304 decrease with increase in n, while the P,
increase with increase in n for plates made up of ZrO»/ SUS304. The basis for the
upsurge in P, with increase in 7 is due the lesser in the value of am as compared to that
of ac in case of ZrO»/SUS304. In both type of plate materials considered, the P.,
decrease with rise in p; at lower temperature rise, while in case of higher temperature
rise, P., increases with increase in the p;. The physical basis for such behaviour is due

to fact that at lower temperature, the reduction in effective Young’s modulus governs,
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Fig. 6.17 Impact of material, # and porosity on the P.,. of MFC SFGSP (a) SisN4/SUS304 (b)
Zr0,/SUS304 under thermomechanical loads (b/4 =10)

Table 6.11 Effect of support condition and temperature on P.,. of FCF SFGSP under thermomechanical
load (b/h =10, n =2)

Support AT
Conditions n  d/b 50 150 250 300
Di =0.1 Di =0.4 Pi =0.1 pi=0~4 Di =0.1 Di =0.4 Pi =0.1 Pi =0.4
0.2 6439 4.341 5.502 3.749 4471 3.090 3.923 2.738
05 04 5399 3.646 4422 3.028 3.328 2332 2.740 1.955
0.6 4.733 3.215 3902 2684 2.899  2.045 2.331 1.683
SSSS 0.2 6.184 4.082 5270 3.512 4.255 2.871 3.714 2.526
20 04 5.185 3.429 4229 2832 3.153 2.154  2.573 1.786
0.6 4.552 3.029 3736 2.513 2.745 1.888  2.183 1.533
0.2 10.080 6.840 9.212 6.285 8.238 5.655 7.714 5314
05 04 8307 5.674 7.603 5218 6.795 4.691 6.352 4.401
0.6 5.865 4.050 5446 3.775 4957 3452 4684 3.271
CCSS 0.2 9.706 6.454 8.858 5919 7.895 5.301 7.374 4961
20 04 8.011 5.364 7.321 4923 6.520 4404 6.078 4.115
0.6 5.672 3.843 5261 3.577 4.773 3256  4.500 3.075
0.2 14.253 9.761 13.323  9.155 12.264 8457 11.687 8.074
05 04 11.872 8258 11.278 7.859 10.584 7388 10.196 7.123
0.6 8.188 5.807 7.895 5.606 7.558 5.371 7.372 5.241
CCCC

0.2 13.758 9.240 12.848 8.654 11.795 7963 11.215 7.577
20 04 11.504 7.856 10920 7.469 10.224 6.997  9.831 6.727
06 7972 5560 7.684 5365 7345 5.128 7.156  4.993

while at higher temperature reduction in effective thermal expansion coefficient
governs due to the increase in porosity. Therefore, type of constituent material
significantly effects the P.. of porous FGSP in thermomechanical environment. As
FGMs has vast applications in thermal environment, the type of constituent material is

to be chosen appropriately.
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6.3.2.8 Stability region

Fig. 6.18 shows P, variation with temperature of FCF SFGSP (b/h = 100, n = 2.0)
having cutout and porosity subjected to various loading pattern. Six types of loading

cases as mentioned in Fig. 6.1 are considered.

16 4 —.—C-] 7 —.— /b =0.0
——LC-2 —— d/b =0.1
14 4 —— (-3 ——d/b =0.2
—0=LC-4 6 1 —0—d/b =0.3
F 121 —A—LCS| | —A—d/b =04
2 - LC6] | S 5 —o—d/b =0.5
g 10 4 FCF, SFGSP1-1-1] | & —v=d/b =0.6
B 87 B
< = 3
[}
2 07 g
U -
4 02
2 14
0 0

T T T T T
0 100 200 300 400 500 600 0 2(I)0 4(I)0 6(I)0 8(I)O

Temperature Temperature
(a) (b)

Fig. 6.18 Influence of (a) loading pattern (b) d/b on the stability region of FCF SFGSP under
thermomechanical environment.

As expected, the P, decreases with increase in the temperature for all the cases of load
due to the stiffness degradation of plate with increase in temperature. LC-2 and LC-3
have the smallest and largest stability regions, respectively, among the different loading
cases. The plates with LC-3 exhibits largest stability region as tensile stresses are
developed in the plate with cutout due the loading variation across the width of the
plate. Additionally, at lesser temperature rise, significant difference in P.. can be
observed with change of the loading pattern, while the difference reduces with increase
in the magnitude of temperature rise. Further, as observed in Fig. 6.18 (b) the stability
region decreases as the cutout ratio increases from 0.0 to 0.6. The largest stability region
is observed for the plate smaller cutouts. And as d/b increases the area of stability region

decreases.

6.4 CLOSURE

This chapter investigates the vibration and buckling response of porous FGSP with
cutout subjected to thermomechanical loads using FE method. The effective
temperature dependent material properties of the FGSP are evaluated using power law

and sigmoidal function-based homogenization technique. Four types of porosity
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distribution models are explored, and the porosity imperfections are modelled as the
criteria of stiffness reduction. The current study incorporates two distinct kinds of
sandwich configuration in such a way that there is no material mismatch along the
thickness direction. Here, a novel dynamic approach has been proposed to evaluate
buckling loads by implementing two sets of boundary conditions. The results obtained
from current FE formulations are compared with results obtained from analytical
solutions and numerical methods available in the literature. After establishing the
accuracy, a wide variety of numerical or parametric studies have been carried out to
arrive at useful conclusions. The following chapter discusses the dynamic instability
characteristics of porous FGSP with and without cutout under nonconservative forces

localised and non-uniform in nature.
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CHAPTER 7

DYNAMIC INSTABILITY ANALYSIS OF POROUS FG
SANDWICH PLATE WITH/WITHOUT CUTOUT

7.1 PRELIMINARY REMARKS

The FGSPs may frequently fail due to a loss of stability rather than severe stresses that
exceed the material's strength. The type of structural component instability is
determined by the nature of the forces exerted on the structure. Static instability is
commonly generated when the type of in-plane loading is conservative. In case of
conservative force, the work done by the force depends on the initial and final position
of the point of application only. On the other side of the coin, if the work performed is
a function of the path that a force takes to get from its beginning condition to its final
state, then that force is nonconservative. Nonconservative force 'follow' the direction of
deflection, thereby changing its orientation as the structure deforms. Nonconservative
forces are therefore called as follower forces. Research from the past shows that when
these elements lose their stability because of follower forces, it could be because of
either divergence (static instability) or flutter (dynamic instability). Failure by dynamic
instability is when the loss of stability is caused by a unidirectional unbounded motion.
These follower forces can by localised or nonuniform in nature. Hence, this chapter
attempts to perform dynamic instability analysis of porous FGSP with/without cutout
under localised and nonuniform edge loads. In order to do so, a general formulation, as
presented in Chapter 3 has been developed by taking Green-Lagrange strains
displacement relation, and it is employed to calculate the anticipated responses. The
consequence of various geometrical and material parameters on dynamic instability
analysis of porous FGSP with/without cutout under different localised and NIEL is

investigated in this chapter.

7.2 PROBLEM DESCRIPTION

In this analysis, several cases of uniaxial localised edge loads and NIELs loads acting
on the opposite edge of FGSPs as portrayed in Fig. 7.1 and Fig. 7.2 respectively are

considered. Further, in the present study, FCF and MFC sandwich configurations, as
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shown in Fig. 3.1 are incorporated. In the current study, U-D, O-D, X-D, V1-D and
V2-D porosity distributions, as mentioned in Chapter 3, are considered to study the
dynamic instability analysis of porous FGSP with cutout. To begin with, the correctness
of the solution obtained is established by associating the present results with those
existing in the literature. After verifying the accuracy, parametric studies have been

carried out extensively.

CJ =3 P10 E 3| P04 [ P=1/0.2 '
e, = = I = SRR e
= = 80% o 20%
P(,EE = _
— — —> «~—
= = EE = =} —
> < c «— =< 2 <«— b
100% = = = 7 ‘_
= —
80% 40% 20%
(b)
Fig. 7.1 Representation of loading cases (a) Type-I, (b) Type-I11
Py P
Pp 2 Pp Pg ‘F—" 0
> > |
> |
> |
N |
> P
Pg P0 Py ’
LL-1 NL-1 NL-2 NL-3 NL-5 NL-6 NL-7

Fig. 7.2 Various cases of in-plane edge loads

7.3 RESULTS AND DISCUSSION

The dynamic instability characteristics are attained using established mathematical
formulation through an in-house MATLAB code that can cover for any general case.

The convergence study of the porous FGSP under localised edge loads and nonuniform
load is executed for numerous material and geometrical configurations. In continuation,

numerous instances have been solved for validation purposes by comparing the current
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findings with those found in published research literature. After the complete validation
of the existing formulation, an inclusive parametric study of porous FGSP under
localised edge loads and nonuniform load is performed. Here, dynamic instability
analysis of porous FGSP with/without cutout under different localised edge loads and
NIELs are analysed for various geometrical parameters and support conditions. If not
stated otherwise, flutter loads and frequencies are represented in non-dimensional form

as

A, =Aa’ N00E,}, E, =1 GPa

7., =(ya’ I h)p,/E,,E, =1GPa, p, =1kg/m’

7.3.1 Validation studies

Example 1: The accuracy of the present FE formulation for follower load formulation
is determined by comparing the flutter loads and flutter frequencies to those previously
published. Table 7.1 compares non-dimensional flutter loads and flutter frequencies of
CFSS isotropic plates with various aspect ratios to those published by Adali (1982),
Kumar et al. (2003), Datta and Deolasi (1996). According to the comparison results
tabulated in Table 7.1, the obtained results were in accordance with the published

results.

Table 7.1 Comparison of flutter load and flutter frequencies for a SSSS edged isotropic plate
(b/h =100, v =0.3) subjected to uniform follower loading

. Datta and Deolasi
Present Adali (1982 Kumar et al. (2003
a/b ( ) ( ) (1996)

Aer Yer A Yer Ao Yer Aoy Yer
1 51.64 16.677  51.65 16.67 51.651 16.685 52.06 16.33
0.5 26897 49.471 27.11 49.58 26.923  49.567 27.20 49.30

Example 2: The current example is carried out to establish the accuracy of present FE
formulation to predict the flutter load and frequencies of the plate subjected to localised
type of follower forces. Here, antisymmetric angle-ply composite laminate (6/- 6/ 6/-
0) for various orientations, considering a/b =1.0, b/h =100 and for varying load width.
Due to deficiency of literatures reported on evaluating the flutter loads and frequencies

of FG plate subjected to follower forces the verification of the FE formulation is carried
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out with the flutter results of laminates as evaluated in  Kumar et al. (2003) are
presented in Table 7.2. The comparison discloses that the current results are consistent

with those found in the open literature.

Example 3: In this example cross ply laminates (0/90, 0/90/0, 0/90/90/0) subjected to
localised load from one edge is considered to predict the accuracy of current
formulation. It is noticed that the load width ratio, i.e., position of the localised edge
load significantly affects the flutter characteristic of the plate under follower force.
Table 7.3 shows the comparison of flutter load and flutter frequencies of plate from
present formulation subjected to localised edge loads with those obtained by
Kumar et al. (2003). As observed in Table 7.3 the results obtained from current

formulation are in satisfactory correlation.

7.3.2 Parametric studies

In the preceding section, it is noticed that the current outcomes using FE formulations
are in good concurrence with the results existing in the literature. Thus, in this section
investigations are carried out by considering several parameters such as volume fraction
exponent, non-uniform load case, plate aspect ratio, porosity distribution, sandwich
layer scheme, cutout ratio, etc. The loading cases considered here are given in Fig. 7.1
and Fig. 7.2. The loading case shown here is compressive in nature. The parametric
studies related to dynamic instability characteristics of porous FGSPs with and without

cutout are discussed in the successive sub-sections.
7.3.2.1 Effect of volume fraction exponent

In this section the influence of volume fraction exponent on the flutter behaviour of
porous FCF FGSP (a/b =1.0, b/h = 100) under LL-1 are analysed and discussed. Here
plates with 1-1-1 sandwich layer scheme with U-D type of porosity distribution with p;
= 0.2 is incorporated for the study. Fig. 7.3 depicts the variation of real and imaginary

part of natural frequency ( » ) and follower force ( A ) for plate with different volume

fraction exponents. Here }; and Y, are 1% and 2™ modes of natural frequency. It is

perceived that volume fraction exponent significantly affects the flutter characteristics

of the porous FGSPs. It is noticed that flutter load and frequencies decrease with
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increase in the volume fraction exponent. With increase in the » the metal content in
plate increases and causes decrease in the stiffness of the plate and hence flutter load

flutter frequency of the plate decreases.
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e— —*—n=0.0 60 —— —O—n=10

—0— —o—n=10 n=2.0

- =3.0

80 1 n_2.0 40 - —-— —D—::M
n=3.0 - =50

—0— —=—n=4.0

N
S
= S 20
“5 60 - —— —®—n=5.0 £ /
- (=9
] = 0. %
& 3
= 40 a0 s \
& 8020
£
20 -40
FCF, PFGSP, -60 -
04 1 1 U o 0.2 FCF, PFGSP,
Rl ddied LN 80 1-1-1, U-D. p,;= 0.2
T T T T T T T T
0 5 10 15 20 0 5 10 15 20
Non-dimensional follower force Non-dimensional follower force
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Fig. 7.3 Influence of volume fraction exponent on variation of non-dimensional natural frequency (a)

real and (b) imaginary part with non-dimensional follower force for CFSS FGSP
7.3.2.2 Effect of porosity distribution

The consequence of different porosity distribution on flutter response of porous FCF
FGSP (a/b=1.0, b/h = 100) under LL-1 is investigated in this instance and is presented
in Fig. 7.4. The plate with 1-1-1 sandwich layer scheme and » = 2.0 is incorporated
with p;=0.2. The several porosity distributions considered for the present investigation
are mentioned in Table. 3.3. Fig. 7.4 depicts the variation of real and imaginary part of

7 and A of plates with different porosity indices. It is understood that the influence of

porosity distribution on flutter behaviour of FGSP is obvious. As can be seen among
the various porosity distributions considered plates with U-D and V1-D porosity shows
lowest and highest flutter load and frequencies respectively. The reason for such
behaviour lies in the pattern of the porosity distribution and distance of pore
concentration from the neutral surface across the thickness of the plate. The V1-D
porosity has maximum pores distributed close to the neutral surface, as compared to
U-D distribution, therefore the flutter load and frequencies are more as reduction in
stiffness of the plate is less in V1-D distribution. While in case of plates with U-D

porosity the pores are concentrated throughout the plate and results in maximum
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reduction in stiffness of the plate. Therefore, the pattern of pore distribution seriously

affects the stiffness of the plate as result the flutter characteristics of the plate.
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Fig. 7.4 Influence of porosity distribution on variation of non-dimensional natural frequency (a) real

and (b) imaginary part with non-dimensional follower force for CFSS FGSP

7.3.2.3 Effect of porosity index

The investigation is continued to study the impact of porosity index on flutter
characteristics of porous FCF FGSP (a/b =1.0, b/h = 100) subjected to LL-1. For this
study U-D type of porosity distribution and 1-1-1 sandwich layer scheme is
incorporated. The CFSS support condition is considered. Here, CFSS support condition

plates are considered. Fig. 7.5 depicts the variation of real and imaginary part of

and A for different porosity indices. The flutter type of instability occurs when two real
parts of the frequencies of the plate combine together. It is clearly noticed that porosity
index substantially affects the flutter response of FGSPs. The results illustrated in Fig.
7.5 indicates that the flutter load and frequencies decreases with increase in the porosity
index. The physical reason behind such behaviour is due to stiffness degradation of the

plate with increase in the porosity content.
7.3.2.4 Effect of sandwich layer scheme

The impact of various sandwich layer scheme on flutter behaviour of porous FCF FGSP
(a/b=1.0, b/h =100) is examined in this section. For this study plates with U-D type of
porosity (pi = 0.2) and n = 2.0 is incorporated. The CFSS support condition is
considered for the plate. Both symmetric and non-symmetric sandwich layer schemes
as mentioned in Table 3.1 are considered for the current study. It can be noticed from

Fig. 7.6 that plates with layer scheme 1-2-1 exhibits highest flutter load and frequency
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in the order of 1-2-1>2-2-1 >1-1-1>2-1-1 >2-1-2. The FGSP with 1-2-1-layer scheme
has larger thickness of the core which contributes towards increase in the stiffness and

hence possess higher flutter load and frequency.

70 40
2 ) @ 1)
604 —te— —d— pi=0.0 30 | —— ——pi=0.0
—0— —8— pi=0.1
—o——e—pi=0.2|| 20 1
>-50 g —Oo— —4—pi=0.3|| o
= ————pi=0.4]| £ 10+
]
T 40 1 &
g FCF, PFGSP, gz 0
1
= I1-1,n=20,U-D | £
E 30+ %0104
£
=
20 - =20
104 =301 FCF, PFGSP,
1-1-1, n = 2.0, U-D
T T T T T '40 T T T T
0 2 4 6 8 10 0 2 4 6 8
Non-dimensional follower force Non-dimensional follower force
(a) (b)

Fig. 7.5 Influence of porosity index on variation of non-dimensional natural frequency (a) real and (b)

imaginary part with non-dimensional follower force for CFSS FGSP.
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7.3.2.5 Effect of load control parameter under uniform follower load.
The follower forces act at an (P 6, at the boundary, where the term (P denotes the

directional control parameter (CP). ¢ can take up value between 0 to 1.0. (¢ =0

signifies that plate undergoes divergence type of instabilities. For CFSS boundary

conditions, Figs. 7.7(a) and (b) illustrates how control parameter influences the load
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Fig. 7.7 Influence of load control parameter on variation of non-dimensional natural frequency (a) real
and (b) imaginary part with non-dimensional follower force for CFSS FGSP.

versus frequency responses of the FCF PFGSP (a/b =1.0, b/h = 100, n =2.0). The plate
is subjected to LL-1. The control parameter considered here ranges from 0.2 to 1.0.
From the figures, it is observed that the controlled parameter plays key role on
instability behaviour of FGSP. The plate undergoes divergence instabilities at lower
control parameter values, as shown in the Fig. 7.7(a) The plates subjected to follower

forces having ¢ > 0.2 undergoes flutter.

7.3.2.6 Effect of different non-uniform follower loads.

The effect of different nonuniform loads on flutter behaviour of porous FCF FGSP
(a/b =1.0, b/h = 100) is examined in this section. In current investigation plates with
U-D type of porosity (pi = 0.2) and n = 2.0 is incorporated. Here plates with CFSS
support condition subjected to several loads as mentioned in section 7.2 (Fig. 7.2) is
considered. It is observed from Fig. 7.8 that plates subjected to NL-3 exhibits maximum
flutter load and frequency, while plates with NL-6 have minimum flutter load and
frequency. The load patter of NL-3 is such that it results in tensile stresses in some
portion of the plate along with compressive stress. The tensile stresses cause stretching
effect and therefore additional load is required to cause the flutter. But in case of plates
subjected to NL-3 load, only compressive stresses are formed in the entire plate and
thus shows minimum flutter load. Therefore, type of in-plane edge load plays

significant role in flutter behaviour of FGSP.
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Fig. 7.8 Influence of non-uniform loads on variation of non-dimensional natural frequency (a) real and
(b) imaginary part with non-dimensional follower force for CFSS FGSP.

7.3.2.7 Effect of aspect ratio

Figs. 7.9 (a) and (b) are plotted to understand the influence of aspect ratio on flutter
frequency and loads. Here LL-1 type of in-plane edge loads is considered. For the
current study porous FCF PFSP (b/h =100, n =2.0) with 1-1-1 sandwich configuration
and U-D porosity is incorporated. It is clearly observed that the flutter frequency and
load are significantly affected by variation of aspect ratio of the plate as observed in
Fig. 7.9. It can be discerned from Fig. 7.9 that the flutter load of the plate decreases
with increase in the plate aspect ratio. In addition, it is clearly noticed that flutter

frequency of the plate is reduced with increase in the aspect ratio of the plate.
7.3.2.8 Effect of cutout ratio

The effect of cutout ratio on variation of nondimensional flutter load and frequency is
plotted in Fig. 7.10 for porous FCF PFSP (a/b =1.0, b/h = 100, n = 2.0) subjected to
LL-1. Here plates with CFSS support condition and 1-1-1 sandwich configuration is
considered. The selected plate is having U-D porosity and p; = 0.2. As observed in Fig.
7.10(a), the flutter load of the plate decreases with increase in the cutout ratio, due to
the decrease in the stiffness of the plate with increase in the cutout ratio. Also, the
imaginary part of natural frequency decrease with increase in cutout ratio as noticed in

Fig. 7.10(b).
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Fig. 7.10 Influence of cutout ratio on variation of non-dimensional natural frequency (a) real and (b)
imaginary part with non-dimensional follower force for CFSS FGSP.

7.3.2.9 Effect sandwich configuration and material idealization technique

In this section, the influence of sandwich configuration and material idealization
technique on flutter loads of porous FGSP with cutout is investigated. For this study
FGSP with FCF and MFC sandwich configuration made of power law and sigmoidal
function-based material idealization technique is considered. The volume fraction
exponents of plate considered here are 0.5, 2.0 and 5.0. Also plates with five different
types of porosity distributions (U-D, O-D, X-D, V1-D, V2-D) are considered with 0.1
and 0.4 porosity indices. The plate consists of cutout with d/b= 0.3 and is subjected
nonuniform load NL-6. It is noticed from Table 7.4 that with increase in volume

fraction exponent and porosity indices the flutter load of the plates was noticed to

154



decrease. The variation in non-dimensional flutter load due to the increase in the

volume fraction exponent is less in case of SFGSP as compared to PFGSPs. For plates

Table 7.4 Influence of sandwich configuration and material idealization technique on non-dimensional
flutter load for a CFSS edged FGSP (b/h = 100) subjected to NL-6.

Non-dimensional Flutter load

Sandwich Porosity A
AW Distribution P PFGSP SFGSP
configuration
n
0.5 2 5 0.5 2 5

0.1 6.071 5.411 5.211 5.841 5.591  5.511

U-D
0.4 5.691 4911 4.641 5.461 5.141  5.051
0D 0.1 6.141 5.501 5.301 5911 5671 5591
0.4 5.981 5.291 5.071 5.781 5481 5401
0.1 6.131 5.481 5.291 5.891 5651 5571

MFC X-D
0.4 5.921 5.211 5.001 5.711 5421 5341
VLD 0.1 6.161 5.521 5.331 5.861 5.621  5.541
0.4 6.081 5.391 5.191 5.551 5301 5221
VoD 0.1 6.101 5.451 5.261 5.861 5.621  5.541
i 0.4 5.831 5.101 4.871 5.551 5301 5.221
U-D 0.1 8.581 4.461 3.091 6.861 5881 5.571
i 0.4 6.061 1.941 0.571 4341 3371 3.051
0D 0.1 9.011 4.901 3.521 7.301 6321  6.001
0.4 7.801 3.691 2311 6.091 5111  4.791
0.1 8.981 4.871 3.491 7.261 6291 5971

FCF X-D
0.4 7.671 3.561 2.181 5.961 4981  4.661
VLD 0.1 9.121 5.011 3.641 7.411 6431  6.121
i 0.4 8.251 4.141 2.761 6.541 5561  5.241
0.1 8.871 4.751 3.381 7.151 6.171  5.861

V2-D

0.4 7.221 3.111 1.731 5.511 4.531 4211

(1-1-1, pi = 0.1) with U-D porosity and FCF configuration the percentage decrease in
flutter load is noticed to be 63.9% and 18.8% for PFGSP and SFGSP respectively due
to variation in »n from 0.5 to 5.0. And in case of MFC plates the variation is 14.16% and
5.64%. In investigation concerning to sandwich configuration the flutter load is
maximum for FCF PFGSP in comparison to MFC PFGSP at lower volume fraction
index, but for plates with higher volume fraction exponent flutter load of MFC is greater
than FCF plates. At higher n FCF plates has maximum amount of ceramic as compared
to ceramic content in MFC plate as it has central ceramic core sheet. Also, it is observed

that for both FCF and MFC plates U-D porosity results in least flutter load in the order
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of U-D < V2-D < X-D < O-D < V1-D, due the distance of pore concentration from the
neutral surface plane. The plates with U-D and V2-D porosity are noticed to be critical
as the maximum variation in flutter load is observed due to increase in porosity indices.
Whereas for plates with V1-D and O-D in which pores are concentrated close to neutral
surface exhibits minimum variation in flutter load.

In addition, it is noticed that reduction in flutter load caused by the increase in porosity
indices is greatest in case of FCF plates as compared to MFC plates regardless of
material idealisation technique. The reason for such behaviour is due to fact that FCF
plates include two layers of porous sheets. For plates with 1-1-1 sandwich layer scheme,
n = 2.0 and U-D porosity, the percentage decrease in flutter load is observed to be
56.48 % and 9.24% in case of FCF and MFC PFGSP. Also, it is inferred from Table
7.4 that the decrease in flutter load with increase in porosity is significant in plates with

at higher volume fraction exponent.
7.3.2.10 Effect of localised edge loads and cutout ratio

The influence of localised edge loads and cutout ratio on variation of flutter load is
studied in the present section by considering FCF PFGSP (a/b =1.0, b/h =100, n = 2.0).
The support condition selected for the plate is CFSS. Here sandwich layer scheme of
the selected plate is 1-1-1 with U-D porosity and p; = 0.2 is considered. For this study
plate is considered to be subjected to Type -1 and Type-III localised edge loads as
illustrated in Fig. 7.1 and cutout ratio is varied from 0.0 to 0.7. The flutter load variation
for various load width ratios is plotted in Fig. 7.11. It is noticed from Fig. 7.11 (a) that
for lower ¢/b, i.e., when the loads are concentrated towards the edge of the plate, the
flutter load is maximum. Further it is evident that the flutter load of the plate decreases
with increase in ¢/b and reaches a minimum for ¢/b = 0.6; thereafter the flutter load
increase with ¢/b irrespective of the cutout ratio. It is also clear that with increase in the
d/b the flutter load of the plate reduces.

Further, for plate subjected to Type- III load i.e., load applied at central portion of the
plate edge, the flutter load increase with increase in the load width ratio regardless of
cutout ratio. The flutter load of plate is least when the load width ratio is minimum and
highest for ¢/b = 1.0 (load applied over fully length of the edge). At lower ¢/b the load

is applied at the central portion of the plate which is less stiff, and hence the flutter load
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is less. With increase in the ¢/b the load spreads over the higher stiffness zone of the
plate the plate resulting from the effect of support restraints and therefore the flutter

load is observed to increase.
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Fig. 7.11 Influence of cutout ratio and load width ratio on variation of non-dimensional flutter load of
FCF PFGSP subjected to (a) Type-I and (b) Type-III follower force.

7.4 CLOSURE

The dynamic instability analysis results of porous FGSP with/without cutout subjected
to localised and NIELs in non-thermal environment using FE method is presented in
this chapter. The effective material properties of the FGSP are evaluated using power
law and sigmoidal function-based homogenization techniques. The analysis is
performed considering FCF and MFC sandwich configurations plates with different
type of porosity distributions. The discussion obtained from the analysis are focused to
study the influence of porosity, volume fraction exponent, sandwich configuration,
different types of in-plane edge loads, cutout and aspect ratio on dynamic instability
response of FGSP. The general conclusions based on the several numerous examples
and the numerical discussion, suggestions for future research are presented in the

following chapter.
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CHAPTER 8

CONCLUSION

8.1 GENERAL

The present study investigates the vibration and buckling behaviour of porous
Functionally Graded Sandwich Plates (FGSP) with and without cutouts subjected to
Non-uniform Inplane Edge Loads (NIELs) and localised in-plane edge loads in non-
thermal (mechanical) and thermal environment (thermo-mechanical) using Finite
Element (FE) method. In addition, the dynamic instability of the FGSP is also studied
under a non-thermal environment. The accuracy of current formulation in predicting
the natural frequencies and critical buckling loads is established by comparing the
numerical results with the available analytical, numerical and experimental solutions in
the literature.

On the basis of the analysis carried out and the numerical results obtained

through numerous parametric studies, the following conclusions are arrived.

a) Vibration and buckling characteristics of porous FG sandwich plate

with/without cutout subjected to localised in-plane edge loads

1. The results show some significant differences between the vibration and buckling
behaviour of the porous FGM plate subjected to localised symmetrical load and
that of uniform compressive load. When the applied load was at the centre portion
of the edge, the buckling strength dramatically decreased. Therefore, an extra
measure must be taken to avoid the elastic buckling of plates when localised edge
loading is applied at the centre portion of the plate edge and similarly when
concentrated loading is applied at the mid-width of the plate. The plate is less
vulnerable to buckling when the localised edges loads are located near the edges of
plates.

2. In the case of an FGM plate subjected to Type-III load, the buckling resistance of
the plate increases with the increase in the plate aspect ratios. This behaviour is

found to be reversed in the case of load Type-II, regardless of load width ratio.
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However, it is a combination of the prior behaviour for Type-I and Type-IV loads,
both of which are affected by the load width ratio.

. The increase in volume fraction exponent reduces the buckling strength and natural
frequency of the FGM plates due to the passage of material from ceramic to metal
where the stiffness of the plate declines.

. The increase in the porosity indices causes an increase in the porosity
concentration, which leads to a reduction in the buckling resistances and natural
frequency of the FGM plate due to the reduction in the effective stiffness of the
plate.

. The types of porosity distribution, which is based on the position of the pore
concentration, play an essential role in the vibration and buckling behaviour of the
FGM plate. The natural frequency and buckling resistance of plates with pores
concentrated away from the mid-surface is relatively more affected than those with
pores distributed close to the mid-surface. Hence, the influence of U-D type
porosity distribution where pores are distributed away from the mid surface on
buckling characteristics of FGM sandwich plates (FCF and MFM) is more critical
compared to V-D type porosity distribution.

. For the constant thickness, FCF sandwich configuration with a higher face to core
thickness ratio is more affected to change in the porosity indices than MFM
sandwich plates in terms of non-dimensional critical buckling load. The higher
variation in the former type of sandwich plates is due to the higher thickness of
porous sheets than the thickness of sheets without porosity.

. The buckling resistance offered by the FCF sandwich configuration plates is higher
than the MFM sandwich configuration plates with less and no porosity, while for
the plates with higher porosity (p; > 0.3), MFM offers higher buckling resistance
than FCF sandwich configuration irrespective of sandwich layer scheme, load
width ratio and type of localised edge loads.

. Non-dimensional critical buckling load of moderately thick and thick plates have
less influence on the various types of porosity distributions.

. The buckling resistance of FGSP with cutout and subjected to localised edge loads
from both end decrease with increase in cutout ratio only when load is acting on

complete width of the plate irrespective of d/b, whereas the buckling resistance
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increases as the localised edge load is placed close to two edges of plate with larger
d/b. For plates with cutout and subjected to localised edge loads from center,

buckling load decreases with increase in cutout irrespective of load width ratio.

b) Vibration and buckling analysis of porous FG sandwich plates with/without

cutout under non-uniform in-plane edge loads

I.

The NIELSs significantly affect the buckling characteristics of porous FGSPs with
cutouts. The P., for simply supported FGSPs with any porosity acted upon by
NIELs exhibits decreasing trend with the increase in cutout ratio, except for plates
subjected to compressive loads with tensile loads in some portion of the plate edge
(i.e., for LL- 5 and NL-4), which shows increase in buckling resistance at larger
cutout ratio, i.e., after d/b = 0.6. Also, plates under LL-5 and NL-4 are more
sensitive to a reduction in buckling strength due increase in porosity indices as
compared to other cases of load.

The rise in the volume fraction exponent for porous FGSPs with different cutouts
ratios shows reductions in @ as well as P., because of the rise in the amount of
metal components in the FG plate. Further, the reductions in buckling resistance
with an increase in volume fraction exponent is substantial in the case of PFGSP
as compared to SFGSP with any cutout ratio.

The impact of variation in porosity indices on @ and P, of FGSPs with the cutouts
is more pronounced in the plate with large amount of metal composition, whereas
the effect of variation in porosity indices reduces as the ceramic percentage
increases irrespective of non-uniform loading cases and cutout ratios.

Plates with V1-D porosity having pores near the mid-surface exhibits the highest
buckling load, whereas plates with U-D have the least buckling resistance as the
position of pore concentration is away from the mid-surface. Also, U-D shows a
noticeable decrease in P., and @ due to the increase in porosity indices compared
to V1-D regardless of cutout ratio and nonuniform load cases.

The porosity distribution models (U-D and O-D) can result in negative Young’s
modulus of FGSPs with/without cutouts beyond certain porosity indices (p;> 0.3)
and volume fraction exponent, which is not possible in actual practice. This

indicates the limitation of those models. Also, the influence of porosity distribution
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models U-D and O-D on buckling characteristics is more critical than counterparts
for the same percentage of porosity.

For constant plate thickness, the thickness of the porous face/core sheet
significantly affects the buckling strength of FGSPs. The MFC with a thicker core
and thinner face sheet is more susceptible to variation in porosity indices, while in
the case of FCF, it's vice versa, regardless of the nonuniform loading case and
cutout ratio.

Compared to the position of the cutouts with a lower cutout ratio, variations in the
position of the cutouts with a higher cutout ratio along the loading direction have
a substantial impact on the buckling strengths of FGSPs with porosity and
subjected to NIELs.

The buckling resistance of FGSPs with cutout reduces with an increase in the
cutout ratio in the case of a square plate. The variation in buckling resistance for
rectangular plate, i.e., aspect ratio a/b >1.0, follows a reverse trend regardless of
porosity indices and nonuniform loading case.

The CCCC plates show a noticeable reduction in buckling resistance with an
increase in porosity indices, followed by plates with SSCC, SSSS and CCFF

support conditions.

¢) Vibration and buckling analysis of porous FG sandwich plates with/without

cutout under thermo-mechanical loads

1.

The plate with NIELs distributed towards the corner along the edges of the plate
(i.e., LC-3 and LC-6) exhibits higher @ and P, as compared to the plates with
equivalent uniformly distributed load case (i.e., LC-1 and LC-2) irrespective of
cutout size, temperature rise and porosity.

The P., of simply supported FGSP decreases with an increase in cutout ratio,
irrespective of the sandwich configuration, loading pattern, porosity and
temperature rise considered. While @ of the FGSP increases with the increase in
cutout ratio for plates without any in-plane edge load, and the trend reverses as the

magnitude of in-plane edge load increases.
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The V2-D porosity with the concentration of pores away from the neutral surface
significantly affects the vibration and buckling characteristics of the plate under
thermomechanical loads. At the same time, O-D porosity has the least effect.

The variation of P., due to change in porosity index and volume fraction exponent
is more substantial in FGSP modelled with power law function than the plates with
sigmoidal function.

The P., decreases with an increase in porosity index in the case of FCF FGSP,
irrespective of temperature rise. While for MFC FGSP, the P., decreases with an
increase in porosity index at a lower temperature rise but increases at a higher
temperature. Also, FCF FGSP displays more significant variation in P, with
volume fraction exponent than MFC FGSP regardless of material idealization.
The @ and P., of plate decrease with increase in the temperature irrespective of
porosity and cutout ratio. The variation in P, with an increase in porosity index is
prominent in the case of plates subjected to smaller temperature rise irrespective of
cutout ratio and porosity distribution.

With the increase in edge constraints at the plate boundaries, the thermomechanical
load required to buckle the plate increases in the order SSSS < CCSS<CCCC. The
buckling load of CCCC plates are more sensitive to changes in porosity indices,
followed by CCSS and SSSS plates.

Compared to plates with a higher cutout ratio, plates with a lower cutout ratio show
a more significant decline in P, when the porosity index increases.

In MFC FGSP subjected to thermomechanical loads, P., decreases with an increase
in volume fraction exponent for plates with om > 0., while for plates with ¢ > om,
the P., increases. Therefore, the constituent materials must be carefully selected

for FGSP under thermomechanical loads.

d) Dynamic instability analysis of porous FG sandwich plate with/without cutout

I.

The flutter load and frequency of the FGSP decrease with the volume fraction
exponent increase.
The FGSP with cutout undergo divergence instability at the lower load control

parameter, and the plate experiences flutter when the control parameter increases.
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3. The flutter load and frequency of the FGSP decreases with an increase in the
porosity index.

4. The FGSP with layer scheme 1-2-1 exhibit the highest flutter load and frequency
in the order of 1-2-1 >2-2-1 >1-1-1 >2-1-1 >2-1-2.

5. The porosity distribution significantly affects the flutter behaviour of FGSP. The
plates with U-D and V1-D porosity show the lowest and highest flutter load and
frequency respectively and the order is given by UD <V2-D < X-D <O-D < VI-
D.

6. The flutter load of FGSP decreases with increase in the cutout size.

7. The FGSP subjected to non-uniform loads NL-3 and NL-1 exhibits highest and
least flutter load respectively.

8. The flutter load and frequency of FGSP decreases with increase in the aspect ratio
of the plate.

9. In comparison to PFGSP, plates with SFGSP show less decrease in flutter load as
the volume fraction exponent rises. FCF PFGSP has a higher flutter load than MFC
PFGSP for lower volume fraction exponent, whereas MFC plates have a higher
flutter load at higher volume fraction exponents.

10. Regardless of material idealisation process, the reduction in flutter load produced
by arise in porosity indices is greatest in case of FCF plates in comparison to MFC
plates.

11. In case of plates subjected to Type-III (i.e., load at center portion) follower force,
the flutter load is minimum when localised in-plane edge load is concentrated at
central portion of the plate edge. While for plates with Type-I follower force (i.e.,
load at edge portion) the flutter load is maximum when the load is concentrated
only at one edge portion. Here, flutter load decreases and then increases with

increase in load width ratio, irrespective of cutout ratio.

8.2 SUGGESTIONS FOR FUTURE WORK

i.  The present study is concerned with the vibration, buckling and dynamic
instability responses of flat FGM plates. It can be extended to folded plates,

shells, variable thickness and skewed structures.
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il.

iii.

The proposed formulation is limited to the First-order Shear Deformation
Theory (FSDT). It has the potential to be expanded to include improved Higher
order Shear Deformation Theories (HSDT).

The vibration, buckling and dynamic instability analysis can be performed in
hygrothermomechanical environment by considering linear and nonlinear

temperature distribution across the thickness of the FGSP.
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